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The idea of this work is to study a way to link the two standard problems in the
optimal dividend payment theory: the maximization of profits and the minimization of
the probability of ruin.

The ideal set up of this idea will be:

sup
D∈Θ

V D(x) s.t. XD
t = x+ ct−

Nt∑
i=1

Yi −Dt and, ϕD(x) ≤ ε

Where V D(x) := E
[ ∫ τD

0
e−δtdDt

]
represents the typical value function of the profit

maximization problem when the dividend strategy Dt is followed, Dt being a non-
negative, non-decreasing and adapted cadlag process. τD is the time of ruin, i.e. τD =
inf{t ≥ 0 : XD

t < 0}. XD
t models the accumulation process, which follows the classical

Cramer-Lundberg equation, when strategy Dt is followed. Dt represents the cumulative
dividend process. Nt represents the claim arrival process which is assumed to follow
a Poisson process with intensity λ and claims Yi iid with distribution G(y). Finally,
ϕD(x) would be the probability of ruin function when strategy Dt is followed, i.e.
ϕD(x) := Pr{τD <∞}. However, this problem remains open.
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In this paper we study the following problem:

V (x) := sup
D∈Θ

V D(x) s.t. XD
t = x+ ct−

Nt∑
i=1

Yi −Dt(P1)

E

[∫ τD

0

e−δsds

]
≥

∫ T

0

e−δsds T fixed,

where all the variables are as above. However, we assume the claim sizes {Yi} have
exponential distribution with intensity α. The motivation behind such a constrain is
that it imposes a restriction on the time of ruin.

In order to do so, we use Duality Theory. Hence, we can use Lagrange multipliers
to obtain the following Lagrange Dual function and our problem becomes:

(P2) VΛ(x) := sup
D∈Θ

E

[∫ τD

0

e−δtdDt + Λ

∫ τD

0

e−δtdt

]
− Λ

∫ T

0

e−δsds

Since the last term does not depend on D and is linear on Λ we will first focus on the
first term on the right hand side of this equation. For this term, it is known [1] that its
solution VΛ(x) must satisfy the following HJB equation

(1) max{Λ + cV ′(x) + λ

∫ x

0

V (x− y)dG(y)− (λ+ δ)V (x), 1− V ′(x)} = 0,

and to have a barrier strategy b∗ as optimal strategy. We deduce that the optimal value
of b∗ can be derived from the equation

(2) (r2 − r1)(α + r1)(α + r2)Λ = −r1e
−r2b(r1(λ+ δ) + αδ) + r2e

−r1b(r2(λ+ δ) + αδ),

where r1 and r2 depend on the parameters of the model. Note that Λ = 0 leads to

r1e
r1b(r1(λ+ δ) + αδ)) = r2e

r2b(r2(λ+ δ) + αδ))

which is consistent with the standard problem without constraint [2]. The following
proposition about the barrier level can be proved.

Proposition 1. Assume c, α, δ are not zero. Equation (2) has a unique real solution
for b.

We also prove the following:

Theorem 2. The value function of (P2) is given by: if αλ(c+ Λ)− (δ + λ)2 ≤ 0

VΛ(x) = x+
c+ Λ

λ+ δ
+

Λ

δ
e−δT

if αλ(c+ Λ)− (δ + λ)2 > 0

(3) VΛ(x) =

{
αc−λ−δ
αδ

+ x− b+ Λ
δ
e−δT if x ≥ b∗

C1e
r1x + C2e

r2x + Λ
δ
e−δT if x ≤ b∗
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In order to find out the solution to (P1) we have the following proposition.

Proposition 3. For each x ≥ 0 there exists (Λ∗, D∗), Λ∗ ≥ 0 and D∗ the optimal

strategy for (P2) with Λ∗, such that E[
∫ τD∗

0
e−δsds] =

∫ T
0
e−δsds.

As a consequence we have the main theorem:

Theorem 4. Let V (x) and VΛ(x) be the optimal solution to (P1) and (P2), respectively,
then: inf

Λ≥0
VΛ(x) = V (x).
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