Extended Libor Models and Their Calibration J

Denis Belomestny
Weierstral Institute Berlin

Vienna, 16 November 2007

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 1/30



]
Overview

@ Introduction
@ Forward Libor Models

© Modelling
@ Modelling under Terminal Measure

@ Modelling under Forward Measures

e Pricing and Calibration
@ Pricing of Caplets
@ Specification Analysis
@ Calibration Procedure

e Calibration in work

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 2/30



Forward Libor Models
Forward Libor Models

@ Tenorstructure: 0=Tog < Ty <...< Ty < Tym1 With accrual
periods & :=Ti11 — Tj

@ Zero coupon bonds:  By(t), t € [0, Ty] with Bi(Tx) =1

@ Forward Libor rates:  Ly(t),...,Lu(t)

Lk(t):élk<8'i’i(lt()t)—1>, te[0,T], k=1,....M
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Forward Libor Models
Forward Libor Models

@ Tenorstructure: 0=Tog < Ty <...< Ty < Tym1 With accrual
periods & :=Ti11 — Tj

@ Zero coupon bonds:  By(t), t € [0, Ty] with Bi(Tx) =1

@ Forward Libor rates:  Ly(t),...,Lu(t)

Lk(t):élk<8'i’i(lt()t)—1>, te[0,T], k=1,....M

Remark

Li,...,Ly are based on simple compounding that is an investor
receives 1% at Ty and pays 1 + dxLg(t) at Tk

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 3/30



Modelling under Terminal Measure
Libor Model under Py ;1

Fori=1... M

dLi(t) _ ,(m+2)

T A
FdeW(M“)(t)Jr/ Gi(t,u) (WMMH)) (dt, du)
— E

Continuous Part

Jump Part
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dLi(t) _ ,(m+2)

T A
FdeW(M“)(t)Jr/ Gi(t,u) (WMMH)) (dt, du)
— E

Continuous Part

Jump Part

@ A, are predictable drift processes

e W(M+1) s a D-dimensional Brownian motion under Pma1
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Modelling under Terminal Measure
Libor Model under Py ;1

Fori=1... M

dLi(t) — ,(m+1)

T =AM
rdeW(M”)(t)Jr/ Gi(t,u) <Mf V(M+l)) (dt, du)
N—— E

Continuous Part

Jump Part

@ A, are predictable drift processes
e WM+1) is a D-dimensional Brownian motion under Pma1

@ [ are predictable D-dimensional volatility processes
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Modelling under Terminal Measure
Libor Model under Py ;1

Fori=1... M

dLi(t)

L A o+

rdeW(M”)(t)Jr/ Gi(t,u) <Mf V(M+l)) (dt, du)
N—— E

Continuous Part

Jump Part

@ A, are predictable drift processes

e WM+1) is a D-dimensional Brownian motion under Pma1

@ [ are predictable D-dimensional volatility processes

@ w — pu(dt,du,w) is a random point measure on R, x E with
P 1-compensator »(M+1)(dt, du)

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 4/30



Modelling under Terminal Measure
Libor Model under Py ;1

We consider random point measures p of finite activity satisfying

. Ny
/E Yi(t,u) (u — y(M+l)) (dt,du) =d [Z z/)i(s|,u|)] ,

=1

where (s, u;) € R, x E are jumps of ;1 and
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. Ny
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VE I=1

where (s, u;) € R, x E are jumps of ;1 and

@ N; is a Poisson process with intensity A
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We consider random point measures p of finite activity satisfying

. Ny
/ Yi(t,u) (u — y(M+l)) (dt,du) =d [Z z/;i(s|,u|)] ,

JE =1
where (s, u;) € R, x E are jumps of ;1 and
@ N; is a Poisson process with intensity A

@E=Rx...xR
—_————

m
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Modelling under Terminal Measure
Libor Model under Py ;1

We consider random point measures p of finite activity satisfying

. Ny
/ Yi(t,u) (u — y(M+l)) (dt,du) =d [Z z/;i(s|,u|)] ,

VE I=1

where (s, u;) € R, x E are jumps of ;1 and

@ N; is a Poisson process with intensity A

@E=Rx...xR
—_————

m

@ u; € RM is distributed with p1(dxz) - ... - pm(dXm)
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Modelling under Terminal Measure
Drift term under Py 1

The requirement that L; is a martingale under PM+1) implies

(M+1) Mool
M+1 - i T
AM () = - 1+5Lr ridt+
j=1+1
M SLi_wi(t, u)
+ A(t)dt [ i(u,t)p(du <l+”_">
() & I( ) ( ) Jl:—‘[l 1+5JLJ—
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Modelling under Forward Measures
Dynamic of L;j under P; 1

Since L; is a martingale under P; 1

% =rldw(*+) 4 /E ei(t,u)(p — vFD)(dt, du),
|
where
. M 5L
dw (+1) — _ 95 ot o dw ™MD
=~ 1+ 51' Lj_
j=i+1

is a standard Brownian motion under P, and

M
. SiLj_v(t,u)
(i+1) _(M+1) iLi- ¥t
v (dt,du) =v (dt,du) j_li—L <l+ 71_‘_5ij_ )
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Modelling under Forward Measures
Dynamic of L;j under P; 1

The logarithmic version reads as

dIn(L) = A0+ (dt) + rTdw (+) 4 d

Nt
ICE UI)]

i=1

with ¢; = In(1 + ;) and

A(i+1)(dt) _ 7% |ri‘2 dt / wi(t’ U)y(i—l-l)(dt,dU)
RM
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Modelling under Forward Measures
Dynamic of L;j under P; 1

The logarithmic version reads as

dIn(L) = A0+ (dt) + rTdw (+) 4 d

Nt
ICE UI)]

i=1

with ¢; = In(1 + v;) and
A(i+1)(dt) _ 7% |ri‘2 dt / wi(t’ U)y(i—l-l)(dt,dU)
Rm

Observation

For i < M the new compensator »(1+1) is not deterministic and In(L;) is
generally not affine under P; ;.

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 8/30



Pricing of Caplets
Caplets

The price of j-th caplet at time zero is given by

Cj(K) = 6;Bj;1(0)Ep,_, [(Lj(T}) — K) 7]

seloA 121080
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Pricing Caplets under P
In terms of log-forward moneyness v = In(K/L;(0))
Gj(v) := 6Bj11(0)Lj(0)Ep,.,[(e"") —e¥)™],

with X (t) = log(L;(t)) — log(L;(0)).

Define
OJ (V) - EPJ‘+1 [(er(t) - eV)+] - (1 - eV)+’

then
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Pricing of Caplets
Pricing Caplets under P

In terms of log-forward moneyness v = In(K/L;(0))
Gj(v) := 6Bj11(0)Lj(0)Ep,.,[(e"") —e¥)™],

with X (t) = log(L;(t)) — log(L;(0)).

Define
OJ (V) - EPJ‘+1 [(er(t) - eV)+] - (1 - eV)+’

then

1-®p (z—4T)
wz . j+1 J
F{O}}(z /o dz = 2 :

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 10/30



Specification Analysis
Characteristic Function of Ly, under Py .1

Since

din(Ly) = —= |r 2dt + ITdwMHD(t) + d

3 os.u)

and Ny, WM+1) and u; are mutually independent

®p,,.,(2:T) = &f

Pmi1

(z; T) b}

Pmi1

(z:T),
where ¢‘,§M+l(z; T)( <D,J;M+l(z; T)) is the c.f. of continuous (jump) part.
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Speciication Analysis
Specification Analysis: Continuous Part

For some predictable vector volatility process (vi(t),...,vq(t)) define

7/ 1- rév’yil W:fMWLl)
(M+1)
V1 rée W,

r— ' C oM |y (M)
| /1= 1y W%M+l)
rsv Bizy/Va(t) !

) (M+1)
rsv Bid v/ Va (t) Wy

with mutually independent d-dimensional Brownian motions W (M+1)
and W(M+1)
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Specification Analysis
Specification Analysis: Continuous Part
Let

7i(t) = cig(Ti —t)ei, e €RY,
where
@ ¢ > 0 are loading factors

@ gi(-) is a scalar volatility function

@ e are unit vectors coming from the decomposition of the
correlation matrix ¢

Gi=e'g, 1<ij<M,

be a deterministic volatility structure of the input Libor market model
calibrated to ATM caps and ATM swaptions.
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Speciication Analysis
Specification Analysis: Continuous Part

Define a new time independent volatility structure via

mlnlj

Bl G = ! /Tkv )y (t
o min(h]) Tk ' )
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Speciication Analysis
Specification Analysis: Continuous Part

Define a new time independent volatility structure via

mlnlj

T Tk
B 51‘ m|n Tk/ ’Y. 'VJ

Remark

The covariance of the process &(t) := [s I (t)dWM+D) satisfies

cov(&i (1), (1)) ~ /O A () (t)ds

and is approximately the same as in the input LMM.
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Speciication Analysis
Specification Analysis: Continuous Part

Two possible specifications for the volatility process v
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Speciication Analysis
Specification Analysis: Continuous Part

Two possible specifications for the volatility process v

@ Stochastic Volatility Heston Model

Vi = ric(1—Vi)dt + oy o VAW oy /(1 — 02)yMdv ™MD,
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Speciication Analysis
Specification Analysis: Continuous Part

Two possible specifications for the volatility process v

@ Stochastic Volatility Heston Model

Vi = ric(1—Vi)dt + oy o VAW oy /(1 — 02)yMdv ™MD,

@ Stochastic Volatility BN Model

dvi = rivicdt + ook d W 4 0y /(1 — 02)dv MY,
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Sizzzizaien Selals
Specification Analysis

It holds

e (ZiT) = 95, @ T)OSy p,,,, (:T),

where

1 . T
O b, (2 T) = exp (—ZHfA(T) (22 +1z)> 0T = /0 w2 dit
and
OSy py., (ZT) = exp(Au(z; T) +Bu(z: T))
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Pricing and Calibration Specification Analysis

Specification Analysis

In particular
1—guednT
AM(Z;T) = H—’;A {(aM —|—dM)T —2In |:gM:|}
oy, 1—9gwm
l_ dMT
By (z:T) = (Bt )~ e)
o (1 —gueduT)
and
am = KM — lomwmZ
du = \/a +ud(z? +i2)
av +d
v = H7 wm = Tsv Bumom
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Sizzzizaien Selals
Specification Analysis

As can be easily seen

. Am(z: T
lim M = —QapMWwMm (iQM +4/1— Qﬁ) T
Z—00 Z

and
2 .
. Bu(z:T \/1—oy +iowm
lim u ):— M
Z—00 oM
with
KM
aM = —&
M 2
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Sizzzizaien Selals
Specification Analysis

Let us take ¢;(u,t) = u' 3, then the characteristic function of the jump
part is given by

o, @) =exp (AT [ (e~ 1uy(v)v )

where py is the density of u ' By (t).
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Sizzzizaien Selals
Specification Analysis

Let us take ¢;(u,t) = u' 3, then the characteristic function of the jump
part is given by

o, @) =exp (AT [ (e~ 1uy(v)v )

where py is the density of u ' By (t).

Observation
Due to the Riemann-Lebesgue theorem

(DJ

Pmi1

(2:T) — exp(-AT), |z| — .
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Speciication Analysis
Specification Analysis: Asymptotic Properties

Computing sequentially

Ly = zILmoo Iog(¢PM+1(Z; T))/ZZ’

Ly = [log(®p,,,(z:T))/z — (z +1)La] ,

lim
Z—00
Lo:= Jim [log(®p,,,(z:T)) ~ (22 +iz)L2 — 2L1 ],

we get
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Specification Analysis: Asymptotic Properties

Computing sequentially

Ly = zILmoo Iog(¢PM+1(Z; T))/ZZ’

£1:= lim [log(®,,(z: T))/z ~ (2 +1)L2]
Lo:= Jim [log(®p,,,(z:T)) ~ (22 +iz)L2 — 2L1 ],
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Pricing and Calibration Specification Analysis

Specification Analysis: Asymptotic Properties

Computing sequentially

Ly = zILmoo Iog(¢PM+1(Z; T))/ZZ’

Ly = ZIi_)mOO [log(®p,,.,(z;T))/z — (z +1)L2],

Lo:= Jim [log(®p,,,(z:T)) ~ (22 +iz)L2 — 2L1 ],

we get
1
Lo=—-\, L= _EHI%A(T)
and
1—@2
Re;Cl:*iM*aMmeT’ ImL]_:*‘QiM*O‘MwMQMT
oM oM
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Pricing and Calibration Callibration Procedure

Parameters Estimation: Linearization

Observation

From the knowledge of £1(T ) for two different T one can reconstruct
all parameters of the SV process
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Calibration Procedure
Parameters Estimation: Linearization

Observation

From the knowledge of £1(T ) for two different T one can reconstruct
all parameters of the SV process

Theorem

wPMH(Z;T) = |Og(¢pM+1(Z;T))
= L5(2% +iz) + £1Z + Lo + Ro + Ry(2),

where Rg = Ro(am, kM, oM, wwm ) iS @ constant not depending on A and

Ri(z) =0, 2] — .

Denis Belomestny (WIAS) Extended Libor Models and Their Calibration Vienna, 16 November 2007 21/30



Calbration Procedure
Parameters Estimation: Projection Estimators

We find estimates for £,, £1 and L in the form of weighted averages

Loy = Re(Vp,,,, (u))ws (u)du,

Loy = [ Re(Wp,.,(u))wg(u)du—Rg

/
Liy = /m(%mﬂ(u))wf(u)du—iZZ,U,
/

with B _
Wp,,.,(U) :=1In (1 —u(u+)F{OyHu + i)) .
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Calibration Procedure
Parameters Estimation

The weights are given by

wy =U3w,p(u/U), wy = U ?wi(u/U), wg = U wo(u/U),

where

1 1 1
/ wo(u)du = 0, / uw,(u)du = 0, / uw,(u)du = 1,
-1

-1 -1

/1 wi(u)du =0, /l uwi(u)du =1,

1 -1

1 1 1
/ wo(u)du = 1, / uwg(u)du = 0, / u?wo(u)du = 0.
-1 -1

-1
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Gl st Pzl
Parameters Estimation: Jump distribution

Define

F{im}(z) = \TJPMH(Z;T) — Ly(2% +iz) — L1z — Lo — Ry

or equivalently

fim :=F! K\T’PMH('?T) — Lo(2+i) =Ly —Lo— |3o) 1[fu,u](')}
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Gl st Pzl
Parameters Estimation: Jump distribution

Define

F{im}(z) = \TJPMH(Z;T) — Ly(2% +iz) — L1z — Lo — Ry
or equivalently
i -—F*l[(\TJ ST) = Lp(2+i) = L1 —Lo—Ro) 1 .
Bm = Pua(5T) 2(“+1°) 1 0 0) 1—uu()

Remark

Due to lack of data and numerical errors i,y may not be a density and
needs to be corrected.
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Calbration Procedure
Parameters Estimation: Further optimization

Upon finding
(EO,U,ELUaEZ,U> — T = (3M,§M,EM,X)
we may

@ consider 7 as a final set of parameters or
@ consider nonlinear least-squares

N
J(T) = ZWi\CKﬂ(Ki) — Cu(Ki)[?

and minimize J(7) over the parametric set S ¢ R* taking as initial
value 7.
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Calibration Procedure
Approximative dynamics of L; under P;, 1

It holds approximately

dLi
L

~ TTaw (D) 4 / eu" A (1 — p0+D)(dt, du),

i JE

where dW (i+1) js a standard Brownian motion under Pi.1 and

1+ 5j Lj_(O)

M T
) L u' g
P+ (dt, du) = M+ (dt, du) [H <1+ W)] .

j=i+1
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Gl st Pzl
Approximative dynamics of vx under Pj 1

By freezing the Libors at their initial values we obtain an approximative
vk dynamics

dvic ~ il (00— vi) dt + e (devmvk(‘“) +y/1- Qﬁdw(k‘“)>

with reversion speed parameter

M 0
| OiL; 3
Hl((l+1) = | Kk — I'sv Ok Ok Z 11(5jf_2 0) el
Snattab

and mean reversion level

pl+D) . _Fk
k (1)
Ky
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Calbration Procedure
Pricing Caplets under Py .1

The price of j-th caplet at time zero can be alternatively written as

Bj;+1(T;)

CJ(K) = (5jBM+l(0)EPM+1 BM+1(TJ)(LJ(TJ) — K)+

Note that

Bj+1(Tj) il

j+1U0j
i R PR 14 &L (T
Bum+1(Tj) k£[+1( k(7))
M M
= J] @+6)Ecexp [ D &In(Li(T)) |
k=j+1 k=j+1

where {& 1}, , are independent random variables and each & takes
two values 0 and 1 with probabilities 1/(1 + dx) and dx /(1 + k).
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Calbration Procedure
Pricing Caplets under Py .1

Thus,
- 1 = E£¢M+1(Z - i,€j+la s ’éM)

F{OH2) = o ,

where ®y.1(zj, 41, - --,2m) is the joint characteristic function of
(In(Lj(T;)), ..., In(Lm(T;))) under Py 1.
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Calbration Procedure
Pricing Caplets under Py .1

Thus,
‘ 1-EOmya(z —1,§41,---58m)
F{OJ}(Z)_ Z(Z—i) )
where ®y.1(zj, 41, - --,2m) is the joint characteristic function of
(In(Lj(T;)), ..., In(Lm(T;))) under Py 1.
Remark

Instead of terminal measure Py ; we could consider P ; with
I<l<M+1
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Calibration results for 14.08.2007

Caplet volas for different caplet periods

0.16

[15,155]

Caplet Volatilities
0.14

0.12

0.10

Caplet Volatilities

010 012 0.14 016 0.8

0.02 004 0.06 0.08 010 0.02 0.04 006 008 0.10

Strikes Strikes
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