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Large trades can significantly impact prices
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Spreading the order can reduce the overall price impact
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How to execute a single trade of selling Xy shares?

Interesting because:
e Liquidity /market impact risk in its purest form
b dewvelopmen of realistic market impact models
b cheding viabilit y of these models
P building block for more complex problems
e Relevant in applications
DBreal-world tests of new models

e Interesting mathematics
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Resilience of the limit order book after market order
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Overview

1. Linear impact, general resilience

2. Nonlinear impact,
exponential resilience

3. Relations with Gatheral’s model
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Limit order book model without large trader

unaffected best bid price, BO AO unaffected best ask price
is martingale t



Limit order book model after large trades
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Limit order book model at large trade

!t — Q(Bt+ I Bt)

By B; BY A? A,



Limit order book model at large trade

& =g(Be+ ! By)

By

sell order executedat averageprice / xqdx
B+

similarly for buy orders

Bi+ B; BY A A,



Limit order book model immediately after large trade




Resilience of the limit order book

Y : [0, 00[— [0, 1], ¥(0) = 1, decreasing

fq—t " (At) + decay of previous trades

By By ¢ BY



1. Linear impact, general resilience
Strategy:
N + 1 market orders: ! ,, sharesplacedat time ¢,, s.th.

a) 0=t <t < <tn=T
(can also be stopping times)

b) !, is F; -measurableand boundedfrom below,

N
c) we haveZ!n = X,
n=0

Sell order: !,, <O

Buy order: !, >0



Actual best bid and ask prices

1
By= BY+ =) "(t—tn)ly
qtn<t

&n <0

1
A= A%+ = "(t—t)!

&n >0



Cost per trade

Atn+
/ yqdy = %(A§n+ — A2 ) for buy order!,, >0

cn(§) = <

Btn+
/ yqdy = %(Bfn+ — Bf) forsellorder!, <0

(positive for buy orders, negative for sell orders)

Expected execution costs

N

C(§) = B| Y cal®)|

n=0



A simplified model
No bid-ask spread

SY = unaffected price, is (contin uous) martingale.

St SO+_ZITL (t_tn)

tn <t
Trade!,, movesprice from S;, to

1
Stn+ — Stn + _!n-
q

Resulting cost:

S
th + 1
(= [ pady= J[SE. - SL) = 512w L,
S q

th

(typically positive for buy orders, negative for sell orders)



Lemma 1. Supmsethat S° = A°. Then, for any strategy &,

cn(&) <c,(8) with equality if !, > 0 for all .

Thus: Enough to study the simplibed model (as long as all trades !,
are positive)



Lemma 1. Supmsethat S° = A°. Then, for any strategy &,

cn(&) <c,(8) with equality if !, > O for all .

Thus: Enough to study the simplibed model (as long as all trades !,
are positive)



Lemma 2. In the simpliPaed model, the expected execution costs of a
strategy & are

N

C©) = B[ Y e(©)] = 5 E[CH©]1+ XoS},

n=0

wher CY is the quadmtic form

N
Cl@)= > anzn" (tn—tml), TRV = (to,... tx).

m,n=0
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First Question:
What are the conditions on v under which the
(simplified) model is viable?

Requiring the absenceof arbitrage opportunities in the
usual sensas not strong enough,as exampleswill show.

Second (Question:
Which strategies minimize the expected cost for
given X7

This Is the optimal executionproblem. It is very closely
related to the questionof model viabllity.
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The usual concept of viabilit y from Hubermann & Stanzl (2004):

Definition

A round trip is a strategy & with

N
Z!H:XO:O.

n=0

A market impact model admits
price manipulation strategies

If there is a round trip with negative expected execution costs.
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In the simplibed model, the expected costsof a strategy & are

CE) =

Z—QE[th(é)]Jf X053,

where

N
Cl@ = Y wazn (fta—tul). 2RV = (to.....tn).

m,n=0

e There are no price manipulation strategieswhen Cf” IS nonnegative
debnitefor all t = (tg,...,tN);

e when the minimizer z* of CY (x) with . z; = Xy exists, it yields
the optimal strategy in the simplibed model; in particular, the
optimal strategy is then deterministic;

e When the minimizer x* has only nonnegative componerts, it yields
the optimal strategy in the order book model.
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Bochner’s theorem (1932):

CY is always nonnegative debnite (" is Omsitive debniteO)if and
only if " (| -|) is the Fourier transform of a positive Borel measure p
on R.

Ct‘” is evenstrictly positive debnite (" is Ostrictly positive depniteO)
whenthe support of 1 is not discrete.
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Bochner’s theorem (1932):

CY is always nonnegative debnite (" is Omsitive debniteO)if and
only if " (| -|) is the Fourier transform of a positive Borel measure p
on R.

CY is evenstrictly positive debnite (" is Ostrictly positive depniteO)
whenthe support of 1 is not discrete.

e Seemsto completely settle the question of model viabilit y;
e for strictly positive debPnite" , the optimal strategy is

. . Xo _ "
&= = ML for My =" (Jt — ),
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Examples

Example 1: Exponential resilience
[Obizhaeva & Wang (2005), Alfonsi, Fruth, S. (2008)]

For the exponertial resiliencefunction
()= e,

" (| -|) is the Fourier transform of the positive measure

1 9

pldt) = —

# P2+ 2 di

Hence," Is strictly positive debnite.
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Optimal strategiesfor exponertial resilience” (¢) = e *¢

15
1
0.5
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N= 15
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O 1 L gl
2 12 2 0 5 12
N= 25
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The optimal strategy can in fact be computed explicitly for any time
grid [Alfonsi, Fruth, A.S. (2008)]:

Letting
X0 X0
=TT 2 + SNV Lo
1+ aq anz 1+ an

the initial market order of the optimal strategy is

" %

o — ,
0 1+ aq

the intermediate market orders are given by

1 An+1
* = 0 ( — ) =1...,.N—-1
and the bnal market order is
. _ Y
€T — .
N 1+ an

all componerts of * are strictly positive
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For the equidistant time grid ¢,, = nT'/N the solution simplibes:
Xo

* *
Tog= TN =
(N—-—1)(1—a)+ 2
and
ko — k _ *
1= = ay_1 = 1o(l —a).
1.5 1.5
1 1
0.5 0.5
0 0
-5 0 5 10 15 -5 0 5 10 15
N=10 N=15
1.5 1.5
1 1
0.5 0.5
0 0
-5 0 5 10 15 -5 0 5 10 15
N=20 N= 25



The symmetry of the optimal strategy is a generalfact:

Proposition 3. Supmsethat " is strictly positive debPnite and that
the time grid is symmetric, i.e.,

t; = tn —Tn—; for all 7,
then the optimal strategy is reversible,i.e.,

*

T = xTp, for all .

19



Example 2: Linear resilience " (t) = 1— $t for some$ < 1/T

The optimal strategy is always of this form:

trading strategy

5

4+

3,

trading sizes
N

-1 0 1 2 3 4 5 6
trading dates

It is independen of the underlying time grid and consistsof two
symmetric trades of size Xo/2 at t = Oand ¢t = T, all other trades are
Zero.
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More generally: Convex resilience

Theorem 4.
[Carathéodory (1907), Toeplitz (1911), Young (1912)]

IS convex, decreasing, nonnegative, and nonoonstant ==-
" (] -]) is strictly positive debnite.
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Example 3: Power law resilience " (t) = (1 + &) ¢

e

& (%"

&'(.#!
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&'(%!
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Example 4: Trigonometric resilience
The function

cos$x
IS the Fourier transform of the positive Pnite measure
1 1 1
= E( —p T p)
Sinceit is not strictly positive debnite, we take
#

"(t) = (1 —()cos$t+ (et  for some$ < oF

26



Trigonometric resilience " (t) = 0.999coqt#/2T) + 0.001c~*

$! . . . (
s+

# b
$!r

# gt
#

! ! . I

S

r
! # -

! " # ! . #
%&'$! %8'$!
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Example 5: GGaussian resilience

The Gaussianresiliencefunction
()= e

IS its own Fourier transform (modulo constarts). The corresponding
guadratic form is hencepositive dePnite.

Nevertheless.....
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Gaussian resilience " (t) = e=*, N = 10
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Gaussian resilience " (t) = et , N = 15
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Gaussian resilience " (t) = e=*, N = 20
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Gaussian resilience " (t) = et , N = 25
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Gaussian resilience " (t) = et , N = 25

20 T T T T T T

15

10

-10

-15

-20
2

= absence of price manipulation strategies is not enough
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Definition [Hubermann & Stanzl (2004)]
A market impact model admits

price manipulation strategies in the strong sense

If there is a round trip with negative expected liquidation costs.

Definition:

A market impact model admits
price manipulation strategies in the weak sense

If the expected liquidation costsof a sell (buy) program can be
decreasedoy intermediate buy (sell) trades.
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Question: When does the minimizer x* of
Z$i$j" (|tl — tj|) with sz = Xp
i) i

have only nonnegative components?

Related to the positive portfolio problem in Pnance:
When are there no short salesin a Markowitz portfolio?

l.e. whenis the solution of the following problem nonnegative

-

' Mz —m'"x — min forz'1= X,

where M is a covariance matrix of assetsand m Is the vector of
returns?

Partial results, e.g., by Gale (1960), Green (1986), Nielsen (1987)
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Proposition 5. [Alfonsi, A.S., Slynko (2009)]
When " is strictly positive debnite and trading times are equidistant,

then
xg > 0 and xyn > 0.

Proof relieson Trendh algorithm for inverting the Toeplitz matrix

Mij:"(|7:—j|/N), i,j:O,...,N
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Theorem 6. [Alfonsi, A.S., Slynko (2009)]
e If " is convexthen all components of * are nonnegative.
o If " Is strictly convex,then all components are strictly positive.

e Conversely, z* has negative components as son as, e.g., " is
strictly concavein a neighlorhood of O.
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Qualitative properties of optimal strategies?

41



Qualitative properties of optimal strategies?

Proposition 8. [Alfonsi, A.S., Slynko (2009)]
When " Is convexand nonoonstant, the optimal x* satisbPes

Ty > X1 and Tn_ 1 < TN

41



Proof: Equating the brst and secondequationsin Max* = %1 gives

N N
St (ty) =Y @t ([t — tal).
j=0 j=0
Thus,
N N
ro—xy = ) at (- tal) - >z ()
=0, j71 j=1

N
= 2" (t1) — 27" (1) + ZSI?; [ (t; —t1) =" (tj)]
j=2

Z ('CCS o gj;t)" (t1)7
by convexity of " . Therefore

(zo —z1)(1 —"(11)) =20
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Proposition 8. [Alfonsi, A.S., Slynko (2009)]
When " is convexand nonoonstant, the optimal x* satisbes

Ty > X1 and Tn_ 1 < Ty

What about other trades? General pattern?

trading strategy
9 T T

[ee]
T

~
T

[e)
T

[¢)]
T

trading sizes

N
T

0
120 0 20 40 60 80 100 120
trading dates
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No! Capped linear resilience " (t) = (1 — $t)" ,$= 2/T

number of trading dates N=100, time horizon T=1, stock to buy X0=100
35 T T T T T T

30

25

20

15

trading sizes

10

_5 Il Il Il Il Il Il
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

trading dates
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Proposition 9. [Alfonsi, A.S., Slynko (2009)]
Supmsethat " (t) = (1 — kt/T)" and that k£ divides N. Then the
optimal strategy consists of £ + 1 equal equidistant trades.

-y
o

o - N w e o [ ~ o] ©
T T T T T T T T T

-2 0 2 4 6 8 10 12
N= 100, k=10

Proof relieson Trench algorithm
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When £ doesnot divide IV, the situation becomesmore complicated:

12

101

-2 0 2 4 6 8 10 12
N= 100, k=6

-2 0 2 4 6 8 10 12
N= 45, k=6

12

101

-2 0 2 4 6 8 10 12
N= 100, k=15

0
-2 0 2 4 6 8 10 12
N= 45, k=10



1. Linear impact, general resilience

2. Nonlinear impact,
exponential resilience
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Limit order book model without large trader

f\/\

sellers’ ask offers

>

unaffected best bid price, BO AO unaffected best ask price
is martingale t



Limit order book model after large trades




Limit order book model at large trade

Dy
Ty = f(x)dx

B
DE




Limit order book model immediately after large trade




Limit order book model with resilience




f(x) = shape function = densitiesof bids for x < 0, asksfor x > 0
BY = Oun#ectedid price at time ¢, is martingale

B; = bid price after market orders beforetime ¢

DP = B, — BY

If sell order of I, < 0 sharesis placedat time ¢:

DP changesto DE , where

and
By = By+ DE — DB = B+ DE |

==> nonlinear price impact

48



A9 = Oun#fectedGsk price at time ¢, satisbesB? < AY
A; = bid price after market orders beforetime ¢

DA = A, — A9

If buy order of !, > 0 sharesis placedat time t:

D{ changesto D}, where

and
A = A+ DI — DA = A%+ DA

For simplicity, we assumethat the LOB hasinbPnite depth, i.e.,
|F'(x)| — oo as|z| — oo, where

F(z) = /O 7(y) dy.

49



If the large investor is inactive during the time interval [¢,t + s,
there are two possibilities:

e Exponential recovery of the extra spread
|

ot
DB = e srdrpB  for s < t.

e Exponential recovery of the order book volume
|

ot
EP=e  srdrgB  for s < t,

where
0

EP = . f(x) dz =: F(DP).

In both cases: analogous dynamics for D4 or E4
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Strategy:

N + 1 market orders: !, sharesplacedat time ),, s.th.

a) the (),) are stopping times s.th. 0= ) <); < ---

b) !, is F. -measurableand boundedfrom below,
N

c) we haveZ!n = X,
n=0

Will write
(7€)

and optimize jointly over = and &.
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e When selling!,, < 0 shares,we sell f(x) dx sharesat price BSn + x
with x ranging from DZ to D2, < D | i.e., the costsare negative:

. .
co(r&) = [ B+ ) f @ de= B0+ [T af(@) da
D3, D3,
e When buying shares(!,, > 0), the costsare positive:
Dh
cn(T, &) = 1,A2 + / zf(x) dz
DA

e The expected costsfor the strategy (7, &) are

C(r.€) = E| fjcn(r,ﬁ)}
n=0

52



Instead of the ), we will use

Tk

(1) * = $sds, k=1...,N.

Tk! 1
The condition 0= )g < )1 <--- <)y = T is equivalert to
a:= (*1,...,* 5) belongingto

N T
* o = $.ds ;.

A= {a:: (*1,...,*N)ER_],_V

53



A simplified model without bid-ask spread
S9 = unaffected price, is (contin uous) martingale.

Stn — Sgn + Dn
where D and F are debnedas follows:
Eo=Dy=0, E,=FD,) and D,=FYE).

Forn=0,...,N, regardlessof the signof !,,,

E. =E,—!, and D, =F YE,)=F Y F(D,)-",).

Fork=10,...,N —1,
Epyg = e By = e % (B — )

The costsare
Do+

eu(T,€) = 1,50 + / v () da

D,

54



Lemma 10. Supmsethat S° = BY. Then, for any strategy &,
cn(€) < c, (&) with equality if !, > O for all k.

Moreover,
N
C(7,€) = E| Y %u(r.8) | = E| (@, &) | - XoS§
n=0
where

N Dh +
Cla®=Y [ af)ds
n=0 n

is a deterministic function of a € A and ¢ € RN* .

Implies that is is enoughto minimize C(a, &) over o € A and

N
£ € {a:: (Qj‘o,...,ZEN) ERN+1 ‘ an: Xo}

n=0
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Theorem 11. Supmse f is increasing on R_ and decreasingon R .
Then there is a unique optimal strategy (£*, 7*) consisting of
homayen@usly spaced trading times,

"_i"+1 1 T
/Ti“ $, dr = N/o $.dr =. —loga,

and tradesdebneal via

F(15) — aFY(al)
1—a ’

F 1 (Xo-—Nli(1—-a))=
and
i": ce. = !7\7—1: !8(1_61),

as well as
Iv=Xo—!lg—(N-Dly(1—a).

Moreover, ! © > O for all 7.
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Taking Xy | 0 yields:

Corollary 12. Both the original and simplibed models admit neither
strong nor weak price manipulation strategies.
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Robustness of the optimal strategy
[Plots by C. Lorenz (2009)]

First bgure:

aaaaaaaaaaaaaaaaa
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LOB shape function f
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LOB shape function f F

optimal strategies & (blue), x_; (red) values of cost functional C(&) (blue), C(x ;) (red)
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Figure 4: f(x) = exp(—(]z| — 1)?) + 0.1
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LOB shape function f F
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LOB shape function f
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LOB shape function f
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optimal strategies & (blue), x . (red) values of cost functional C(&) (blue), C{x
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LOB shape function f
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LOB shape function f F
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LOB shape function f F

optimal strategies & (blue), x
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LOB shape function f
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LOB shape function f F
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Continuous-time limit of the optimal strategy

e Initial block trade of size!}, where

T | *

(X015 | Suds) = P prpmiy

e Continuoustrading in ]0,77[ at rate
= $lo

e Terminal block trade of size

T
!;:XWJS—%/‘&ﬁ
0
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Conclusion
e Market impact should decay as a convex function of time

e Exponertial or power law resilienceleadsto Obathub solutionsO

trading strategy
T T

trading sizes
oo - N w ~ &) o ~ ® ©
T T T T T T T T

0 0 20 40 60 80 100 120
trading dates

which are extremely robust

e Many open problems
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