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The Data

For different time lags h € N, we are interested in the
(overlapping) increments of the interest rates

IR(t+h)— IR(t), teN.

Interest Rate Day1i Day2 Day3 Day4 Day5
EURIBOR 01M 497 495 496 498 5.00

EURIBOR 03M 492 488 490 4.89 491

EURIBOR 06M 485 481 483 482 484
GBP LIBOR0O1IM 586 586 587 590 5.90
GBP LIBORO3M 590 590 590 5.89 5.89
GBP LIBORO6M 592 593 593 593 594

non-overlapping increments [IR(t« h+1) — IR((t — 1) * h+ 1)]
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Brownian Moving Averages
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Definition and Properties

Definition: Brownian Moving Average

Let (Bu)uer be a two-sided Brownian motion and ¢ a
Borel-measurable function, which is zero on (0, c0) and
(. — 1) — ¢(.) € L3(R) for all t > 0. The Brownian moving
average (BMA) concerning ¢ is defined as

X7 = [ (o lu=0 - ¢ () dB.
R

Properties:
@ lts variance is given by

Var (X?) = /(ap(u— f)—o(u)du, t>0.
R
@ X% is a centered Gaussian process with stationary
increments.
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Examples

Brownian Moving Average

X7 = [(ow-1)-pw)ds, t20

R
o Brownian Motion (BM): H A |
(g
o(u) = 1y<oy- ) f
e Fractional BM (FBM): 2N, o
_1 o] J
p(u) = cu(—u)" 21 < W wa n
for H € (0,1). 4 W

Figure: path of FBM (H = 0.8)
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BMA-Semimartingales

Theorem [Cherny]

@ X¢is a (FP)-semimartingale if and only if there exist
a € Rand 1 € L2 (R) such that

0
gp(u):a+/zp(v)dv, u<D0.

Q If X¥ is a (FP)-semimartingale it is continuous, and its
canonical decomposition is given by

X7 = [ (c(u—0) - x(v)) dBu + By
R

where x (U) = ¢ (U) — aly<qy-
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Application

Fractional Brownian Motion
1
o(u) = cy(—u) 21 ,<q)

Brownian Motion Modification
p(u) = ]l{ugo}

Regularized FBM (Rogers)
1
o(u) = cy(B — u)" 21 gycq
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Path of BMA
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Variance of BMA
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BMA-driven Vasicek-Model
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The Dynamics

Dynamics of the BMA-driven Vasicek-model

dr = (b—ar)dt+ ocdX¥

Remarks:
@ a, b and ¢ are positive constants.
@ For p(u) = 1y,<oy this is the classical Vasicek-model.
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Zero coupon bond prices

Due to Gaussianity we have

B(t,T) = E [e I ()% 7]
T 1 T
/t r(s)ds|]—'t] — §Var [/t r(s)ds|}}”

Representation of ftT r(s)ds

=exp |E
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dr = (b— ar) dt + odX¥

Conditional Expectation of X¥

E [X7|Ft] = X7 +/(¢(U— T) = (U~ 1) LucydBu = V"
R

Conditional Variance of X%

Var [X%|F;] = Var X% — Var [E [ X%|F]]
= Var X2 — VarY/ ¥
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dr = (b— ar) dt + odX¥

Conditional Expectation of [,7 (1 — e~a(T-¥) dxy

E[/tT(1 — g7e(T-1)) def|]—“t] :/tT(1 — o)) gy ]

Conditional Variance of [,” (1 — e=a(T=)) dxy

Var

/IT (1 - e—a(T—“)) dX[f\]—'t] =

= Var/tT (1 - e—a(T—“)) aXy — Var/tT (1 - e—a(T—u)> ay,”

v




Thank you for your attention!
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