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Heston Model
In this talk, we will mainly deal with the Heston model.

Under the risk-neutral measure it is:

dSt = TStdt + O'tSt thl ,
Ot = VvV )/tv
dY, = k(0 —Y,)dt+ /Y dW?,

where W1, W? are two standard Brownian motions with
covariation d(Wt, W?2), = pdt, where |p| < 1.

We assume that 260>v2, v, k,0,Yy = y > 0, so that the
square-root (or CIR) process (Y;) stays positive at all times.



Implied Volatility
Black-Scholes implied volatility:

CaHHeston(Sa Y; K7 T) — CanBS(S; K) T; Oimp(sa Y; K, T))
In what follows we use log-moneyness:
x = log(K/So)

and the notation
O-imp(aja Y, T)

where T is time-to-maturity.



Implied Volatility at Short Maturity

Large deviation result.

(Geodesic distance:
ydi + 2pvyd,d, + V2yd§ =1
dlx =0,y) =0
d(z,y) >0 for x>0

At short maturity:

d(z,y)

where d (which does not depend on k) is computed numerically.

O-imp(aja yaT — 0) —

Avellaneda-BoyerOlson-Busca-Friz (2003)
Berestycki-Busca-Florent (2004)



Fast Mean-Reverting Heston Model

By fast mean-reverting stochastic volatility, we mean that the rate
of mean reversion k is large. In order to ensure that volatility is
not “dying” or “exploding” we also impose that the vol-vol
parameter v is large of the order of \/k. In order to achieve this
scaling, we introduce a small parameter 0 < € < 1, and we replace

(k,v) by (k/e?,v/¢) so that the model becomes:

dS; = rSdt+ Si\/YidW}!,

dy, = ;2(9 _Y,)dt + g\/YtdWE |

The small quantity £? represents the intrinsic time scale of the
volatility process (Y;), or, in other words, its de-correlation time.

Observe that the condition 2 (E%) 0 > (%)2 is equivalent to 2x6 > v and

therefore independent of ¢.



Asymptotics at Fixed Maturities
Fouque-Papanicolaou-Sircar (2000) for general FMR SV models:
“tlimplied vol is affine in LMMR”
x

O-imp(ajayaT) =0+ 8pC (T

) +0(=%),

where o is the effective volatility

7’ = /O(y)2<1>y(dy),

®y being the invariant distribution of the process Y.
In the case of Heston, o(y) = /vy, &y = I'(0, %), and o° =

(' is a constant which depends on the model parameters.



Prices and Pricing PDE’s

PE(t,z,y) = B { " TTOR(ST)|SF = 2, V7 =y}

0P N 1 ,0°P¢ LY 0? P¢ N v?  92Pe
—yx X
ot 29" o2 £ y@x@y 2:2" 0y?

oP* 1 0P*
_ ps ~(m — _
o (w ox ) i g2 (m =) oy

to be solved for t < T' with the terminal condition

Pe(T,z,y) = h(x)



Operator Notation

1 1
(_2£0+—£1 -|-£2) P =0
5 3

with
1, 0 o
Lo = 9V ya—szr(m—y)@—y = Lcir
82
L = pyxy(?ac@y

01 L, 0 B
L= gttt (rgr ) = e



Formal Expansion

Expand:
P€:PO+5P1—|—€2P2—|—83P3—|—“-

Compute:

1 1
(8—2£0—|—g£1—|—£2> (P0—|—8P1 —|—82P2—|—83P3—|—°'°) =0

Group the terms by powers of e:

gizl:opo + é (LoP1 + L1 Fy)
+ (LoPe+ L1P1+ Lo Fy)
+ e(LoP3s+ L1Py+ LoPy)
4+ .. =0



Diverging terms

e Order 1/&%:

EOPO =0

Lo = Lcrr, actingony =— Py= Py(t,x)
with Po(T,x) = h(x)

e Order 1/e:

£0P1—|-£1P0:O

L, takes derivatives w.rt. yv — L =0
— £0P1 =0

As for Py: Py = Pi(t,z) with P (T,z)=0

e Important observation:
Py + ¢P; does not depend on y

10



Zero Order Term

£0P2 + (£1P1 = O) -+ EQPO =0

Poisson equation in P, with respect to £y and the variable y.
Solution:

Py = (=Lo) "' (L2F)

Only if L5 P, is centered
with respect to the

invariant distribution of Y.
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Poisson Equations

Lox+g=0

Expectations w.r.t. the invariant distribution of the CIR process:

(9) = ~{£0) == [ (Loxu)w)dy = [ x)(E52(w)dy =0

lim IF{g(Y:)|Yo =y} = (g9) =0 (exponentially fast)

t——+o0

+ 00

x(y) = 0 IE{g(Y)|Yo =y} dt

checked by applying L

12



Leading Order Term

Centering:
20 = Not T 2Y" a2 By

Effective volatility: 62 = (y) =0

The zero order term Fy(t,z) is the solution of the

Black-Scholes equation
[,35(5')P0 =0

with the terminal condition Py (7T, z) = h(x)

13



Back to P (t,z,y)

The centering condition (£5Fy) = 0 being satisfied:

1 0P
EQPO — EQPO — <£2P0> == 5 (y — 5‘2) $2 8:1;20

1 , 0P,

for ¢ a solution of the Poisson equation:
Lop =1y —(y)

Then
0P,

Pty ,5) = L5 (L2Po) = 3 (6(y) + el 1) >

14



Terms of order ¢

Poisson equation in FPj:
LoPs+ L1Py+ LoFP =0
Centering condition:
(L1Ps + LoP1) =0

Equation for P;:

(£2P2) = ~(£1Ps) = 5 <£1 [(¢(y) +eft,x)a? a;;OD

P; independent of y and £ takes derivatives w.r.t. y

0>

with P (T, z) =0

— EBS(a')Pl —

1
5 (C10) [z
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The correction P (t,x) = ecP;(t, x)

\ e EV 0> 0? P,
Lps(o)P; — 5 <<pxy 8x8y> ¢(y)> [wQ ax20] = 0
e . 0 0°Pgrg

BS equation with source and zero terminal condition

with the small parameter V5 given by:

—EpV

Vi = — (Yo' (y))
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Explicit Formula for the Corrected Price

€ - € a 262PBS
Py = (T—t)Vgx% (x 5.2

where V5 is a small number of order ¢.

The corrected price is given explicitly by

. 0 ( ,0°Ppg
Py+ (T —1t)V; T (x 52 )

where Py is the Black-Scholes price with constant volatility @ = v/0

17



Comments

The small constant V5 is a complex functions of the original

model parameters (6, v, p, )
Only (o, V5 ) are needed to compute the corrected price

Probabilistic representation of (Py + P5)(t, x):

T
E{ —rT=On(Xp) + / €T(St)H(S,XS)dS|Xt$}
t

Put-Call Parity is preserved at the order O(¢)

The V5 term is the skew effect

p=0= V5 =0
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Corrected Call Option Prices

and
Py(t,z) = Cps(t,z; K,T;0)

Compute the Delta, the Gamma and the Delta-Gamma

Deduce the source

e O ,0*Ppg
H—V3aza—x(x 8x2>

and the correction

—d3/2
PE(t,z) = (T — ) H(t, z) = (-VZ),@)
0}

oV 2T
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Expansion of Implied Volatilities

Recall
Cps(t,z; K, T;1) = cobserved
Expand
I=0+ch +---
Deduce for given (K,T):
Cps(t,z;0) +ely 5(8155 (t,x;0)+ - = Po(t,x)+ P (t,x) + - -

— el = Pf(t,2) [Vega(a)] "
Compute the Vega = 0Cpg /00 = xe~4/2/T — t//2

and deduce

20



Calibration Formulas
The implied volatility is an affine function of the LMIMR.:
log-moneyness-to-maturity-ratio = log(K/x) /(T — t)
I =a[LMMR] + b+ O(e?)
with
Vs

5—3

: 1
b = 5—‘_/—1(7“——52>
o 2

or for calibration purpose:

S|
I

S¥

s

=
=
|
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Fast Mean-Reverting Short-Maturity Scaling

We combine fast mean reversion and short maturity by considering
maturities of order ¢, that is short maturities but long compared
to the intrinsic volatility time scale €?. We set T = et where ¢t > 0.
A typical situation: T' ~ 15 days and €2 ~ 2 days.

t — et gives (in distribution) the rescaled process:

dSe,t = ETSG’tdt + Se,t Eife’tdLLtl y
K 1%
dY.;, = —(0-=Y.,)dt+ —=\/Y. . dW?,
& €( +)dt + \/EV tdW;

preserving the constant correlation p.
The log-price X, ; = log S+ is given by

t t
Xe,t = 560—|—€7°t—g/ Ye,sds—l—\/E/ \/1/€,de81'
0 0
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Asymptotic Results
e Large deviation principle
e Option pricing
e Implied volatilities

Proofs based on explicit computation of moment generating

functions.
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Large Deviation Principle

For each t > 0, {X.+ : € > 0} satisfies the large deviation principle
with rate function I(q;zg,t) = A*(q — x0;0,1),

where A*(q; x,t) = sup,cr{qp — A(p; x,t)} is the Legendre
transform of

Alp;x,t) : Rx Rx Ry — RU {+00} given explicitly by:

kOt
Alpiz,t) = zp+—5 ((ff —vpp) — /(K — pvp)? — v2p2) ,
for — " <p< "
v(l—p) =" T v(l+p)

= 400  otherwise.

Note that A*(¢q;x,t) = A"(¢ — 2;0,t) and A(p;z,t) =t A(p; 7,1).
A" will be given explicitly.

24
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The parameters aret =1, k =1.15, 0 = .04, v = .2 and p = —.4,0,+.4
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Pricing Short-Maturity Out-of-The-Money Options
Suppose log(Sﬁo) > 0, and ¢t > 0 fixed. Then

liI%Glog E[e_rst(se’t - K)+‘S€,O p— SO) 1/6,0 p— yo] o
K
—A" (log(—=);0,t
(Og(so)’ : )

independently of the initial square-volatility level .
Note that the maturity of the option is 1" = et which goes to zero
in the limit.

The discounting factor e~ "¢? plays no role in this asymptotic result.
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Implied Volatilities

The asymptotic implied volatilities can be computed.

Let 07,,,(%,y,t) denote the Black-Scholes implied volatility for the
European call option with strike price K, out-of-the-money so
that x = log(K/Sy) > 0, with short maturity T" = &t for ¢t > 0

fixed, and computed under the fast mean-reverting dynamics. Then

2

X
lim of,  (t,2)* = .
liay iy (1 ) 2A* (x50, 1)t

Similarly, by considering Out-of-The-Money put options, one
obtains the same formula for x < 0.

The At-The-Money volatility is obtained by taking the limit x — 0
and coincides with the effective volatility ¢ = V0.
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Explicit Formula for A*

A*(q;0,t) = qp(g;t) — A(p(gq; t); 0, 1),

where p(q;t) is given by

(1) = K o qu + kOtp
PG (1 —p?) P \/(qv + kOtp)? 4 (1 — p?)K202t2

< im(Pom() = (5755 7577

A*(q;0,t) is finite for all ¢ € R.

It is strictly increasing for ¢ > 0 and strictly decreasing for q¢ < 0.
A*(0;0,t) = 0.

A*(q;0,t) is continuous in (q,t) € R X R...

28



Implied volatility in the small-epsilon limit

o)
C')__
S

£ g

8 37

o

>

=

2

a

E
Te)
(\!_
S
o
(\!_
S

-1.0 -0.5 0.0 0.5 1.0

The parameters aret =1, k =1.15, 0 = .04, v = .2 and p = —.4,0,+.4
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Moment (Generating Function

Ac(p) = Ae(p;x,y,t):elogE[e%Xt
= elogE[SEt

€,0 — 337)/6,0 — ]

x
e,0 — € 7)/6,0:y]

~D o~
— eTpt —|— Elog E[S;’t e,O — 63:7 )/6,0 — y]?

where gs,t is the discounted stock price.

E[S§t|§€’0 = e:’; Y 0 — y]

= el 8 )y Yerdst e [y VYWl y )

:e%E:e_%f Yeods+22 [° \/?dW2+p\/ﬁf VYedW2 1 Yoo =y
:e%E:e_%f Yeods+22 [° Ve sdw2220e?) )f Yesds|Y€O — 4]

_ 2 ple Jo VYerdWi- Bt fy Yeods 222 [ Yesds |y =y,
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Moment Generating Function (continued)

Using Girsanov tranform, one obtains that

p(p—e¢)

SE’O — eiC’ 1/6’0 — y] — G%EQ [6 2e fO Ze,st‘Ze’O _ y]’

~ P ~

B[S,

where, under the probability (), the process Z. ; satisfies

1
dZcy = — (kO — (k—vpp)Zey)dt+ %\/Ze,tthQ’
€

€

driven by a Brownian motion W&.

This result is derived in Andersen and Piterbarg (2007). Note that
the proof allows the possibility of “+o00 = 4+00”.

Their statement is limited to the case of p(p — €) > 0, but the proof
is not limited to that case, allowing p € R.
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Explicit evaluation of A,

The following two inequalities play important roles:

(ovp — K)* > plp — v,  pvp < k.

When they are both satisfied, then by results on exponential
functionals of CIR processes (Albanese and Lawi (2005), or
Hurd and Kuznetsov (2008)), we have

p(p e)
EQ[ f Ze, SdS‘Ze 0 = y] _ 6fm{_:(t) ns(t)y with

7 bt/2
me(t) = /Z—it(b —b) + %‘—/{29 log <bcosh(%b)€+ bsinh(%)> |
ity = P29 < sinh(y) ) ,
. bcosh(8) + bsinh(%)
b = %\/(ﬁ:—upp)tﬂp(p—e)’ b= K_eypp'

32



Explicit evaluation of A, (continued)

Note that when the limit exists as € — 0, the only contribution from
g (me(t) — ne(t)y) comes from the first term of m.(t) which leads to
formula for A(p;x,t).

If one of the two inequalities (pvp — k)% > p(p — €)v?, pvp < k is
violated then A, = +00. A careful analysis shows that:
Ac(p) is lower semicontinuous and convex in p.

For € > 0 small enough,

Ac(p;x,y,t) = erpt + xp + € (me(t) — ne(t)y)
holds when ¢; < p < ¢3¢ with

(ev — 2Kp) — /(ev — 2kp)2 + 4K2(1 — p?)

. <0,
o 2v(1 = p?) B
(ev — 2kp) + /(v — 2kp)? + 4K2(1 — p?)
C2,e — > 0.
’ 2v(1 — p?)
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Convergence of A, to A, and LDP

The function A is lower semicontinuous and essentially smooth in p.
Moreover, A (-;x,y,t) I'-converges to A(-;x,1):
foreachx € R,y > 0,1t >0

1. For every p € R, there exists {p.} with p. — p such that

lim Ac(pe;z,y,t) = A(p;z,t).

e—0t

2. For every p € R and every p. — p,

liminf A (pe; x,y,t) > A(p; x, t).

e—0t

A close inspection of the proof for the usual form of the
Gartner-Ellis theorem shows that the theorem generalizes under
['-convergence. Note that without essential smoothness of the
function A in the example above, one cannot conclude that the
large deviation lower bound holds. Our LDP result follows.
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OTM Option Pricing (lower bound)
For 9 > 0 we have

E[(Se,t o K)+]

Vv

E[l{se,t—K>5}(Se,t - K)+]
5P(S€,t > K + (S)

Vv

By LDP, it follows that
liminf elog E[(S.; — K)7] liminf elog P(Xc+ > log(K + 9))

e—0t e—0t

— inf  A"(qg —log Sy;0,t
ot o A (g =108 50;0,1)

—A* (log (KS+5> ;O,t) :
0

The last equality follows from the fact that log(sﬁo) > 0, and that
A*(q;0,t) is non-decreasing for ¢ in the region ¢ > 0.

Vv

Vv

Taking 6 — 07, by continuity of A*, we obtain the desired lower
bound.
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OTM Option Pricing (upper bound)
For p,q > 1 such that p=! + ¢~ ! = 1, we have:

E[(Ses — K)T] < BYP[|(See — K)TIPIEY (15, k>01]-

Therefore

1
elog B[(Se; — K)T] < ;log E[(Se,e)"] +e(1 - ]—9) log P(Sc: > K)

1 1
;Ae(ep) + (1 o ;)elogp(se,t > K) :

Taking lim,_, - limsup,_,, on both sides, and noting that
lim. .o Ac(ep) = 0, we deduce (by LDP) the desired upper bound

K
limsupelog E[(S.; — K)T] < —A* (log(s—);(),t) :
0

e—0
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Asymptotic Implied Volatility
We denote the log-moneyness by x = log(K/Sy) > 0, and for

€
1mp

simplicity of, (t,x) = 0., t and x being fixed here.

First, we show that

lim o.Vet = 0.

€E—>

We know that A*(x;0,t) > 0. Let 0 < 0 < A*(z;0,t¢). By the LDP
upper bound, for € > 0 small enough

e A @0)=0)/e > p(S, , — K)T]

1.2 1.2
_ et B (—ZC + ret + 50¢ et) ke (—ZC + ret — §a€et>
oeVet oeVet |

Since E[(S¢: — K)T] > 0, the right-hand side must converge to zero
as € — 0, which implies lim._,g o.vVet =0
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Asymptotic Implied Volatility (lower bound)

We use the classical notation

g log (%) + ret + %get
! o\/el |

Let 0 > 0, by the lower bound LDP, for € > 0 small enough, we have

em WO < B(Sey — K)Y]
et S P (dy) = e Sy (1—®(—dy))

eratSO (L) (I)/ (_d1)7
_dl

from classical estimate on ®. Using lim,_,g o, Vet =0 and Sy < K,

IA

IA

we know that lim._,g dy = —oo. Taking (elog) on both sides, one
sees that the leading order term on the right-hand side is given by

2
(log(72)) x® 2
= — — —(A"(z,;0,t)+6) < — .
2(0.+/ct)? 202t (A%(2,50,8) +0) < 2lim,, 02 t
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Asymptotic Implied Volatility (upper bound)

Denoteby Pgs = Pps(oc) the measure under which S, follows the
Black-Scholes model with constant volatility o. = o.(t, x):

dSe s = Se s (rds + o-.dWs) ,

where W is a Brownian motion under Ppg (note that here ¢ is fixed
and the maturity of the call option is €t). Using the notation

S o?
log (Ki(s) +ret — et

d, — , one obtains:
2 o\ €t
e~ W @ON=D/e > BPUS, — K)Y] = EPPS[(S, — K)']
> 0Ppg(Set > K +9)
= §(1—®(—dyp))
>

—dy
(152 ) ol-ao)
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Asymptotic Implied Volatility (upper bound continued)

Arguing as in the case of the lower bound, we know that
lim. .o dy = —oo. Taking (elog) on both sides, the leading order
term on the right-hand side is given by

(ot

202t

0 K49 2
— —(A*(z;0,t) — 6) > — (1 8(75, ))

— 2lim,, _o+02t

Sending § — 0T gives the desired upper bound, which concludes

the proof of
2

x
lim 02 = o(t, x)*
e—0 ( ) 2A* (ZE 0 t)

in this regime “fast mean reverting volatility and short maturity”,

and for an OTM call option (x > 0).

The same formula for x < 0 is derived similarly by considering
OTM put options.
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The ATM Limit

Using the explicit formula for A*(x;0,t), one can derive the
At-The-Money limit:

lir% o(t,z)* =40,

by checking that near zero

p(g;t) = %+0(q2),
ot 5
A(p;0,t) = > P + O(p~),

and consequently

A*(q;0,t) = ¢ (i) o (i)z +0(6*) = = 4+ 0(¢?).
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Asymptotic ATM Implied Volatility

In fact, we can also derive the limit as ¢ — 0 of the At-The-Money

implied volatility o.(t,0).
The asymptotic At-The-Money volatility is given by

lim 0. (¢,0) = lim o(t,2)* = 6.

e—0 r—0

This is not a large deviation result but rather an averaging result
of the type studied by FPS. Since it involves convergence in
distribution, it is more convenient to work with put options whose
payoffs are continuous and bounded. The ATM volatility is defined
by the unique positive number o.(0,t) = 0.(0) satisfying

(r + 10.(0))VE
o-(0) '

E[(So—5S.¢)T] = So®(—dy)—€ ' So®(—dy), dio=
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Asymptotic ATM Implied Volatility (continued)
Dividing on both sides by +/¢ Sp, on gets Eq *

1

| (e [ e [ i) | = 7 ot et

The following integrals convergence to zero in probability

t
\/_/r—ds and /(%8—1> \/K;,desl.
0 0

The convergence of the quadratic variation of the martingale term,

f(f Y. sds — &°t, implies the convergence in distribution

t t t
S€ S S€ S _ _
—ve | r=2ds— 2 Y. dWE) = | gdWl =W},
) S S t
o S0 o S0 0
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Asymptotic ATM Implied Volatility (continued)

52 = [T yI'(dy) is the ergodic average of the square volatility Y% .
where I' is the invariant distribution of the ergodic process Y. A
complete proof of this result involves introducing a solution 1 of
the Poisson equation £(y) = y — *, where £ is the infinitesimal

generator of the process Y, and using Ito’s formula to show that

[ (=) ds = [ Lotis = e @) — 000D VE [ o0/ (V)Y .aw

0

converges to zero (FPS 2000 for details).

In this case, the invariant distribution is a Gamma with mean 6
and consequently 62 = 0. Therefore, the left-hand side of Eq *
converges to E[(6W})T] = 5v/t/v2r = /0t/\/2r. By direct
inspection of the right-hand side of Eq * and the relation between

dy 2 and 0.(0), one deduces that o.(0) must converge to 6 as ¢ — 0.
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Implied volatility in the small-epsilon limit
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The parameters aret =1, k =1.15, 0 = .04, v = .2 and p = —.4,0,+.4
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Work in Progress
e The same technique applies to long maturities.

e Different approach using homogenization of HJB
equations (Feng-Kurtz, 2006) to handle general stochastic
volatility models.

e Compute the next term in the e-small limit.

THANKS FOR YOUR ATTENTION
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