ON THE GEOMETRY OF THE TERM STRUCTURE OF
INTEREST RATES

DAMIR. FILIPOVIC AND JOSEF TEICHMANN

ABSTRACT. We present recently developed geometric methods for the anal-
ysis of finite dimensional term structure models of the interest rates. This
includes an extension of the Frobenius theorem for Fréchet spaces in particu-
lar. This approach puts new light on many of the classical models, such as the
Hull-White extended Vasicek and Cox-Ingersoll-Ross short rate models. The
notion of a finite dimensional realization (FDR) is central for this analysis:
we motivate it, classify all generic FDRs and provide some new results for the
corresponding factor processes, such as hypoellipticity of its generators and
the existence of smooth densities. Furthermore we include finite dimensional
external factors, thus admitting a stochastic volatility structure.

1. INTRODUCTION

From the point of view of mathematics the present article treats a stochastic
invariance problem which has been motivated by mathematical finance. In general
we consider a stochastic equation

d
dh; = (Ahy + O(h)) dt + > 3. (hy) dW?
t = (Ahy (ht)) ;J(t) ; (1)
hoEU

on some convex open subset U in a separable Hilbert space H, in the spirit of
Da Prato and Zabczyk [6]. The operator A : D(A) C ‘H — H generates a strongly
continuous semigroup (13),~, on H. Here d € N, and W = (W',..., W?) denotes
a standard d-dimensional Brownian motion defined on a fixed reference probability
space (2, F,P) (see [6]). The mappings

O:UCH—H and L= (S,...,8): U CH—H

satisfy appropriate regularity conditions (e.g. are smooth, which means C*°) on U.
We distinguish, in decreasing order of generality, between (local) mild, weak and
strong solutions of equation (1.1). The reader is referred to [6] or [9] for the precise
definitions. We provide necessary and sufficient conditions for the existence of
finite dimensional invariant manifolds for (1.1). Since A is an unbounded operator
in general, this requires an extension of the classical Frobenius theorem for Fréchet
spaces.
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(From the point of view of financial mathematics we provide the characterization
of all finite dimensional Heath—Jarrow—Morton (henceforth HJM) [17] interest rate
models which admit arbitrary initial yield curves. This is an extension and com-
pletion of a series of results obtained by Bjork et al. [1, 2, 4, 3] and [9, 11, 12, 35].
It is well known that affine term structure models with time-dependent coefficients
(such as the Hull-White extension of the Vasicek short rate model [21]) perfectly
fit any initial term structure. Under reasonable assumptions on the volatility struc-
ture, we find that such affine models are in fact the only finite-factor term structure
models with the aforementioned property. We also show that there is usually an
invariant singular set of initial yield curves where the affine term structure model
becomes time-homogeneous. This is again well known for the classical Vasicek [34]
and Cox—Ingersoll-Ross (CIR) [5] short rate models, where the set of consistent
inital curves is given explicitely by the model parameters.

Below we shall say a bit more about the motivation for finite dimensional re-
alizations and give the general setup for the corresponding stochastic invariance
problem.

1.1. Finite Dimensional Term Structure Models. An HJM model for the
forward curve, x — r(x), is determined by the volatility structure and the market
price of risk (see [17]). Here r;(z) denotes the forward rate at time ¢ for date
t + « (this is the Musiela [28] parameterization). That is, the price at time ¢ of a
zero-coupon bond maturing at date 7' > t is given by

T—t
P(t,T) = exp <_/0 re(2) dm) .

It is shown in [9] that essentially every (classical) HIM model can be realized as a
stochastic equation

d
d .
dr, = <dmrt +OéHJM(Tt)> dt + g oj(re) dW}

s (1.2)
ro €U

on some open convex subset U in a Hilbert space H of forward curves (U is for
example the halfspace {r € H | r(0) > 0}). We will enlarge the model (1.2) by
adding an external m-dimensional factor process (m € N), admitting a stochastic
volatility structure. That is, we let b,c1,...,¢cq : U X R™ — R™ be smooth vector
fields and
d d ,

dry = (dxrt + aggm(re, Yt)) dt + ; o;(re, Ye) dW}

d _ (1.3)
dY; = b(ry, Yy)dt + > c;(re, V) AW/

j=1
ro €U, YyeR™.

This extension has recently been introduced and studied by Bjork et al. [3] (there
however Y was Markov, that is, b and ¢; were only Y-dependent).

Equation (1.3) is obviously of the form (1.1) with H = H x R™ and U replaced
by U x R™ (the precise setup is given below in Subsection 1.3). The process Y can
stand for an abstract latent factor but also for an observable quantity such as (the
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logarithm of) an index or stock price, or a combination of such. In any case we
require that (1.3) is an arbitrage-free model and that P already is the risk neutral
measure. This means that the HJM drift condition holds

agim(r,Y,z) = Zoersc / o;(r,Y,n)dn,

and if Y is the log-price process of a tradable asset for some i then necessarily
(since the return of S has to the risk-free rate)

bi(r,Y) — > i(nY). (1.4)

j=1

l\J\»—t

In general, the solution process r of (1.3) cannot be realized by a finite dimen-
sional Markov state process. An HJM is said to admit a finite dimensional re-
alization (FDR) at the initial forward curve r¢ if, roughly speaking, there exists
an n-dimensional diffusion state process Z and a map ¢ : R™ — H such that
ry = ¢(Z;). Notice that n, Z and ¢ may depend on ry and Y. We will investi-
gate those HIM models that admit a generic FDR, that is, an FDR, of the same
dimension at every initial state (1o, Yp) in an open set of H.

Practitioners and academics alike have a vital interest in finite-factor term struc-
ture models, and the distinction of time-homogenous and inhomogeneous ones. Ac-
cording to [18] there are two groups of practitioners in the fixed income market.

Fund managers trade on the yield curve (buy and sell swaps at different matu-
rities), trying to make money out of it. They do not believe that all the interest
rate market quotes are “correct”. Instead, they in general use a time-homogeneous
two- or three-factor model, estimate the model parameters from long time series
data, and then update the state variables (factors) each day to fit the current term
structure. Hence the term structure is considered as a derivative based on more
fundamental state variables (factors), such as in an equilibrium model. The dis-
crepancies between the fitted term structure and the market prices are perceived
as potential trading opportunities. For example, if the fitted curve is above the
two year and ten year swap rates, but is below the five year swap rate. Then one
does a butterfly trade: receiving the five year rate (as one thinks it is high) and
delivering the two year and ten year rates (as one thinks they are low compared to
the five year rate). After this trade, one usually needs to wait for six months or
longer for the rates to “reverse” (as predicted by the model) so that one can make
money. Since this is a long term game, the model parameters must not change
every day. Parameters have to be constant. If a parameter is time-varying, it is a
factor and one needs to specify its dynamics so that one can make corresponding
adjustments for the hedging. A state variable (factor) is time-varying, but since
one has a stochastic model for its evolution, one can check on a daily basis whether
its realized value lies within a statistical confidence interval or not.

Interest rate option traders, on the other hand, often take the quoted yield curve
data, with minimal or no smoothing, as model input. To fit the observed yield curve
perfectly, they allow some of the model parameters to be time-inhomogeneous.
They intend to hedge away instantly all the risks on the yield curve and only
worry about the risk in the implied volatility structure. Yet, low-dimensionality of
the model is desirable, since the number of factors usually equals the number of
instruments one needs to hedge in the model. And the daily adjustment of a large
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number of instruments becomes infeasible in practice due to transaction costs. Of
course, the model factors have to represent tradable values. This can usually be
achieved by a coordinate transformation.

Given the above considerations there are three main points which speak for a
deeper analysis of finite dimensional structures.

Consistency: A curve-fitting procedure should be consistent with an arbi-
trage-free stochastic model, that is, the model output curves should be of
the curve-fitting type. Only such models can give a reasonable framework
for the statistical comparison of the curve-fitting data over time.

Model calibration: Finite dimensional models with identifiable factors are
inevitable for model calibration. Hence, given an arbitrary initial curve, the
possible finite factor models evolving from this curve should be completely
understood.

Analytical and computational tractability: For the purpose of calculat-
ing derivatives prices, the stochastic characteristics of the factor processes
have to be known.

1.2. Stochastic Invariance Problems ... We go back to the general setup (1.1)
and recall

Definition 1.1. A subset K of U is called locally invariant for (1.1) if, for every
initial point hy € K, there exists a continuous local weak solution h to (1.1) with
strictly positive lifetime T > 0 such that hypr € K, for all t > 0.

We are going to address the problem: given A, © and ¥, do there exist locally
invariant submanifolds with boundary M of U for arbitrary initial values hg € U?
For the notion of a (smooth) finite dimensional submanifold with boundary M of
a Hilbert space (Fréchet space) and its tangent spaces T, M, h € M, we refer to
[14] or to Section 3. Submanifolds with boundary appear naturally since the vector
field Z in (1.5) below only generates a semiflow (see the Frobenius Theorem 3.14
below), so one direction is distinguished.

Finite dimensional locally invariant submanifolds (without boundary) have been
characterized in [11], see also [9, 12]. These results carry over to submanifolds with
boundary. For example [9, Theorem 6.2.3]:

Theorem 1.2. Suppose that © is locally Lipschitz continuous and locally bounded,
and X is C. Let M be an n-dimensional submanifold with boundary of U. Then
the following conditions are equivalent:

i) M is locally invariant for (1.1)
ii) M C D(A) and

d
=(h) = Ah+ O(h) — % S D, ()55 (h) € ThM (1.5)
j=1

v;(h) € TwM, j=1,....d, (1.6)

for all h € M, where Z(h) is inward pointing and the 3;(h) are parallel to
the boundary for h € OM.

The proof is essentially the same as for [9, Theorem 6.2.3]. Indeed, the only
geometric difference is that now the local coordinates of M vary in open sets of the
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half-space
RY, :={z € R" | 2, > 0}.
The coordinate process of h is thus a diffusion

d
dZy = B(Z) dt+ Y p;i(Zy) AW/

J=1

in some open V' C R (see [9, p. 109]). A stochastic viability result in [26] yields
that 3(z) € RZ, (inward pointing) and p;,(z) = 0 (parallel) for all z € 9V.
Whence the last statement in Theorem 1.2.

An FDR is essentially equivalent to a finite dimensional invariant submanifold
with boundary in the following sense. If ¢ : R® — U is an FDR for (1.1) at
some hg € U, then there exists an open neighborhood V} of qb*l(ho) in R, such
that ¢(Vp) is an n-dimensional submanifold with boundary of &/, which is locally
invariant for (1.1). The converse is given by the following result, which is a straight-
forward modification of [9, Theorem 6.4.1].

Theorem 1.3. Let O, ¥ and M be as in Theorem 1.2. Suppose M is locally
invariant for (1.1). Then, for any ho € M, there exists an FDR ¢ : V C RY; — H
for (1.1) at ho such that (V) =V N M, where V is an open set in H.

Hence the stochastic (local) invariance problem for (1.1) is equivalent to the
deterministic invariance problems related to the vector fields =, 3, ..., 3 .

Theorem 1.2 provides conditions for the local invariance of a given submanifold
with boundary M. However, it does not say anything about the existence of an
FDR for (1.1). Conclusions on the existence can be drawn by Frobenius type the-
orems, which allow to answer the question whether there is a submanifold tangent
to a given set of vector fields in a space. We have to face the problem that the
vector field Z is neither continuous nor everywhere defined on H. This fundamen-
tal problem has to be taken fully into account (compare [4]) to solve this problem
completely. This means that we have to find a better space of definition for the
geometric problem without loosing solutions of it. The Fréchet space

D(A®) := NpenD(A™)

fulfills these requirements. It is explained in Section 2 why all FDRs can be found
in D(A®) and in Section 3 why geometric questions can be solved thereon.

1.3. ... Applied to HIM Models. In view of the preceding subsection it is now
clear how we tackle the issue of finite dimensional HJM interest rate models.

The rigorous setup for (1.3), extending [9], is given by the following structure.
The Hilbert space H is axiomatically characterized by the properties

(HO): H = H x R™, where m is the dimension of the external factor influ-
encing the interest rate market.

(H1): H is a separable Hilbert space continuously embedded in C(R>¢;R)
(that is, for every x € Rxg, the pointwise evaluation ev, : r — r(z) is a
continuous linear functional on H), and 1 € H (the constant function 1).

(H2): The family of right-shifts Syr = r(t + ), for t € R>¢, forms a strongly
continuous semigroup S on H with generator denoted by d/dz.
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(H3): There exists a closed subspace Hy of H such that

M(ry, ) (&) = (2) / o) dn,

defines a continuous bilinear mapping M : Hy x Hy — H.

Equation (1.3) is obviously of the form (1.1) with coefficients

d
4 0 agym(r,Y) oj(r,Y)
— dz — . —_ g\
A < 0 0) ’ @(Ta Y) < b(’ﬁ Y) ) Z] (Tv Y) Cj (T7 Y) ) (17)
for j = 1,...,d, on the separable Hilbert space H. Assuming (H0)-(H3) we see
that A generates a strongly continuous semigroup t — (S, Y) on ‘H, and D(A) =

D(d/dx) x R™. If we further assume that the volatility coefficients ¥; map H into
Ho := Hg X R™ then the HJM drift coefficient

o= <O‘HbJM) = (Z?—lj‘g("j’aﬂ')) MM (1.8)

is a well-defined map. Hence any HJM model is uniquely determined by the speci-
fication of its volatility structure ¥ = (X1,...,%4) and the vector field b.

As an illustration we shall always have the following example in mind (see [9,
Section 5]).

Example 1.4. Let w : R>q — [1,00) be a non-decreasing C'-function such that
w3 € LY(Rso). We may think of w(z) = e or w(z) = (1 +x)%, fora >0 or
a > 3, respectively. The space H consisting of absolutely continuous functions h
on R>q and equipped with the norm

112 = [h(O)2 + / 10.h(z) 2 w(z) d

is a Hilbert space satisfying (H1)-(H2). Property (H3) is satisfied for Hy := {h €
H | limg_o h(z) = 0}.
It is easy to see that D(d/dx) C {h € HNC*(R>0;R) | ,h € H} and (d/dx)h =
O,h (differentiation). Without much loss of generality we shall in fact assume
(H4): D(d/dx) ={h € HNCY(R>0;R) | 9,h € H}.
Also (H4) is satisfied for the spaces H from Example 1.4.
Denote by Ag : D(Ag) C Ho — Ho the restriction of A to Hy. That is, D(Ap) =
{h € D(A)NHo | Ah € Ho}. This induces a Fréchet subspace
D(AF) = NnenD(A7)
of Hy. As a consequence of (HO0)-(H4) we have that

(r1,Y1,79,Y3) (M(Té’”)) : D(AZ) x D(A) — D(A>)

is a continuous bilinear mapping.

The preceding specifications for ¥ are still too general for concrete implementa-
tions on D(A>). We actually have the idea of ¥(r,Y) being sensitive with respect to
Y and functionals of the forward curve r. That is, X;(r,Y) = ¢;(¢1(7), ..., 6p(r),Y),
for some p > 1, where ¢; : RPT™ — D(AF°) is a smooth map and /¢4, .., ¢, denote
continuous linear functionals on H. We may think of ¢;(r) = (1/xz;) [, r(n)dn
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(benchmark yields), or ¢;(r) = r(z;) (benchmark forward rates). This idea is (gen-
eralized and) expressed in terms of the following regularity and non-degeneracy
assumptions:

(A1): We have
EZ(T,Y):d)Z(E(T'),Y), 1<i<d,

where ¢ € L(H,RP), for some p € N, and ¢1,...,¢q : RPFT™ — D(AF) are
smooth and pointwise linearly independent maps. Moreover

b(r,Y) = ¢o(£(r),Y),

where ¢g : RPT™ — R™ is smooth (in view of (1.4) we usually have to
assume {1 (r) = r(0)). Hence

Y;:H—D(A5°) and ©:H — D(A™)

are Banach maps (see Section 3).
(A2): For every g > 0, the map

(0,00 (d/dz),... Lo (d/dx)?) : D((d/dz)™) — RPFD

is open.
(A3): A is unbounded; that is, D(A) is a strict subset of H. Equivalently,
A: D(A®) — D(A*>) is not a Banach map (see Section 3).

Anticipating the results of Section 2 the problem of finding FDRs for (1.3) is
now reduced to the following question (recall the definitions (1.7)): do there exist
at most n-dimensional submanifolds with boundary M of D(A*) N U such that
(1.5)- (1.6) hold for all h € M, where Z(h) is inward pointing and the X;(h) are
parallel to the boundary for h € OM?

Remark 1.5. Replacing the generator % by other generators in (H1)-(H}) is
in principle no problem and one can easily formulate the appropriately adapted
conditions (A1)-(A3). Then the conclusions of Section 4 hold, too. This is partly

worked out in [14].

2. FINITE DIMENSIONAL REALIZATIONS

Identifying finite dimensional realizations with submanifolds with boundary M
of the respective Hilbert space H has lead to deterministic consistency problems
as outlined in Thereom 1.2. To solve these consistency problems we are going
to apply Frobenius type Theorems. We are therefore forced to look for a better
adapted space of definition for the vector fields in question, which — in our setting
— will be given by the Fréchet space D(A™).

Nevertheless we have to face the problem, that there might exist locally invariant
submanifolds with boundary outside D(A®). That this is impossible will be the
first part of this section. This is essentially a review of [12]. In the second part
we introduce the notion of generic finite dimensional realizations in contrast to
accidental ones.

Let £ > 1 be given. We consider a Banach space X and a continuous local
semiflow Fl of C*-maps on it, i.e.

i) There ise > 0 and V C X open with Fi: [0,e[xV — X a continuous map.
ii) Fi(0,z) = x and Fl(s, Fi(t,z)) = Fl(s + t,x) for s,t,s +t € [0,e] and
x, Fl(t,x) e V.
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iii) The map Fl; : V — X is C* for t € [0,¢[.
Continuous local semiflows of C*-maps appear naturally as mild solutions of non-
linear evolution equations. The continuous local semiflow F1 is called local C*-
semiflow or simply C* if FI:[0,e[xV — X is C¥.
Let X be a Banach space, S a strongly continuous semigroup on X with infini-
tesimal generator A, and P : R>ox X — X a continuous map. The basic existence,
uniqueness and regularity results for the evolution equation

d
—a(t) = Ax(t) + P(t,x(1). (2.1)

is the following (see [30, Theorem 1.2, Chapter 6]).

We say that P : R>o x X — X is locally Lipschitz continuous on X if for every
T >0 and K > 0 there exists C = C(T, K) such that

| P(t,z) = P(t,y)l| < Cllz -yl
for all t € [0,T], and z,y € X with ||z]] < K and |y|| < K.
Theorem 2.1. Suppose P : R>g x X — X is locally Lipschitz continuous on X.
Let xg € X. Then there exist a neighborhood U of xg and T > 0 such that, for every
x € U, equation (2.1) has a unique mild solution x(t), t € [0,T], with (0) = x. If

z(t) and y(t) are two mild solutions of (2.1) with x(0) =z € U and y(0) =y € U
then

sup [z (t) —y(t)|| < MMz —yll, (2.2)
t€[0,T]
holds, where
M = sup [|S¢| (2.3)
t€[0,T]

with some C' = C(T,U).
Here is the announced regularity result.

Theorem 2.2. Let k > 1. Suppose P : Rsg x X — X is CF in 2, D P is locally
Lipschitz continuous on X and DL P is continuous on R>g x X, for allr < k. Let
xog € X. Then there exists an open neighborhood U of xo and T > 0, and a map
F e C([0,T) xU, H) such that, for every x € U, F(-,x) is the unique mild solution
of (2.1) with F(0,z) = x. Moreover F(t,-) € C*(U, X) for all t € [0,T).

This regularity result together with the following fundamental generalization of
results from [27] constitutes the final result, for the proofs see [12]:

Theorem 2.3. Let k > 1 be given and let Fl : [0,e[xU — M be a local semiflow
on a finite-dimensional C*-manifold M with boundary, which satisfies the following
conditions:

i) The semiflow Fl:[0,e[xU — M is continuous with U C M open.
ii) The mapping FI(t,.) is C*.
iii) For fized x € U there exists €5 > 0 such that T, Fl(t,.) is invertible for
0<t<e,.
Then Fl is C* and for any x € U\OM there is a local C*-flow Fl :]=06,0[xV = M
with V.C U\ M open around x and § < & such that Fl(y,t) = Fl(y,t) fory €V
and 0 <t <4.
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Now we trace back to our original problem. We assume (A1)—(A3). Given
M C H such that the vector fields =, ¥4, ..., X, are tangent to M. By Theorem
2.2 and 2.3 we see that = restricts to a smooth vector field along M, in particular
by Theorem 3.1 of [12] we obtain M C D(A™).

Now we assume additionally that we are given Pj,..., Py Banach map vector
fields (see Section 3.3) such that pointwise the tangent space of M is spanned by
=, Pp,..., Py. In particular 31,..., ¥, can be represented as linear combinations of
P; along M. Under the assumption that the dimension of M equals the dimension
of Dpa at a point h € M (see section 4), we can construct the vector fields P;
by iterated Lie brackets of =,31,...,%,, which are defined on D(A°). These Lie
brackets are tangent to M in the differentiable structure as submanifold of H by
representing them as derivatives of smooth pullbacks with respect to the local flows
FI*1, ..., FI*, which leave M locally invariant by assumption, i.e.

L o((PIX))Y () = [X,Y](h)

for X, Y : U C D(A*®) — D(A™) vector fields, where X admits a smooth local
flow, and h € U. The same formula holds for vector fields on M. Hence the Lie
brackets restrict to smooth vector fields on M in the differentiable structure as
submanifold of H and the procedure can be iterated. Finally the Lie brackets span
the tangent space at every point.

The Banach map principle ([16, Theorem 5.6.3] or Theorem 3.18) yields that
each Banach map vector field P; generates a local flow FIF' on D(A%). Given
ho € M C D(A®), the composition

(U, - .., un) = FI5 o FIf o0 FIIN (hg)

then yields a chart for M since the map is smooth to D(A*) C H, so a smooth
map to H, and as a smooth map to H it is an immersion locally onto M, so in
particular locally one-to-one.

Theorem 2.4. Let M C U be a (N + 1)-dimensional C*-submanifold with bound-
ary of H. If M is locally invariant for FI=, FIPr ... FIPN | then M is a C>-
submanifold with boundary of D(A>).

In Section 1 we have argued that finite dimensional realizations can essentially
be seen as locally invariant submanifolds with boundary of D(A*). We now make
this more precise. Let 1§ € U N D(A>) and n € N.

Definition 2.5. We say that (1.1) admits a generic n-dimensional realization
around r§ if there exists an open neighborhood V of r§ in U N D(A), an open
set U in RZ,, and a C®°-map o : U xV — U N D(A®) such that
i) rea(U,r) forallr eV,
i) Dya(z,r): R™ — D(A) is injective for every (z,7) € U x V,
i) a(z1,m1) = alza,re) implies Dya(z1,71)(R™) = D,a(ze,72)(R™) for all
(zi,7m;) €U XV,
iv) for every r* € V there exists a U-valued diffusion process Z and a stopping
time 7 > 0 such that

Tine = &(Zinr,r") (2.4)

is the (unique) local solution of (1.1) with rq = r*.
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Definition 2.5 states that a generic n-dimensional realization around r§ implies
the existence of an FDR at every point r* in a neighborhood of r§, and these
FDRs have a smooth dependence on r*. In fact, by i) and ii), each a(-,r*) :
U — UND(A®) is (after a localization) the parametrization of an n-dimensional
submanifold with boundary, say M,~, of U N D(A>°), and (2.4) says that

Tinr € My for all ¢ > 0.

Condition iii) implies that two such leafs M,, and M,., can only intersect at points
where their tangent spaces coincide. According to [14], the family {M.,},cy is
called an n-dimensional weak foliation on V.

In contrast to a generic n-dimensional realizations we call one single submanifold
with boundary M C U, locally invariant with respect to (1.1), an accidental finite
dimensional realization if there exists an r§ € M that does not admit a generic
FDR around 7.

3. GEOMETRIC AND ANALYTIC METHODS

We are treating the problem of existence of finite dimensional realizations for
equations of the type (1.1). In Section 2 we explained that it is sufficient to solve
the deterministic consistency problem on the Fréchet space D(A>). Besides the
precise analytical formulation of equations of type (1.1) the methods of this section
are crucial for the analysis. We shall sketch several ideas to provide a feeling for
this analysis, the details can be found in [14]. First we give a guided tour through
the proof:

Analysis: Analysis on Fréchet spaces is a subtle subject since — given a map
f : E — F on Fréchet spaces with derivative Df : U — L(E, F) — it is not
clear how to define the second derivative consistently due to the fact that
L(E,F) is no more a Fréchet space in general. Therefore some new con-
cepts enter the scenery, which are even for classical analysis a considerable
simplification.

Geometry: Given vector fields =, ¥1,..., Y4 on an open subset U with asso-
ciated flows Fl, the map

(U0, - -y ttg) = FIZ o0 FIZ (r¥)

is the obvious candidate for a parametrization of a submanifold with bound-
ary at r* € U tangent to =,34,..., 2, if we expect the dimension to be
d + 1. To formulate the algebraic obstructions for this assertion, namely
that the Lie brackets of the involved vector fields lie in the span of the
vector fields, e.g.

d
[2,2](r) = Xo(r)E(r) + Z Ai ()i (r)

for some smooth, real valued functions A;, we need an applicable analysis
at hand.

Synthesis: To be able to apply the geometric results reasonably to our prob-
lem we have to reinvestigate the ingredients of equation (1.1), namely the
class of involved vector fields, to obtain finally a fairly general classification
result. We shall see that the vector fields = and ¥; have different analytic
properties and are rarely linearly dependent under conditions (A1)—(A3).
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3.1. Analysis. For the purposes of analysis on open subsets of Fréchet spaces we
shall follow two equivalent approaches. The classical Gateaux-approach as outlined
in [16] and so called “convenient analysis” as in [23]. On Fréchet spaces these two
notions of smoothness coincide and convenient calculus is the appropriate exten-
sion of analysis to more general locally convex spaces. The combinations of these
methods allow simple and elegant calculations. The main advantage of convenient
calculus is however, that one can give a precise analytic meaning (in simple terms)
to geometric objects on Fréchet spaces such as vector fields or differential forms (see
[23]), which do not lie in Fréchet spaces generically. First we recall the definitions
of Gateaux-C"-calculus.

Definition 3.1. Let E, F be Fréchet spaces and U C E an open subset. A map
P:U — F is called Gateaux-C" if

P - P
ezists for all f € U and h € E and DP : U x E — F is a continuous map.

For the definition of Gateaux-C2-maps the ambiguities of calculus on Fréchet
spaces already appear. Since there is no Fréchet space topology on the vector space
of continuous linear mappings L(E, F') one has to work by point evaluations:

Definition 3.2. Let E, F be Fréchet spaces and U C E an open subset. A map
P .U — F is called Gateaux-C? if

DP(f + thg)hl — DP(f)hl
t
exists for all f € U and hi,ha € E and D?P : U x Ex E — F is a continuous map.

Higher derivatives are defined in a similar way. A map is called Gateaux-smooth
or Gateaux-C'*® if it is Gateauz-C" for all n > 0.

For the construction of differential calculus on locally convex spaces we need
the concept of smooth curves into locally convex spaces and the concept of smooth
maps on open subsets of locally convex spaces. We remark that already on Fréchet
spaces the situation concerning analysis was complicated and unclear until conve-
nient calculus was invented (see [23], pp. 73-77, for extensive historical remarks).
The reason for inconsistencies can be found in the fundamental difference between
bounded and open subsets on locally convex vector spaces.

We denote the set of continuous linear functionals on a locally convex space E
by E!. A subset B C E is called bounded if [(B) is a bounded subset of R for all
[ € E!. A multilinear map m : Eq X ... X E, — F is called bounded if bounded sets
Bj x ... x B, are mapped onto bounded subsets of F'. Continuous linear functionals
are clearly bounded. The locally convex vector space of bounded linear operators
with uniform convergence on bounded sets is denoted by L(FE, F'), the dual space
formed by bounded linear functionals by E’. These spaces are locally convex vector
spaces, which we shall need for analysis (see [23], 3.17).

D*P(f)(h1, he) = lim

Definition 3.3. Let E be a locally convex space, then ¢ : R — E is called smooth
if all derivatives exist as limits of difference quotients. The set of smooth curves is
denoted by C*°(R, E).

A subset U C E is called c¢>-open if c=1(U) is open in R for all c € C°(R, E).
The generated topology on E is called c*-topology and E equiped with this topology
is denoted by ¢ E.
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If U is ¢™-open, a map f: U C E — R is called smooth if foc e C®(R,R) for
allce C*(R,E).

These definitions work for any locally convex vector space, but for the following
theorem we need a weak completeness assumption. A locally convex vector space
E is called convenient if the following property holds: a curve ¢ : R — FE is smooth
if and only if it is weakly smooth, i.e. [oc € C®(R,R) for all I € E’. This is
equivalent to the assertion that any smooth curve ¢ : R — E can be (Riemann-)
integrated in E on compact intervals (see [23], 2.14). The spaces L(F,F') and E’
are convenient vector spaces (see [23], 3.17), if E and F are convenient.

Theorem 3.4. Let E,G, H be convenient vector spaces, U C E, V C G ¢*-open
subsets:
i) Smooth maps are continuous with respect to the ¢>-topology.
i) Multilinear maps are smooth if and only if they are bounded.
iii) If P : U — G is smooth, then DP : U — L(E,G) is smooth and bounded
linear in the second component, where

DP(f)h = SluoP(f + 1h).

iv) The chain rule holds.
v) Let [f, f+ h] :={f + sh for s € [0,1]} C U, then Taylor’s formula is true
at f € U, where higher derivatives are defined as usual (see tii.),

1 : ta-o"
P(f+h) =Y =D'P(f)h? + uD”HP(f +th) (KDt
i=0 it 0 !
for all n € N.
vi) There are natural convenient locally convex structures on C(U, F') and we

have cartesian closedness
C®U xV,H) ~C®U,C®(V,H)).

via the natural map f — f: U — C®(V,H) for f € C°(U x V,H). This
natural map is well defined and a smooth linear isomorphism.
vii) The evaluation and the composition

ev:C®(U,F)xU—F, (P f)— P(f)
0.t C®(F,G) x C*(U,F) — C>*(U,G), (Q,R)— QoR
are smooth maps.

viii) A map P:U C E — L(G, H) is smooth if and only if (evyoP) is smooth
forall g € G.

Proof. For the proofs see [23] in Subsections 3.12, 3.13, 3.18, 5.11, 5.12, 5.18. O

Convenient Calculus is an extension of the Gateaux-Calculus to locally convex
spaces, where all necessary tools for analysis are preserved. Since typically vector
spaces like C*°(U, F') or L(E, F) are not Fréchet spaces, this extension is very useful
for the analysis of the geometric objects in Section 3.

Theorem 3.5. Let E, F be Fréchet spaces and U C E a c>-open subset, then U
is open and P : U C E — F is Gateauz-smooth if and only if P is smooth (in the
convenient sense).
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Concerning differential equations, there are possible counterexamples on non-
normable Fréchet spaces in all directions, which causes some problems in the foun-
dations of differential geometry (see [23] and the review article [25]).

If not otherwise stated, £ and F' denote Fréchet spaces and B a Banach space
in what follows. A wector field P on an open subset U C FE is a smooth map
P :U — E. We denote by X(U) the convenient space of all vector fields on an open
subset of a Fréchet space E. Given P : U C E — FE a vector field on U. We are
looking for solutions of the ordinary differential equation with initial value g € U

f:] —¢€,e[— U smooth
d
S0 = PU®)
f(0)=g€U.

If for any initial value g in a small neighborhood V of fy € U there is a unique
smooth solution ¢ — fy(t) for t €] — ¢, e[ depending smoothly on the initial value
g, then Fl(t, g) := f4(t) defines a local flow, i.e. a smooth map

Fl:]—e,e[xV - E

Fl(oag) =g
Fi(t,Fl(s,g)) = Fi(s +t,9)

if s,t,s+1t €] —¢,e[ and Fl(s,g) € V. If there is a local flow around fy € U
(this shall mean once and for all: “in an open, convex neighborhood of fy”), the
differential equation is uniquely solvable around f, € U and the dependence on
initial values is smooth (see Lemma 3.6 for the proof). Notice at this point that it
is irrelevant if we define “smooth dependence” on initial values via smooth maps
V — C®(] —e,e, E) or Vx| —¢,e[— E by cartesian closedness. We shall denote
fq(t) = Fli(g) = Fl(t, g).

We can replace in the above definition of a local flow the interval | —e, ] by [0, €]
to obtain local semiflows. The initial value problem

f:0,e[— U smooth
d
S0 = PU®)
f0)=g€eU.

admits unique solutions around an initial value depending smoothly on the initial
values if and only if a local semiflow exists. Here we need convenient analysis of
non-open domains, see [14] or [23]. The notion of a local semiflow is redundant on
Banach spaces.

Lemma 3.6. Let Fl be a local semiflow on [0,e[xU — E, then the map P(f) :=
%hzoFl(t, f) is a well defined smooth vector field. We obtain

DFIL(f)P(f) = P(Fl,(f))

and the initial value problem has unique solutions for small times which coincide
with the given semiflow.
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3.2. Geometry. We are interested in the geometry generated by a finite number
of vector fields given on an open subset of a Fréchet space E. Therefore we need
the notions of finite-dimensional submanifolds (with boundary) of a Fréchet space
(see [23] for all details and more). Here and subsequent E denotes a Fréchet space.
From the classical definition we can conclude the following Lemma (see [14]):

Lemma 3.7 (Submanifolds by Parametrization). Let E be a Fréchet space and
¢:U CRYy — E a smooth immersion, i.e. for u € U the map Do(u) is injective,
then for any ug € U there is a small open neighborhood V' of ug such that o(V) is
a submanifold with boundary of E, ¢|v is a called a parametrization.

Definition 3.8 (Lie bracket). The Lie bracket of two vector fields X,Y € X(U) is
defined by the following formula:

(X, Y](f) = DX(f)-Y(f) = DY (f) - X(f)
and is a bounded, skew-symmetric bilinear map from X(U) x X(U) into X(U).

Definition 3.9. Let ¢ : U C RYy — E be a smooth parametrization of a subman-
ifold with boundary M C E, i.e. p(U) =M. A vector field X : U — R"™ is called
¢-related to Y :V C E — E if Tu¢(Xy) = Yy(u) for allu € U. This is denoted by
Xy

Proposition 3.10. Let U be an open set in E, and M C U be a submanifold with
boundary. If two vector fields X1, Xo € X(U) are tangent to M, then [X,Y](h) €
Ty M for h e U.

Proof. Take a parametrization ¢ : U C RY;, — E of M around hy € M. By
[23] we obtain, that if two vector fields are ¢-related, then their Lie bracket is ¢-
related, too. Given two vector fields X1, Xo : i — E such that for all h € M we
have X;(h) € T, M for i = 1,2. Then we can define vector fields Y7,Ys on U by
restriction and pulling back to U such that

Tugp(Yi(u)) = Xi(d(u))

fort=1,2 and v € U. So X; is ¢-related to Y; for ¢+ = 1,2 and therefore their Lie
bracket as well. Consequently all Lie brackets take along M values in its tangent
space, since we can choose a parametrization around any point hy € M. [

(From this observation Frobenius theory can be built up. We denote by (...)
the generated vector space over the reals R.

Definition 3.11. Let E be a Fréchet space, U an open subset. A distribution on
U is a collection of vector subspaces D = {Dy}¢cy of E. A vector field X € X(U)
is said to take values in D if X(f) € D(f) for f € U. A distribution D on U is
said to be involutive if for any two locally given vector fields X,Y with values in D
the Lie bracket [X,Y] takes values in D.

A distribution is said to have constant rank on U if dimg Dy is locally constant
for f € U. A distribution is called smooth if there is a set S of locally defined
vector fields on U such that

Dy = {X(f)(X:Ux - E)€ S and f € Ux}).

We say that the distribution admits local frames on U if for any f € U there is an
open neighborhood f € V. C U and n smooth, pointwise linearly independent vector
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fields X1, ..., X, on'V with

<X1(g)a aXn(g» = Dg
forgeV.

Remark 3.12. Given a distribution D on U generated by a set of local vector fields
S, such that the dimensions of Dy are bounded by a fized constant N. Let f € U
be a point with mazimal dimension ny = dimg Dy, then there are ny smooth local
vector fields X1, ..., Xy, € S with common domain of definition U’ such that

(X1(f), s Xn(f)) = Dy

Choosing ny continuous linear functionals ly, ..., l,,, € E" with 1;(X;(f)) = di;, then
the continuous mapping M : U — L(R™), ¢ — (1;(X;(g))) has range in the
invertible matrices in a small neighborhood of f. Consequently in this neighborhood
the dimension of Dy is at least ny. It follows by mazimality of ny that it is exactly
ny. In particular the distribution admits a local frame at f.

The concept of weak foliations will be perfectly adapted to the FDR-problem:

Definition 3.13. A weak foliation F of dimension n on an open subset U of a
Fréchet space E is a collection of submanifolds with boundary {M,},cu such that

i) For all r € U we have r € M, and the dimension of M, is n.
ii) The distribution

D(F)(f) == (Tt M, for allr € U with f € M,)

has dimension n for all f € U, i.e. given f € U the tangent spaces Tt M,
agree for all M, > f. This distribution is called the tangent distribution
of F.
Given any distribution D we say that D is tangent to F if D(f) C D(F)(f) for all
fevu.

Theorem 3.14. Let D be an smooth distribution of constant rank n on an open
subset U of a Fréchet space E. Assume that for any point fo the distribution admits
a local frame of vector fields Xy, ..., X,,, where X1, ..., X;,—1 admit local flows FltXi
and X, admits a local semiflow FltX". Then D is involutive if and only if it is
tangent to an n-dimensional weak foliation.

For details on Frobenius theorems in the classical setting see [22]. The phenom-
enon that there is no Frobenius chart is due to the fact that there is one vector
field among the vector fields Xi,...,X,, (generating the distribution D) admitting
only a local semiflow. If all of them admitted flows, there would exist a Frobenius
chart, which can be given by a construction outlined in [33]. The non-existence of
a Frobenius-chart means that the leafs cannot be parallelized, since they follow a
semiflow, which means in turn that ”gaps” between two leafs can occur and leafs
can touch. This is an infinite dimensional phenomenon, which does not appear in
finite dimensions.

3.3. Synthesis. From the geometric considerations we can conclude the existence
of FDRs if

1: the distribution Dy, 4 generated by =, 31, ..., Y and all mutually generated
Lie brackets has locally constant dimension Ny 4 > 1.
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2: there is a frame of vector fields Xy,..., Xy, , for Dr4 around any point,
such that Xi,..., Xn, ,—1 admit local flows and X, , admits a local semi-
flow.

Applying Theorem 3.14 then yields the existence of Ny 4-dimensional locally in-
variant submanifolds with boundary. For an interesting application one has to
investigate the meaning of 1. closely and guarantee 2. in as many situations as
possible. In this subsection the conditions (A1)-(A3) are applied such that only
the algebraic condition remains and one can nicely distinguish between the vector
fields admitting flows and the one only admitting a semiflow.

Definition 3.15. Given a Fréchet space E, a smooth map P : U C E — FE is called
a Banach map if there are smooth (not necessarily linear) maps R : U C E — B
and Q :'V C B — E such that P = Q o R, where B is a Banach space and V C B
is an open set.

We denote by B(U) the set of Banach map vector fields on an open subset of a
Fréchet space F.

Theorem 3.16. B(U) is a C*°(U,R)-submodule of X(U).

Proof. We have to show that for ¢,n € C>*°(U,R) and P, P, € B(U) the linear
combination Y Py +nPs € B(U). Given P; = Q; o R; for i = 1,2 with intermediate
Banach spaces B;, then P, +nP; = QoR with Q : R2x Vi xVo, C R2x By xBy — E
and R: U — R2 x B; x By such that

Q(r,s,v1,v2) = 1Q1(v1) + 5Q2(v2)
R(f) = @(f)n(f), Bi(f), R2(f))

So the sum ¥ P; + 1P, is a Banach map and therefore the set of all Banach map
vector fields carries the asserted submodule structure. O

Lemma 3.17. Let U be an open set in a Fréchet space E, then B(U) is a subalgebra
with respect to the Lie bracket. Let A be a bounded linear operator on E, then
[A,B(U)] € B(U). Consequently the Lie algebra L(E) acts on B(U) by the Lie
bracket.

Proof. Given two Banach maps Py and Py, DP(f)-P2(f) = DQ1(R1(f))-DR1(f)-
P5(f) holds, which can be written as composition of DQ1(v) - w for v,w € B and
(R1(f), DR1(f)-P2(f)) for f € U. So the Lie bracket lies in B(U). Given A € L(E),
we see that AP (f)—DP;(f)-Af is a Banach map by an obvious decomposition. [

Banach map vector fields admit solutions of initial value problems.

Theorem 3.18 (Banach map principle). Let P : U C E — E be a Banach map,
then P admits a local flow around any point g € U.

Proof. For the proof see [16], Theorem 5.6.3. O

We are in particular interested in special types of differential equations on Fréchet
spaces E, namely Banach map perturbed bounded linear equations. Given a
bounded linear operator A : E — FE, the abstract Cauchy problem associated
to A is given by the initial value problem associated to A. We assume that there
is a smooth semigroup of bounded linear operators S : R>¢g — L(E, E) such that

.Sy —id
lim =
t10 t

A
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which is a global semiflow for the linear vector field f — Af. Notice that the
theory of bounded linear operators on Fréchet spaces contains as a special case
Hille-Yosida-Theory of unbounded operators on Banach spaces (see for example
[32)).

Given a strongly continuous semigroup S; for t > 0 of bounded linear operators
on a Banach space B, then D(A™) with the respective operator norms p,(f) :=
S ollA'fl| for n > 0 and f € D(A™) is a Banach space, where the semigroup
restricts to a strongly continuous semigroup S(». Consequently the semigroup
restricts to the Fréchet space D(A°). This semigroup is now smooth.

Given a Banach map P : U C E — E, we want to investigate the solutions of
the initial value problem

91ty = AT + PUW), 1O) = fo

Theorem 3.19. Let E be a Fréchet space and A be the generator of a smooth
semigroup S : R — L(E) of bounded linear operators on E. Let P: U C E — E
be a Banach map. For any fo € U there is € > 0 and an open set V' containing fo
and a local semiflow Fl:[0,e[xV — U satisfying

%Fl(t, f)=AFI(t, f)+ P(Fl(t, f))
FIO,f) =1
for all (¢, f) € [0,e[xV.
Proof. For the proof see [14]. O
For the purposes of classification we shall need the following result, see [14].

Lemma 3.20. Let A be the generator of a strongly continuous semigroup S on a
Banach space B, then the operator A : D(A*®) — D(A®) is a Banach map if and
only if A: B — B is bounded.

Now we can formulate the following conclusions from (A1)—(A3), which makes
the geometric conditions applicable:

1: The vector fields ¥; and © are Banach map vector fields for i = 1,...,n.

2: The Lie brackets [2,%;] and [X;, X;] are Banach maps for 7,5 = 1,...,n.
Any further Lie bracket with a Banach map vector field yields a Banach
map vector field. This is due to Lemma 3.17.

3: The vector field Z is not a Banach map due to (A3) and Lemma 3.20, but
generates a local semiflow due to Theorem 3.19.

4. RESULTS ON THE EXISTENCE OF FINITE DIMENSIONAL REALIZATIONS

Now we can derive several results with the developed geometric tools. We con-
sider the setup from Section 1.3 and shall always assume (H0)—(H4) and (A1)-(A3).
This is an extension of what we derived in [14], therefore all proofs are given here.

Lemma 4.1. Let Xq,..., Xy be pointwise linearly independent Banach maps on
an open set V in D(A>), for some k € N. Then the set

N ={heV|Z(h) € (Xi(h),...,Xr(h))}

is closed and nowhere dense in V.
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Proof. Clearly, N is closed by continuity of Z and X7, ..., X. Now suppose there
exists a set YW C N which is open in D(A), such that for every h € W there exist

unique numbers c¢;(h), ..., cx(h) such that
k
E(h) =) ¢i(h)X;(h). (4.1)
j=1
We can choose linear functionals &,...,&; on D(A*) such that the k x k-matrix

M;;(h) := &(X;(h)) is smooth and invertible on W (otherwise we choose a smaller
open subset W). Hence

k

ci(h) = M ()€ (2(h))

Jj=1

are smooth functions on W. Then (4.1) implies that A is a Banach map on W.
But this contradicts (A3), whence the claim. O

The vector fields =, 34, ..., Xy induce two distributions on D(A®): their linear
span D = (2, %;,...,%,), and the distribution Dy 4 generated by all multiple Lie
brackets of these vector fields. As a consequence of (Al) and Lemma 4.1 there
exists a closed and nowhere dense set A/ in D(A) such that

dimDpa(h) >dimD(h) =d+1 for h € D(A®)\ N. (4.2)

Remark 4.2. The preceding observation proves a conjecture in [4], namely that
every nontrivial generic short rate model is of dimension 2 (see [4, Remark 7.1]).

The following is a modification of the necessary condition in Theorem 3.14.

Proposition 4.3. Let V be an open set in D(A*®), and M CV be a submanifold
with boundary. If D is tangent to M, then Dpa(h) C TpM for h € V.

Proof. See Proposition 3.10. O

Let V denote an open connected set in D(A*°) in what follows. Proposition 4.3
tells us that boundedness of dim D, 4 on V is a necessary condition for the existence
of a finite-dimensional weak foliation on V. To avoid the difficulties in the analysis
of degenerate situations where dim Dy 4 is not constant on V, we only consider the
non-degenerate case. This is our appropriate Frobenius condition

(F): Dpa has constant finite dimension Nz 4 on V.

Here and subsequently, we let (F) be in force. In view of (4.2) we have N4 >
d + 1 and the following proposition holds.

Proposition 4.4. We have
E(h) ¢ (Z1(h), ..., Xq(h)), forall heV. (4.3)

Moreover, for any hg € V there exists an open neighborhood W and Banach maps
Xayiyo s XNpa—1 on W such that

DLA:<E7217"'7Ed7Xd+17'"7XNLA—1> on W.

In particular, Dp 4 is tangent to an Np4-dimensional weak foliation F on V.
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Proof. Suppose Z(hg) € (X1(ho),- .., Xa(ho)), for some hg € V. By the definition
of Dp 4 and Lemma 3.17 there exist Np4 — d Banach maps Xg41,...,Xn,, on V
such that

DLA(h) = <El(h)> IR Zd(h)7 Xd+1(h)7 s 7XNLA (h’)>7
for h = hg, and hence for all h in a neighborhood of hg, by continuity. But
this implies that Z(h) lies in the span of Banach maps, for all h in an open set.

This contradicts Lemma 4.1, whence (4.3). The rest of the proposition follows by
Remark 3.12 and Theorem 3.14. O

The following theorem provides a strong necessary condition for the structure
of Dy, 4, which leads to a full classification of F in the case where m = 0 (see
Section 5).

Theorem 4.5. Under the above assumption (F) there exist pointwise linearly in-
dependent vector fields M1, ..., An,,—1 € C®(V,D(AF°)) such that

DLA(’I“7 Y) = <E(7“, Y), )\1(}/)7 ceey )\NLA*]-(Y)>
and
Ej(ra Y) € <>‘1(Y)7 ey )‘NLA—l(Y)> ) 1 S .7 S da (44)
for all (r,Y) e V.

Thus, if m = 0 then the range of ¥; is the constant finite-dimensional subspace

<>‘13 R >\NLA—1> in D(Ago)
Proof. Let 1 <1i,j <d, recall (A1)-(A3) and calculate

D5v) - (3) = Destetn. 1) () (45)
(here the linearity of ¢ is essential!), hence
(1Y) (1Y) = Do, (1w, )
DY,(r,Y) -X;(r,Y) = D¢;(¢(r),Y) ( (;552)(6(1"), ¥) ) , (4.6)

where we use the notation
h=(hY r?)e HxR™ =H.
In view of (1.5), (1.8) and (4.6)we define the smooth map

d
[:=> T;:RF™ — D(A™)
j=0

by Ty(y,Y) := (¢0(3(J), Y)) and, for 1 < j < d,

_ (MY, e VY)Y 1 (0@ (. Y))
F] (yaY) Ca ( 0 ) 2D¢z(yvy) ¢§]2) (yvy) )

such that we can write
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We already know from Lemma 3.17 that [3;,%;] and [E, X;] are Banach maps. In
fact, combining (4.5)—(4.7) yields the decompositions

(26, 35](r, Y) = T (£(r), Y),
2, %5](r,Y) = @;(£(r), £((d/ dx)r), Y),

for some smooth maps T;; : RPT™ — D(A*®) and ®; : R?™™ — D(A>) and
(r,Y)eV.

Now fix (r*,Y*) € V. By induction of the preceding argument and Proposi-
tion 4.4 there exists an open neighborhood of the product form (this we can assume
without loss of generality)

V*=U"xV*e D((d/dx)>*) x R™

of (r*,Y*), an integer ¢ > —1, and Banach maps X;,..., Xy, ,—1 with decomposi-
tion
Xi(r,Y) =, (U(r),e((d/dx)r), ..., L((d/dx)ir),Y), (4.8)
for pointwise linearly independent smooth maps ¥; : RP(T1) x R™ — D(A®) such
that
Dra={Z,X1,..., XN ,—1) on V" (4.9)
Notice that the case ¢ = —1 is included in a consistent way: it simply means that
U, in (4.8), and hence X;, does only depend on Y.

There exists a minimal integer, still denoted by ¢, with the above properties. We
shall show that ¢ = —1.

We argue by contradiction and suppose that ¢ > 0. We claim that then there
exists smooth maps ¥; : RPY x R™ — D(A*) such that we can replace X; in (4.9)
with X; = W; 0 (¢,...,00 (d/dx)? ! idgn). Indeed, since [Z, X;] is a Banach map
on V* (see Lemma 3.17), for every (r,Y’) € V* there exists numbers ¢;;(r,Y) such
that

Npa—1
EX)rY)= > c;(rnY)X;(rY), 1<i<Npa—1. (4.10)
j=1
By explicit calculation we obtain
[Z,Xi]=A;0(l,...,0o0(d/dx)"" idgm), (4.11)

where

M
Ai(y,z,Y) = A¥i(y,Y) + DI (yo,Y) - (f(‘lﬁ (y,Y))>

v (y,Y)
Y1 W (yo,Y))
~Du.Y) || g |+ o @dny @Oy ||
2 ¢o(d/dz)1(TM (yo,Y))
0 I'® (yo,Y)

(4.12)
for (y,2,Y) = (y0,.-.,Y¢,2,Y) € RP(4H1)  RP x R™. As in the proof of Lemma 4.1
we find linear functionals &;,...,&n, ,—1 on D(A*) such that the (Npa — 1) X
(Npa — 1)-matrix M;;(y,Y) :=&(¥,(y,Y)) is smooth and invertible on

(€,... Lo (d/dz)")(U*) x V* = W x V*,
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which is an open set in RP(4+1) x R™ by (A2). Equating (4.10) and (4.11), applying
the functionals & and inverting gives that
NLA 1
(¥,2,Y) = 75y, 2, Y) Z M;, & (Ai(y,2,Y))

are smooth functions from
(0,... 0o (d/dx) ) U*) x V* = W' x V* c RP+D) x R™
into R, and they satisfy

cij(r,Y) =i 0 (€(r),...,e((d/dz)Tr),Y)
on V*, hence
Nrpa—1
Ai(yazay) = Z 71](2/727}/)\1]](3/’}/)7 V(y,Z7Y) S WI X V*. (413)
j=1
Differentiating (4.13) with respect to z (which makes sense since W’ is open by
(A2)) yields, see (4.12),

Npa—1
Dy, Wy Z Uiy, Y)D2vij(y,2,Y), V(y,2,Y) € W x V™,
Arguing again by hnear independence of ¥y, ..., ¥y, ,_1 we see that the maps

Dz'}/ij (y7 2, Y) = Bij (y7 Y)
depend only on (y,Y). We may assume that W = Wy x Wy where Wy C RP? and
Wiy C RP are open such that (yg, ..., y;) := ({,fo(d/dx),. .., Lo(d/dx)?)(r*) € Wyx
W1, and Wy is star-shaped with respect to y; (otherwise replace U* accordingly).
Now let (y,Y) € Wy x Wy x V* and define

Vi(t) == Wilyo, -, Yg—1,Y5 +t(yqg —y3), Y).
Then there exists an open interval I containing [0, 1] such that
d Npa—1
%%(t) = Z (Bij Wos - - s yg—1, 9 + t(yg —y2), Y ) - (yg — yi)) 5 (t)
j=1

1/)1'(0):\I/i(yo,...7yq,1,y;7y—), izl,...,NLA—l,
for t € I. This system of differential equations has a unique solution, which is of

the form
Npa—1

Yi(t) = Z i (t)¥;(0),

j=1
for some smooth curves o;; : I — R. In particular, for ¢ =1,

Npa—1

\Ili(y(h e 7yq7Y) = '(/}1(1) = Z alj(l)\:[/](y07 s 7yq717y;7 Y)
j=1
This way we find a smooth real-valued matrix-valued map, again denoted by (a;;),
on Wy x Wy x V* such that
Npa—1
Vily,Y)= Y iy, )0, y-1,95,Y), V(g Y) € Wo x Wi x V7,
j=1
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But this implies that Z and the Banach maps W; (-, yz,-)o (¢, ..., Lo(d/dx) ™" idgm)
span the Lie algebra Dy 4 on V*. Whence the claim.

But ¢ was supposed to be minimal — a contradiction. Hence ¢ = —1; that is,
X1, Xnp4—1 in (4.9) can be chosen to depend only on Y in some neighborhood
of (r*,Y™*). Since (r*,Y™) € V was arbitrary and V is connected, the theorem now
follows by a continuity argument. O

5. PROPERTIES OF THE FACTOR PROCESSES

5.1. Finite dimensional HJM-models. Throughout this section we let m = 0.
That is, H = H and U is a convex open set in H where equation (1.2) is defined.
Moreover, (1.7) now reads

A= I’ O(r) =apgsu(r) = ZM(Ej(r),Ej(r)), Yi(r) = oy(r), (5.1)

j=1

for j =1,...,d. At this point we also recall (1.5)

d
E(r) = Ar +0(r) — % > D¥;(r)s,(r) (5.2)
j=1

d
d 1
= %7‘ +apgm(r) — §;Daj(r)0j(r)

and introduce
II(r) := Ar + ©(r). (5.3)

for r € D(A). We shall provide a nice representation for generic finite dimensional
realizations and the associated factor processes Z and prove a support theorem for
the solution of equation (1.2).

Theorem 4.5 tells us that, under the assumption (F), there exist A1, ..., Ay, , €
D(Ag°) such that

Dra(r) = (E(r), A1, ANpa)
and
Ei(r) € (A, Anpa) (5.4)

for all » € V. Theorem 4.5 is a global result in so far as it holds for every open
connected set ¥V C U N D(A*®) where (F) is satisfied. We now are interested in the
question whether there exist a priori structural restrictions on the choice of V. In
view of (F') and Theorem 4.5 it is clear that V must not intersect with the singular
set

S :={helUNDA®)|EM) € (A1,..., AN 1-1)}- (5.5)
By Lemma 4.1, & is closed and nowhere dense in D(A>).
Lemma 5.1. If (5.4) holds on the open connected set V C U N D(A>°), then
6Ny (V=closure of V)

lies in a finite-dimensional linear subspace O in D(A*®) with Npa < dimO <
Npa+ (Npa—1)%
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Proof. Since ¥ is continuous, (5.4) holds on V. Assumption (A1) yields
(21(h), ..., Sa(h)) C D(A), for all h € H.

Hence there exists d < d* < Np4 — 1 such that (after a change of coordinates if
necessary) A, ..., Ag~ € D(AJ), and

-
Si(h) =Y Bij(h);, 1<i<d, forall heV, (5.6)
j=1

for smooth functions 3;; : H — R. Moreover, DX;(h)X;(h) € (A1,..., AN .—1), for
all h € V. By (5.2)-(5.3) hence

GQV:{]'LED<AOO) ‘H(h)€<)\1,,)\NLA_1>}ﬂV (57)

Since A;; := M(\;, A;) is a well-defined element in D(A>), for all 1 <4, j < d*, we
obtain

e
(h) = Ah+ Y aij(h)Ay, forall heV, (5.8)
i,j=1
where a;;(h) := ZZ=1 Bri(h)Br; (), see (5.1). Hence h € &NV if and only if there
exist real numbers ¢y (h),...,cn, ,—1(h) such that
d* Npa—1
ij=1 i=1

Let R be the subspace spanned by Ai,...,An,,—1 and Aq1,A1o..., Ageq~, and
let I be a set of indices (,7) such that {\,...,An,,—1,As; | (4,7) € I} is linear
independent and spans R. In view of (5.9) it is clear that &NV lies in O := A7 (R).
Since the kernel of A = d/dx is spanned by 1 (see (H1)), the dimension of O is
1+dimR = Npa+ |1 O

The maximal possible choice of V is U N D(A*°) \ &. In this case we can say
more about G.

Lemma 5.2. Suppose that V =U N D(A>®)\ &. Then h € & implies
un (h‘ + <)‘17 SRS )\NLA*1>) C6.

Proof. By Theorem 4.5 and since [E, );] is a Banach map on V (see Lemma 3.17),
we have

[Ev)‘z](h‘) = DE(h))‘Z € <)\17"'7>\NLA*1>7 (510)

for all h € U N D(A®) \ &, and hence for all h € U N D(A>), by smoothness
of Z. Now let h € & and v € RVe4~1, Using Taylor’s formula we calculate for
h+ SNty e

Npa-—1 Npa—1 1 Npa—1
= <h+ > u/\> =Zh)+ > u/ DE <h+t > u)\> Aidt, (5.11)
i=1 i=1 0 i=1
which lies in (A1,..., AN, ,—1) by (5.10), and the lemma follows. O

We now can give the classification of the corresponding finite dimensional real-
izations as well.
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Theorem 5.3. Suppose (F) holds on V = U N D(A®) \ &, where & is given by
(5.5). Then, for every hg € U N D(A™), there exists an RNtA~1 valued diffusion
process Z with Zg = 0 such that

Npa—1

> Zin (5.12)
1=1

is the unique continuous local solution to (1.1) with ro = hg. If hg € ENU we can

even choose Z such that
Npa—1

re=ho+ > Zi\. (5.13)

In particular, & is locally invariant for (1.1).

The coordinate process Z will be explicitely constructed in the proof below
(see (5.18)).

Remark 5.4. There is a straightforward modification of the process Z such that the
semiflow FIZ generated by Z in (5.12) can be replaced by the semiflow FI' generated
by I1. This follows since Z(r) — II(r) € (A1,..., Aq) for all € U N D(A™®).

Remark 5.5. HJIM models that satisfy (5.12), or (5.13), are known in the finance
literature as affine term structure models. Hence Theorem 5.8 can be roughly re-
formulated in the following way: HIJM models that admit an FDR at every inital
point hg € U N D(A>) are necessarily affine term structure models.

Affine term structure models have been extensively studied in [8], [9], [7] (see also
references therein).

Proof. By smoothness of ¥ and E, (5.4) and (5.10) hold on U and U N D(A>),
respectively. Let hg € U N D(A>®) \ & and My, a leaf of the weak foliation
F through hg (see Proposition 4.4). As in the proof of Theorem 3.14 (see [14,
Theorem 3.9]) we obtain a parametrization of My, at hg by

Npa—1
alu ho) = FI5 (ho) + Y widi, uw=(ug,...,un,,—1) €[0,6) x V, (5.14)
i=1
for some ¢ > 0 and some open neighborhood V of 0 in RVt4~1 where FI= is the
local semiflow induced by Z. (Strictly speaking, «(:, hg) is a parametrization of a
submanifold with boundary of My,,.) Now we proceed as in [9, Section 6.4] to find
the appropriate coordinate process Z. Using Taylor’s formula we obtain as in (5.11)
Npa—1
E(alu, ho)) = E(FIZ, (ho)) + Z bi(u, ho) i
i=1

= Da(u, ho) . (1, 61 (u7 ho), ey BNLA,1(U, ho)),

(5.15)

where i)l(, ho) : [0,) x V — R are smooth maps well specified by
Npa—1 Npa—1 Npa—1
> bi(u,ho)A Z u/ DE (Fr (ho)+t > um) i dt.
i=1 =1
On the other hand, we have
Si(alu, ho)) = Dafu, ho) - (0, pi(u, ho), 0,...,0), 1<i<d, (5.16)
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where p;(-,ho) = (pir(-sho)s -+ -y pia= (- ho)) = [0,€) x V. — R are smooth maps
given by

pij(u, ho) == Bij(a(u, ho)),
see (5.6). Define the smooth map b;(-, ho) : [0,€) x V — R by

7 1 d . *
bi(u, ho) — {?Z(Ua hO) + b Zj:l Dpjz(ua hO) ! pj(ua h0>7 1<e< d )

bi(u;h0)7 d*<Z§NLA—1
(5.17)
Then the stochastic differential equation
dZj = bi((t, Zi), ho) dt + Y pji((t, Z4), ho) dW], 1<i<d”,
. =t (5.18)
dZtZ :bl((tvzt)7h0) dtv d* <1 SNLA _17

Zo =0,

has a unique V-valued continuous local solution. By It&’s formula it follows that
ry = a((t, Zt), ho) is the unique continuous local solution to (1.1), see [9, Sec-
tion 6.4], whence the theorem is proved for hg € U N D(A>) \ 6.

Now let hg € GNU. By Lemma 5.2, the (N 4—1)-dimensional affine submanifold
Npo = UN (ho+ (M1,..., AN, ,—1)) lies in &. Since (1.5) and (1.6) are clearly
satisfied for all h € M = N, Theorem 1.2 gives that N, is locally invariant for
(1.1). Replace « in (5.14) by

Npa—1
d(u, ho) = hy + Z Ui Ng, U= (ul, R 7UNLA71) S RNI‘A_17
i=1

which is a parametrization of A,,. A similar procedure as above yields an RVzAa~1.
valued diffusion process Z such that r; = &(Z, hg) is the unique continuous lo-
cal solution to (1.1), whence (5.13). (Notice that, by construction, Z is time-
homogeneous.) Since FiF(hg) € Np,, for all t > 0 where it is defined, it is easy to
modify Z such that (5.12) is satisfied too. O

We remark that the form of the FDRs, (5.12) and (5.18), has already been
derived in [2] and [4] under the assumption of (5.4) and Dpa = (E, A1, .., AN, —1)-
Above we have provided the sufficiency and necessity of these conditions and its
consequences in a more general (and appropriate) functional-analytic setup.

5.2. Distributional Properties. In the sequel we shall argue why under the hy-
potheses of Theorem 5.3 the stopped factor process Zis, has nice distributional
properties. We could argue by stochastic methods such as Malliavin Calculus (out-
lined in [15]), but here we argue directly by arguments on hypoelliptic differential
operators as outlined in [19].

Given U C R” open and d + 1 smooth vector fields Vy,..., Vg : U — R™ and a
smooth function ¢ : U — R, then the second order differential operator

d

L(f) = 5 SOV + Vo) +ef

i=1
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for smooth f : U — R is said to be of sum of the squares type. The action of a
vector field V = (V1,..., V™) on f is defined via

V() = Y V@) (@)

for x € U and f : U — R smooth. The formal adjoint of L, denoted by L*, is also
of this type

1 d ) d
with smooth functions ¢1,...,¢4,% : U — R, only drift and potential are changed.
This is due to the formula V* = -V =" | %Vi(m), where the second term acts
as multiplication operator on smooth functions.

The second order differential operator is said to be hypoelliptic if for all u €
D'(U) with Lu € C*(U) the conclusion u € C*°(U) holds. We now state Lars
Hoérmander’s famous Theorem on sum of the squares operators (see [19], also for
the notions on distributions):

Theorem 5.6. Given smooth vector fields Vg, ..., Vy : U — R™ and assume that

the involutive distribution generated by Vo, ..., Va, [Vi,V;],... fori,j =0,...,d has
full rank at all points of U, then the operator L = % 2?21 V2 + Vo +c is hypoelliptic

for any smooth function ¢ : U — R.

Remark 5.7. Notice that on could replace Vi by —Vo—i—zgl:l 0;V; without changing
the generated distribution. This means that — under the above assumptions — also
L* is hypoelliptic.
Given smooth vector fields Xg,..., X4 : U — R™. The generator of a R™-valued
Ito diffusion Z; on U
d .
dZ; = Xo(t, Ze) + > Xi(t, Z4) o dW},
i=1
written in Stratonovich form, is a sum of the squares operator namely

1K,
L= ; X2 + Xo.
Theorem 5.8. Given the assumptions of Theorem 5.3, hg € U N D(A®)\ & and
in particular the parametrization (5.14). For K C V a compact neighborhood of
0 € V, we define the stopping time 7 := inf{t > 0, Z; ¢ K} A e, then the solution
of equation (1.1) with initial value hy satisfies
Npa—1
re=Flz(ho) + Y Zi\
i=1

for 0 < t < 7. The distribution of the factor process Zipnr can be decomposed
according to

(Zins).P)(A) i= P(Zuns € A) = /A M(@)dz + o (A),

for0 <t <eand AC K. Here A € C*(]0,e[xK°,R) is a non-negative function
and pok ¢ is a positive measure on K with support in 0K for 0 < t < e. In
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particular por 1(A) = P({Zinr € A} N {1 <t}) and P({(Zin,) € A} {T > t}) =
IA At(flf)dl'

Proof. We only have to prove that P({(Zin-) € A} N {7 > t}) admits the described
representation with A € C*°(]0,e[x K°,R). We first define a time dependent distri-
bution on K°, namely

u(t, f) == E(f(Zipr)| 7> ) P(T > 1)

for any test functions f € D(K°) and t € [0,¢e[. For the notations of distributions
see [19]. We observe that u(0) = o, the Dirac distribution at 0 € K° C V. From
classical stochastic analysis we know that

0

i B (Zent)) = E((Lef)(Zero),

where L; denotes the (time-dependent) generator of the process Z,5; on K° and
f € D(K°®). Translated to distributions we obtain

7

p
for ¢ € [0, ], since the support of f lies in K°. Now we can identify the operator
-2+ L;=(2+ L;)" on ]0,e[x K° with the adjoint of the L:= (& + L). But L
is the generator of the process [0,e[xV-valued diffusion Z; defined by

(t) = Liu

Z)=t, Z} =7} fori=1,...,Npa.

This is seen by directly calculating the generator L of Z, compare also the proof of
Theorem 5.3. Hence we have to prove that Lis hypoelliptic. The involved vector
fields Xo,..., Xy are a-related to the vector fields W, 01,...,04, where o denotes
the parametrization from (5.14).

d
dZy = Xo(Zo)dt + > Xi(Z4)dW;
=1
Xo~aZ, ... Xg~aZa

By the assumptions (F') the operator L and L* are seen to satisfy the assumptions
of Theorem 5.6 (see also Theorem 22.2.1 of [19]), since by the proof of Proposition
3.10 the Lie brackets of a-related vector fields are a-related. Therefore by L*u = 0
and hypoellipticity of L* we obtain u(t, f) = fK A, x) f(x)dx for all f € D(K°)
and 0 < t < ¢ with stated regularity for . ([

5.3. Classification of the manifolds. We finally show that A,..., An, ,—1 have
to satisfy a functional relation which depends on 3;; (see (5.6)). Let the assumptions
of Theorem 5.3 be in force. As shown in the proof of Lemma 5.1 we obtain Dy 4 =
(T, A1,y ..oy AN a—1) onUND(A™). Hence, as in (5.10), there exist smooth functions
¢i; on U N D(A>) such that, for all h € U N D(A>),

d* NLA—l
DII(h)X; = AN+ > (Da(h)Xi) Awr = > cij(h)A;. (5.19)
k,l=1 j=1
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Here we have used the notation from the proof of Lemma 5.1, see (5.8). Now fix
h € U N D(A>). Expressed as a point-wise equality for functions, (5.19) reads

d* Npa—1
1
Oy )\AZE) + 5 kgl (Dakl(h))\z) Ak(df)Al (LE) = ]Z:; Cij (h))\j (CC), Va € Rzo,

where A;(z) := [ Ai(n) dn. Integration with respect to z yields

d* Npa—1
Duhs(z) = —% 3 (Dar(W)A) A(@) M@+ > e (A () + Ai(0),
k=1 i=1

for all z € R>¢. Thus every h € D(A*) implies a system of ODEs (Riccati

equations) for the functions Ay, ..., Ay, ,—1, which have to hold simultaneously for
all h € D(A®).

Remark 5.9. As a simple remark we can state that the long rates rF = lim, o 7¢(z)
are deterministic in the case of a finite dimensional realization, which is due to the
fact that lim,_.oo Ai(x) = 0, compare with [20].

6. APPLICATIONS

In the seminal papers [4] and [2] finite-dimensional realizations, in particular the
Hull-White extensions of the Vasicek and CIR-model, are considered for the first
time from the geometric point of view. In addition to their excellent treatment
(compare Section 5 of [2] or Section 7 of [4]), we prove that the Hull-White exten-
sions of the Vasicek and CIR model are the only 2-dimensional local HJM models
and we demonstrate the importance of the corresponding singular sets. The same
type of analysis can also be performed in higher dimensional cases, which will be
done elsewhere. At the end of this section we provide an example of how to em-
bed the Svensson family as a leaf of a weak foliation associated to a functional
dependent volatility structure.

As in Section 5 we let m = 0 and here also d = 1 (dimension of the Brownian
motion), hence Np4 = 2. We let (F) be in force on V = U N D(A*°). Hence (5.4)
tells us that

X(r)=o(r)A, rel,
for some A € D(AF) \ {0} and a smooth map ® : Y — R (which is of the form
® = ¢ol by (Al)). Without loss of generality we can assume that ® > 0, since
(A1) requires “linear independence” of ® which here simply means ® # 0. We want
to specify under which conditions this volatility structure admits 2-dimensional
realizations and how they look like. We shall show that it has to be either of the
Vasicek or CIR type. This is already done in Section 7.3 of [4], however, their
special setting does not allow to treat the CIR-case.

Writing ¢(r) := ®(r)(D®(r) - A), we obtain for r € U N D(A>°)

DS(r) - h = (D®(r) - h)A
DS(r) - (r) = ®(r)(DB(r) - M)A = 1b(r)A

(r) = ir + <I>(r)2)\/>\ — 1q/;(r)A

[1]

dx 2

D=E(r)-h = %h +2®(r)(DP(r) - h))\/)\ — %(Dq/}(r) “h)A.
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Consequently we can calculate the Lie bracket

d

E,X](r) = @(r)%)\ + 2<I>(r)z/;(r))\/>\ — %@(T)(DI/J(T) “A)A—

— (DB(r) - %m ()2 (DB(r) - /\/A)A + %¢(r)(D<I>(r) DA

As in (5.10) we have [2,X](r) € (A) on U N D(A*). We can divide by ®(r) and
obtain an equation

d
A+ 2¢(r))\//\ 9N =0

with some smooth function 6 : Y N D(A>) — R. There are consequently two cases:
i) If A and A [ A are linearly independent in D(A), then by derivation with
respect to r we obtain that ¢ and 6 are constant, say 2¢)(r) = aand 0(r) = b

with real numbers a and b. Defining A := [ A we obtain finally a Riccati
equation for A, which yields the CIR-type if a # 0 or the Vasicek-type if

a=0:

d a, o

%A + §A +bA = A (0), A(0)=0. (6.1)
The Ho-Lee model is considered as particular case of the Vasicek model for
b=0.

ii) If A and X [ X are linearly dependent in D(A*), then we necessarily obtain
an equation of the type

d
—A+0A=0
dx + ’
which yields that A is vanishes identically, since otherwise A and A [ A are
linearly independent. This case was excluded at the beginning.

Notice that by (6.1), A(0) = 0 if and only if A = 0, which is not possible. Hence
a fortiori we have A(0) # 0, such that by rescaling we always can assume that
A(0) = 1. This observation slightly improves the discussion in Section 7.3 in [4].

By the definition of ¢ we have D®?(r) - A\ = a, hence we obtain the following
representation for ®. We split D(A*) into RA+ E, where E := ker evg. We denote
by pr: D(A*) — E the corresponding projection. Then

®(h) = V/alevo(h)) +n(pr(h)), (6.2)

where 7 : pr(UND(A>®)) C E — R is a smooth function (compare with Proposition
7.3 of [4]).
In view of (5.7) we have

G = {heumD(AOO) | TI(h) :Ah+<1>(h)2)\/)\€ ()\>},

see (5.5). Thus, if X and A [ X are linearly independent in D(A*) then any h € &
is necessarily of the form

h=a; —|—a2A2 + asA

in all cases for some real numbers a;. By the particular representation of ® we
obtain that ay = aa; + g(as), where g is some smooth real function derived from

aay + n(a2A2 + asA) = as.
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By FI¥X we denote the local (semi-)flow of a vector field X on ¢ N D(A>). The
leaves through 7* of the weak foliation are given by the local parametrization

d
(ug, uq) +— Flll}o(r*) —|—u1£A

if 7* does not lie in the singular set &. If r* € &, then the leaf is a one dimensional

immersed submanifold of (1,A,A?). Notice that the stochastic evolution of the

factor process takes place in the ui-component, see Theorem 5.3 and Remark 5.4.
We summarize the preceding results in the following theorem.

Theorem 6.1. Let & and U be as above. Assume that 2 admits a 2-dimensional
realization around any initial curve r* € U N D(A®)\ &. Then there exists A €
D(AS®) and a function ® : U — Rsq of the form (6.2) such that X(h) = ®(h)A.
The singular set & is a (possibly empty) subset of (1, A, A?), where A = [ X satisfies
the Riccati equation (6.1). The local HIM model is an affine short rate model. That
is, for every initial curve r* € U N D(A>) there exist functions b: R>o x R — R,
0 :R>¢ — R and a stopping time T > 0 such that

Tinr = FZE\T(T*) + Rt/\T A (63)

is the unique U-valued local solution to (1.2) and the short rates Ry = r+(0) follow,
locally for t < 7, a time-inhomogeneous diffusion process

th = b(t, Rt) dt + aRt + H(t) th
This process becomes time-homogeneous if and only if r* € &, and then rin, € S
for allt > 0.

Proof. We know that A(0) # 0. Hence (6.3) follows from (5.12) and Remark 5.4.
The rest of the theorem is a consequence of Theorem 5.3 and the preceding discus-
sion. (I

6.1. The Hull-White extension of the Vasicek model. We consider the vola-
tility structure of the Vasicek model: X(r)(x) = pexp(—fz) = pA with p > 0 and
B >0, forreld N D(A>®) = D(A>®) and = > 0. Then by the above formulas

[E,5] = —BpA.
The singular set & is characterized by
d p?
——h+ — exp(—pz)(1 — exp(—fz)) = cexp(—fz)
dx 16}
for some real ¢. Therefore as is some fixed value, namely ay = % and ai,a3 are

arbitrary. Consequently the singular & set is an affine subspace for the fixed values

ps B:
2
h=ay — ?AQ + asA.
Going back to traditional notations for the Vasicek model we write

A(z) = %(1 — exp(—pfz))

By(z) = AN (z) =e P

Av (@) = bA(2) - A @)
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then h lies in the singular set & if and only if
heAy + <Bv>

for some value b (which becomes an additional parameter in the short rate equation).
The solution for r* in the singular set reads as follows

r = Ay + By R
th = (b - ﬂRt) dt + deta
where R; = evp(r;) denotes the short rate, which is the Vasicek short rate model.

Outside the singular set © we have a 2-dimensional realization. First we calculate
the deterministic part of the dynamics

2

Fly, (r)(x) = Su,r*(x) + /0“0 Sug-(5 exp(—p)(1 — exp(—pz)) ds

B
2 ug
_g Ll BN IRY _
= Su,r(z) + 5 /0 dac(A) (x+ug—s)ds
P p?
=r"(@ +uo) + S A+ up)? — ?A(x)z.

If we identify ug with the time variable ¢, which is possible since the stochastics

only occurs in direction of By (see Remark 5.4), we obtain by direct calculations
for (5.12)

re(z) =r*(x +t) + §A(x + )2 — %A(x)z + A (2)Z;

A parameter transformation yields the customary form, namely

t
R = e Pr*(0) + / e PE=)p(s) ds + Z,.
0

This yields the following expressions:

P P
Auwy (t,7) =17 (@ +1) + T Az +1)° = T A(@)*~

~ N (@) () (0) — A (z) /0 =B=p(5) ds

Bpwv(x) = By (z) = N (z)
dR: = (b(t) — BRy) dit + pdW;
re = Agwv (t) + Bawv Ry

d 2

blt) = g7 () + 0" (6) + G(1 = exp(~261).
The functions Agwyv and Bywy are solutions of time-dependent Riccati equations
constructed by geometric methods. The equation for b follows from the fact that
AHW\/(ta 0) =0.
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6.2. The Hull-White extension of the CIR model. We proceed in the same
spirit: X(r) := py/evo(r)A for p > 0. The volatility structure is defined on the
convex open set U = {evy(r) > e} for some € > 0. The function A := [ X satisfies
(in certain normalization) a Riccati equation, namely

iA4—p—2/\24m61\—1 A(0) =0
dx 2 - e

We obtain the solution (see e.g. [9, Section 7.4.1])

A((E) _ Z(QXP(.’E V /62 + 2p2) _ 1) )
(VP T 57— exp(an/ PP+ 2F) — 1) + 2/ T 0F

Under this assumption we can proceed as above: the singular set G is determined
by the equation

d
M(h) = —h+ pPevo(h)AN € (N,
hence
2
h=a + EalAz + asA.

Again a; and ag can be chosen freely, which completely determines &. Traditionally
one writes the singular set in the following form:

2

BCIRzl—ﬁA—?AQZA’
with some additional parameter b and we obtain equally that & lies in & if and only
if

h € Acir + (Boir) -

The short rate dynamics follows the known pattern:

r¢ = Acir + Borr Ry

th = (b - ﬂRt) dt + YAV Rt th

for 7* € &. Outside the singular set we have a 2-dimensional realization. First we
calculate the deterministic part, by the variation of constants formula,

Fly, (r)(z) = Su,r* (2) + p° /Ouo FU(17)(0)(Sug—s (AA)) () ds.

Identifying ug with the time parameter yields the following formula 2-dimensional
realization, which is derived by direct calculations,

re=FlI'(r*) + N'Z,
dZ, = —BZydt + p\/c(t) + Z, AW,
where c(t) = FIX(r*)(0). The short rate is given through R; = c(t) + Z; and
dR; = ('(t) — BZy) dt + pr/Ry dW,
= (b(t) — BRy) dt + pr/Ry dW,.
Notice that A(0) = A’(0) = 1 by the Riccati equation and b(t) = ¢/(t) 4+ Be(t).



ON GEOMETRY OF THE TERM STRUCTURE 33

This formula closes the circle with the classical Hull-White extension of the
CIR-model:

Apwerr(t,x) = FUI () (z) — c(t)N (z)
Buwcir = Berr = N
dRy = (b(t) — BRy) dt + p\/Re dW;
r¢ = Agwcrr(t) + Bawcorr Ry

b(t) = Be(t) + %c(t)

c(t) =r"(t) + p2/0 c(s)(AN)(t — s) ds.

Again this is a geometrical construction of solutions of time-dependent Riccati
equations.

6.3. Fitting procedures as leaves of foliations. A popular forward curve-fitting
method is the Svensson [31] family

—Z5T —Z5 zZ6T

Gg(x,2) = 21 + 20€ + z3we + zawe”

It is shown in [10] that the only non-trivial interest rate model that is consistent
with the Svensson family is of the form

T = Ztlgl 4o+ ng4, (6.4)

where

[e %4 ax

a(z)=1, go(x) =€ gs(x)=ze"*, gu(x)=2ae ",
for some fixed a > 0. Moreover,
Zt =275, Z}=Zie ™, Z}=Zje ' (Z5>0)
and Z? satisfies
dz} = (Z} + Z} — aZ}) dt +\/aZ} dW,. (6.5)

As above, W is a real-valued Brownian motion.

We now shall find a 2-dimensional local HIM model that is of the form (6.4)
whenever ry = Z?Zl zjg; with z4 > 0. In view of (6.5), a candidate for ¥ is given
on the half space U := {¢ > 0} by

%(h) = v al(h)gz,

where £ is some continuous linear functional on H with £(g1) = £(g2) = £(g3) = 0
and £(g4) = 1. Straightforward calculations show, for h € U N D(A*>),

=(h) = “-h o+ h)gs — )3
5, I(h) = —av/al(h)gs - %g

(the clue is that £ o ¥ = 0). Hence indeed the Lie algebra generated by ¥ and =
has dimension 2 on U N D(A>) \ 6.
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