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Summary. We discuss the limiting path measures of Markov processes with either a
mean field or a polaron type interaction of the paths. In the polaron type situation the
strength is decaying at large distances on the time axis, and so the interaction is of short
range in time. In contrast, in the mean field model, the interaction is weak, but of long
range in time. Donsker and Varadhan proved that for the partition functions, there is a
transition from the polaron type to the mean field interaction when passing to a limit by
letting the strength tend to zero while increasing the range. The discussion of the path
measures is more subtle. We treat the mean field case as an example of a differentiable
interaction and discuss the transition from the polaron type to the mean field interaction
for two instructive examples.
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1. Introduction

Let{ X, },>0 be a Markov process with Polish state spac&Ve assume that the sample
paths are in@'([0, c0), E), F) or (D([0, o), E), F), whereF denotes the corresponding
Borel o-algebra. LetV: E2 — R be a suitable function. A mean field interaction
between positions at different points of time, which has often been considered, is given
by the “Hamiltonian”

1 T T
Hr = —/ / V(X,, X))dsdt, T >0, (11)
T 0 0
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which introduces an interaction which is weak but of long range in time. With this
Hamiltonian, we can transform the original path mea&uod the process by defining

Pr(A) = E[l4expHr)/Zr, AcF, (L2)

whereZ; = E[exp(H7)]. In contrast to this long-range but weak interaction, there is
a model with a strong but short-range (with respect to time) interaction, which we call
polaron type interaction, given by the Hamiltonian

1 T T
Hyr = 5/ / e sty (X,, X)) dsdt, o, T >0, (13)
0 0

and the corresponding transformed path measure
B..r(A) = E[14 expHo 1)/ Zar . A€ F, (14)
whereZ, r = E[exp(H.,r)]. The aim of this paper is to describe and compare

im P, and  lmlim B, 7, (1.5)

T—o0 al0T—oo

provided that these limits exist.
Under some technical conditions, one knows that

1 1 ~
lim lim =logZ,r= lim =logZr= sup (V(u,p)—J : 1.6
al0T—oo T g T T—oo T g T MGMEE)( ('u 'u) (H)) ( )

where M (E) denotes the probability measures Bnthe abbreviatio/ (1., v) stands

for the integral oft” with respect tqu @ v for u, v € My(F), and.J, defined in (2.3), is

the Donsker-Varadhan rate function which governs the large deviations of the empirical
process. Equation (1.6) has been proved by Donsker and Varadhan [6] foothielr™
polaron, where{ X; };>¢ is the Brownian motion iR® and V' (z,y) = |z — y|~* for

z,y € R®with = # y is the Coulomb potential. Recently, (1.6) has been generalized in
[14] and [15].

An investigation of the limiting mean field path measure with a Hamiltonian, which
is more general than (1.1), has been done for discrete-time Markov processes in [2] and
[20], and for (possibly non-symmetric) continuous-time Markov processes it is given
in Section 2 below. The case of a symmetric continuous-time Markov process with a
Hamiltonian given by (1.1) has already been treated in [12], and, with more general
Hamiltonians having at leagt?-regularity, corresponding results have recently been
obtained in [13]. A discussion of the limiting polaron path measure is given in [22] and
[23], partially on a heuristic level.

Let us summarize our results about the mean field model contained in Section 2. We
consider a uniformly mixing Markov process on a compact state spaageal-valued
continuous functio® on M1(F), which is differentiable in a suitable sense (Condition
2.12), and define a Hamiltonian byy = TW(Lr), whereLr is the empirical distri-
bution of the proces$X,}:>o up to timeT'. The Hamiltonian in (1.1) corresponds to
U(p) = V(p,p) for p € My(E), see Example 2.15. In Theorem 2.20 we show that
{Pr}r>0 is relatively compact in the weak topology @s— oo and that each accu-
mulation pointP is a mixture of homogeneous Markovian path meas{@$},.c x,, .
where Ky is the set of allu € M1(F) which maximizeZ — J. In particular, for the
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Hamiltonian given by (1.1), the sé&fy consists of all solutions of the variational prob-
lem in (1.6) and we obtain a characterization of the first limit in (1.5). Fa Ky,
the measuré* is given in terms ot (1) and the derivative o? at . If additional
symmetry assumptions are satisfied, then Theorem 2.32 shov{@gh]abo converges
weakly to a specified mixture dfQ#} ek, asT — oc.

Given the first equality in (1.6), one could expect that for lafgand smallo the
measuréP .~ should be close t&#r. There is, however, a somewhat subtle boundary
effect for the measuré@ — atthe starting point. This boundary effect shows up because
the Hamiltonianin (1.3) is not defined in terms of translations of paths which are periodic
continuations of the paths in [@]. Such periodic paths are used in [5] to treat process-
level large deviations.

We conjecture that, quite generally, the limits in (1.5) are different and that

I m or = Jm 0. an

Let us give, on a heuristic level, a description of the right-hand side of (1.7) and explain,
why we expect this equality to hold. We are not yet able to prove (1.7) in any generality,
especially not for the Ftlich polaron, but we discuss two instructive examples in
Sections 3 and 4.

The crucial p0|nt is that the right-hand side in (1.7) is a mean field type limit
which, however, is more delicate to handle than the |ImII{E§~}T>0 asT — oo.
To show this, let us compare the limit behaviour of the partition funct{dfis} o and
{Za,Rr/a o, r>0. After the time transformations+— s/a andt — t/«, the latter ones
are given by

1 R (R e
ZQ,R/azE{exp(%/o /0 e | tV(XS/a,Xt/a)dsdt)]. (1.8)

One should remark that, for fixeld > 0, the limit of {Z, /o }a>0 @sa | 0is a mean

field type limit. To see this, divide the time interval [®] into small intervals such that

e~ Is—tlis approximately constant fo (¢) in rectangles formed by these intervals. Then
the restriction of the integration in (1.8) to such rectangles is essentially just a mean field
type expression. Patching things together, one gets, under appropriate conditions,

I|m alogZ, r/a (2.9)

‘S“p<zR/ / e ls t'V(uRS,uRt)dsdt——/ J(MRt)dt)

wherepur runs over an appropriate space of functions which magJnto M;(F),
compare [3, Exercise 4.2.70].

We expect that the limit o{IPa R/ata>0fOr a | Ois related to the solutions of the
variational problem in (1.9) in a similar way as the limit {jPT}T>0 forT — ocis
related to the solutions of the variational problem in (1.6). Although the solutions of the
variational problem in (1.9) are in general not constant in time, the lin{iPofz / } o>0
asa | 0 should be a mixture of homogeneous Markov processes, because, due to the
transformations leading to (1.8), the inhomogeneity of these solutions is on the time scale
1/«. However, it turns out that, for the description of the Markov processes appearing in
this mixture, the inhomogeneity of the solutions of the variational problem is important.
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It is reasonable to expect that, Bs— oo, the right-hand side of (1.9) approaches
the right-hand side of (1.6) and the solutiops:(;):c[0, 7] Of the variational problem in
(1.9) converge to the corresponding solutions of the mean field variational problem in
(1.6) fort around the center of the interval,[B]. The above mentioned boundary effect
shows up because this convergence does not take placeéar the boundary of the
time interval [Q R] as R — oo. This behaviour originates from the factor/@)e s~
in (1.9), which, fort € {0, R}, gives less than/2 when integrated over [R] instead
of converging to 1 a®? — oo.

If (1.7) is true, then one has a characterization of the iterated limit in (1.5). Equality
in (1.7) would follow if one can prove tha, r is close tdP, r/, for large R uniformly
inT" > R/a. To achieve this, one actually needs quite precise information about the
solutions of the variational problem in (1.9); to prove the uniformit{in> R/«, one
has to determine and control the limiting behaviour of these solutions in terms of an
added condition fop.r r asR — oo, see Section 3 for details.

As already mentioned, we are far away from proving (1.7) and characterizing the
iterated limit in (1.5) in a general setting, but the two examples in Sections 3 and 4 fully
confirm the picture presented above. We actually do not prove (1.7) for these examples,
but (1.7) is our guide for identifying the iterated limit in (1.5).

The first model, treated in Section 3, is a symmetric Markovian jump process on
E =10, 1} with exponential waiting times of expectation one and an interaction function
V which is given byV'(1,0) = V(0,1) = 0 andV(0,0) = V(1,1) = 7, wherer € R
denotes a strength parameter. We determine the limiting path measures in (1.5) explicitly.
If < 1, then they are equal ®. If = > 1, then the limiting measures in (1.5) are
different but they are both mixtures of asymmetric Markovian jump processes. It turns
out that the second limiting measure in (1.5) corresponds to the first one with an adjusted
strength parameter, namety="(7 + 1/7)/2.

The second model, treated in Section 4, is the one-dimensional Brownian motion
with V(z,y) = 7%(x — y)?/4 for z,y € R and a strength parameter > 0. Since
Brownian motion is not sufficiently mixing, the results of Section 2 are not applicable.
Becausé/ is quadratic, everything is in the realm of Gaussian processes and we can
determine the limits in (1.5) explicitly by investigating the corresponding covariances.
It turns out that the limits in (1.5) exist, that they are different, and that they are both
mixtures of Ornstein-Uhlenbeck processes with a normally distributed random center.
Similar to the result in Section 3, the second limiting measure in (1.5) corresponds to
the first one with an adjusted strength parameter, namely /v/2.

2. Convergence of Path Measures in a Mean Field Model

Let £ be a compact metric space with Boeehlgebral. If I is a non-empty subset of
R, thenC(E, I) denotes the set of allvalued continuous functions on E a6{F) is
an abbreviation fo€'(E, R). We write||-|| for the supremum norm. Le¥t;(F) be the
set of all probability measures o’(£). Note thatM;(FE) with the Prohorov metric,
which induces the weak topology [10, Chap. 3, Theorem 3.1], is a compact metric space
[10, Chap. 3, Theorem 1.7 and 2.2]. LB{(M(FE)) denote the corresponding Borel
o-algebra.

Consider the path spade = D([0, c0), E) and, for eacht € [0, 00), define the
evaluation mapX;: 2 — FE by X;(w) = w(t). Let F be theos-algebra on? generated
by { X }+>0. Note that(2 with the metric given by [10, Chap. 3, (5.2)] is a Polish space
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[10, Chap. 3, Theorem 5.6] and thatcoincides with the Boref-algebra generated by
this metric [10, Chap. 3, Proposition 7.1]. Foe> 0O let F; denote the sulb~algebra
generated by X }scpo.4-

We consider arf-measurable famil{P, }.cr of time-homogeneous Markovian
probability measures o4, F) with P,(Xo = z) = 1 forallz € E. Let{P,};>o denote
the corresponding semigroup of stochastic transition kernels as well as the semigroup
of bounded linear operators @i(F). We assume:

Condition 2.1 There exists § P, },>o-invariant probability measure € M (£) with
supp{) = E and, for eacht > 0, there exists a jointly continuous transition density
pe € C(E?, (0, o)) of P, with respect tar.

Since suppft) = E, the continuous transition densities are unique. As an abbreviation
definec, = || max{p:, 1/p: }|| = exp(| logp.||) for all ¢ > 0. Note that{ P, },>¢ is Feller
continuous by Condition 2.1. Fer> 0 the empirical distribution process of the position
process aftet is defined by

1 T
2 (1,00) 3 (@0, T) = Lip() = o / Sxowdu € My(E).  (22)
t

If ¢ = 0, then we writeLr instead ofLg r. The right-continuity of the paths i
implies that P,(x, -) converges weakly té, ast | O, for everyx € E. Therefore,
the operator semigrouf?; } >0 is strongly continuous [25, p. 115]. Lét denote the
corresponding (strong) generator with dom@i(L) and define the position level rate
functionJ : M1(F) — [0, oc] by

J(u) = sup{ _ /E % dy ‘ ¢ € D(L) N C(E, [1, x0)) } . (2.3)

Examination of [3, pp. 123-126] shows that this definition coincides wijghn [3].
According to [3, Theorem 4.2.43], the measuf@& L' | T > 0, z € F} satisfy a
uniform full large deviation principle with the rate functioh

Forp € My(F), letP, € M,(£2) denote the path measure with starting distribution
1, henceP, (4) = [, P.(A) u(dx) for all A € F. In particularPs, = IP,. We denote the
expectation with respect ), or P, by E,, andE,, respectively.

Giveny € C(E), define the semigroup of transition kern¢B?” },~¢ by

Pf(x,A)=E, {exp(/t o(X4) du) 1A(Xt)} , reFE, Ac&t>0 (24)
0

The corresponding semigroup of bounded linear operator€'@r) is denoted by
{Pf?}:>0, too. The logarithmic spectral radius Bf, given by

.1
A¥ = tllm 7 log | P ||op (2.5)

satisfies A%?| < ||¢||. If t > 0, then exp(l¥t) is the spectral radius aP,”. Using [3,
Exercise 2.1.15, (4.2.21), and Corollary 4.2.27], it follows that

A% =sup{ (o, ) — J (1) | p € Mu(E) }, (2.6)

where(p, 1) denotes the integral of with respect tq.. Let||-||, denote the usual norm
on LP(x).
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Lemma 2.7 Lety € C(E) be given.

(a) For eacht > 0, there exists a transition densipf € C(E?, (0, 00)) of P? with
respect tor satisfying|| logp?|| < ||lellt +logc;.

(b) There exists a unique functidr € C(F, (0, o)) which satisfieg|h¥||, = 1 and
PPhe = e the forall t > 0.

(c) There exists af-measurable sefQ? } .« g of time-homogeneous Markovian prob-
ability measures o2, F) such that, foralke € E,¢t > 0,and A € F;,

—Awt t
Q) = B Laep( [ e )iF()| . @8)
he(z) ) 0
(d) Transition densities of Q7)) X, 11,0 with respect tar are given by
— A%t
6t (@9) = 5ot @uh?), ey e Bt >0 (2.9)

(e) There exists a uniqugQ? X, *};>o-invariant distributiony € My(E).
(f) There exists a uniqu&® € C(E, (0, 00)) such thatdu? /dr = h¥1¥.

(9) [logh?|| < 2||¢|| +loges and|[log || < 4]/¢| +logci.

(h) For everyC > Othere exist, C’ > 0 such that, for allt > 1,

sup supllgf(z,) — I?h?|| < C'e" .
¢illgl<CzeB

Remark 2.10 From Lemma 2.7(b) we see that is the ||-||.-normalized, positive
eigenfunction associated with the principle eigenvalife of the (strong) generator
L+ of {P/}i>0. If wis {P:}+>o0-reversing [3, p. 128], thelf = h¥.

Remark 2.11 The transition densitie§g;” }+~o in part (d) of Lemma 2.7 are the Doob
h#-transforms of{e2“*p?'}4~0, and the corresponding measufé€d’ .z on (12, F)
describe thé*-path process [8, Section 2.VI.13].

The proof of Lemma 2.7 is given after Theorem 2.20. We consider a real-valued
function? on M1(F) which satisfies the following condition. Note that this condition
determinesD¥ only up to a constant but that this constant does not entepigiven
by (2.18).

Condition 2.12 Let the function? : M1(F) — R be continuous and differentiable in
the sense that there exists a continuous m&p M1(E) — C(F) such that the map
R: (0,1] x (M1(F))?> — R, defined by

Ra(u,v) = 5 (A~ N+ M) — 0G0~ MDP(), v~ ) (213)

forall A € (0,1] andu, v € M3(F), is bounded and satisfies

lim sup |Rx(u,v) =0 (214)
MO pemy(E)

for eachv € M1(F).

Example 2.15 Given anyV € C(E?), define the quadratic functiond by () =
(V,u®?) for all p € M;y(E). Without loss of generality we may assume thais
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given by a symmetrid’. To prove that/ is continuous, note thdt is bounded and
uniformly continuous on the compact g6t. Hence, given any > 0, there exist, € N
andzxy,...,z, € E such that the: balls in C'(E) with centersV (z1,),...,V(xy,)
and radiuss cover{V(z,:) | = € E}. Hence, if|(V(z;,-),n — v)| < ¢ for all
je{l,...,n}, then|(V(z,-),p —v)| < 3cforallz € E and|¥(u) — ¥(v)| < 6e.
Using the same argument, the continuity/e¥, given by DY (u)(z) = 2(V (z, ), u),
follows. SinceRy(u,v) = MV, (u — v)®2) for all A € (0,1] andu,v € My(E),
Condition 2.12 holds fow.

We fix a starting distributiomn € M;(F). For every functionp € C(F) define
m?¥ € My(F) andQ¥ € M;(f2),forall A € FandB € &, by

_ (1h*,m) _
rmD(B)_5’;“0—%> and Q¥(A) = /E Q?(A) m*(dz) . (2.16)
Let
Ky ={ne MyE) | ()~ J() = sup (@()— J() } . (2.17)
VGM]_(E)

For eachy, € M (F) definep* € C(F) by

@' = D¥(u) + ¥ (u) — (D (), 1) - (2.18)

To simplify the notation, we replace the supersctifitby L.
Let P € My(2) be the path measure with starting distributian Similar to (1.2)
we define the transformed path measyt®s } r~o C M1(£2) by

Pr(A) = E[1 4 exp0¥ (L) /Zr, A€ F,T>0, (219)

whereZr = E[exp(I'?(Lr))]. The main result of this section is the following theorem;
for further results about the mixtue see Theorem 2.32.

Theorem 2.20 The setKy is non-empty and compaq@T}T>o is relatively compact
in the weak topology omm1(£2) asT — oo, and for each accumulation poifitthere
existsy' € M;(Ky) such that

P(A)= [ QYA)D(dp), AeF.
Ky

Proof of Lemma 2.7@) SinceP/(z, -) < m by Condition 2.1, we can defing (x, -) =
dPf (z,-)/dm for eachr € F andt > 0. Fors, ¢t > 0 with 2s < ¢ define

P (. y) = / Py, 7) / P8 o G s () 7@ 7(dF) . wvy € E.
E E

Thenp?, € C(E?,(0, >)) by Condition 2.1. Furthermore,

|Pf(z, A) — (PsPY 5, Ps)(x, A)| < e =2ellelell — 1)r(4)
for eachA € £ andx € E, hence

SUEHPf(% ) =L@, )| < creleli(ellel — 1)
xe
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whenever 0< 2s < t. Since suppf) = £ by Condition 2.1, we may and will assume
thatp? € C(E?, (0, c0)) for all t > 0. The estimate fop? follows from Condition 2.1
and the definition of?;”.

(b) Sincep! € C(E?, (0, 00)), it follows that P, is a compact (compare [17, VI.5]),
strictly positive [19, Def. 11.2.4], and irreducible [19, p. 186] operator@{¥F). The
logarithmic spectral radius of €”*P? is 0, hence 1 is in the spectrum of & Py
[19, Proposition V.4.1] and therefore a pole of the resolvent [9, Theorem V.5.2]. By
[19, Theorem V.5.2 and its corollary], there exists a unigfies C(E, (0, o0)) which
satisfies|h?||, = 1 andhf = e A7t Pfhf. Defineh? = h{. Since{Pf};>0 is a
semigroup,P,h¥ = erthe for all rationalt in [0, ). Using the right-continuity of
the paths in2 and the dominated convergence theorem, it follows t#gtf)(x) =
E.[exp{p, L+)) f(X:)] and converges t@g(x) ast | O for everyz € E andf € C(E).
Applying [25, proof on p. 115] tde~I#Ilt P¥},~ 0, it follows that{ P} ;> is strongly
continuous. Hence??h¥ = el’the forall t > 0.

(c) Givenz € E, it follows from (b) that (2.8) defines a probability measure on
(12, F,) for eacht > 0 and that these measures are consistent. Hence, they can be
uniquely extended to a measu@¥ on (2, F) [16, Chap. V, Theorem 4.2]. The other
properties of Q¥ } . g follow from those of{P, } .c k.

(d) follows from (a), (c), and the definition dt”.

(e) Let{Q7 }+>0 denote the semigroup of stochastic transition kernels corresponding
to {Q%}.cp in(c). According to [3, Exercise 4.1.48], there exists a uni@{feinvariant
pui € Ma(FE) for eacht > 0. Definep? = 1. The semigroup property dfQ; }>o0
implies thatu?Q;y = u? for all rational¢ in [0, 00). Since{P/}:>o is a strongly
continuous semigroup by the proof of (b), the semigroQy } .~ of linear operators on
C(F) is strongly continuous, too. Choosgt > 0 andf € C(F). Using [3, (4.1.50)],
there existn € N and a rational in (0, nt) such that|u?Q7, — uf|lvar < € and

n

1Q2: ./ — [l < e. SincenQ%, = 2 Q%, . itfollows that|(u?, f) — (u?, f)| < 2.
Using [1, Theorem 1.3], it follows that = p¥ for all ¢ > 0, henceu?Qf = ¥ for all
t>0.

(A Usingu? Q7 = u¥, (2.9), the continuity opy” andh ¥, and suppf) = E, itfollows
that there exists a uniqu&’ € C(E, (0, 00)) with f¥ = du? /dr. Definel¥ = f¥ /h?.

(g) Note thath? = e=4” PYh# by (b). Using the estimate fgrf in (a) as well as
|A?] < |l¢]|| and||h¥]|1 < ||h¥]|2 = 1, the estimate foh? follows. Note that*h¥ =
d(u¥QY)/dr by (e) and (f). Rewriting with (2.9), dividing by#, using|A?| < ||¢||
and the estimates f@# andh#, the estimate fot# follows.

(h) Choosep € C(F) with ||¢|| < C. Fors,t > 0 define

@
- inf % (z,y)

and s = —S =
YT L ver 1P (y)he(y)

)= sup

neEMy(E)

/ ¢z, ) plda) — 191
E

Note thata, € (0, 1]. If a5 < 1, then, for eacln € M1 (FE),

l

whereyi; € Mj(F) is given by

=(1-—ay)

Y

/ (5@, ) plda) — 19D
E

/ 0P, ) frs(dy) — 1907
E

1

fis(A) = 7 o

/ ( [ ) ptan) - aszw(y)h“’(y)) f(dy), AcE.
A E
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Therefore,f(s +t) < (1 — a) f(t) in both cases. Using (2.9), (a), (g), and the estimate
|A?| < |||, it follows thata; > exp(~8C)/cf and f(1) < 2c3 exp(6C). Hence, part
(h) follows. []

Lemma 2.21 Let M be the set of all functiong: 2 — R, which are bounded,
continuous, andF;-measurable for some > 0. ThenM is convergence determining
[10, p. 112] for the weak topology am(f2).

Proof. By [10, Chap. 3, Theorem 3.1], the set of all bounded? — R, which are
uniformly continuous with respect to the metrcgiven by [10, Chap. 3, (5.2)], is
convergence determining. We show tidtis dense in this set.

Given f as above, choose> 0. There exists > 1 such thatf(w) — f(©)| < e for
all w,& € 2 with d(w, ) < et Definer; : 2 — 2 by m(w)(u) = w(s A ) for all
t,u > 0 andw € £2. Note thaid(w, 7;(w)) < et by the definition ofd. If g: 2 — Ris
deflned byg(w) = f f(vrt(w)) dt, theng is bounded and measurable with respect
to Fs. Furthermore[ug f|| <e. leent > 0andw € {2, it follows from [10, Chap. 3,
(5.2), (5.3), and Proposition 5.2] that is continuous ab if ¢ is a continuity point ofv.
Sincew has at most countably many points of discontinuity [10, Chap. 3, Lemma 5.1],
it follows with the dominated convergence theorem thet continuous abr. [

Lemma 2.22
(a) The mapC(F) > ¢ — A% is continuous.
(b) The mapC(F) = ¢ — h¥ € C(F, (0, c0)) is continuous.
(c) The mapC(E) 3 ¢ — Q¥ € My(£2) is continuous.
(d) The mapC(F) 3 ¢ — 1¥ € C(F, (0, c0)) is continuous.
Proof. (a) If o, € C(E), then|A¥ — A¥| < ||¢ — v|| by (2.6).
(b) If p, v € C(E), then|Pf(x, A) — PY(z, A)| < ¢,ellvll(ele—¢ll — 1)r(A) for
allz € FandA € &£, hence

lpf — pi || <c etl\cp\l(etllcp Il _ 1) (2.23)
forallt > 0. Ift > 0 andy € C(F), then (2.9) shows that

o= { @ 9)af (y,2) _ i (@, y)pf (Y, 2) e (2.24)

©
gf (z,y,
¢ Q1+t(x Z) p1+t(xa Z)

Lemma 2.7(a) and (2.23) imply the continuity pf— ¢7. Defineg® in C(E3) by
g% (z,y,2) = ¢ (x,y). If C > 0, then Lemma 2.7(h) implies that

‘ Cle=¢t + (e e(1+t)

sup |lg7 — g%l < sup 4] (2.25)

— (Ve—e(ltt
e lell<C o:lell<C [¢he — C'e—c(l+)

for all sufficiently larget > 1. Since this estimate is uniform on bounded subsets of
C(F), itfollows by using Lemma 2.7(a), (9), (2.9), anti’| < ||¢|| and lettingt — oo,
that the mapy — ¢f is continuous. Since

(55 )eA‘P
i(z,)
by (2.9), it follows with (a) thatp — 1/h%® andy — h¥ are continuous.

(c) By part (b), the map — (h¥,m) is continuous. Using (a) and (b), it follows that
the mapp — (exp(—=A*t)E,[ f expt(p, Li))h?(X:)], m) is continuous for each> 0

x € E, (2.26)

1 _ [Ir%]2 _‘
he(z)  he(x)
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and each bounded, continuous, @dmeasurablg : {2 — R. Using (2.8), (2.16), and
Lemma 2.21, part (c) follows.
(d) If C > 0, then (2.9) and Lemma 2.7(g), (h) show that

— A%t

B =
h@(x)pt 0.

lim sup sup
b= prlpll<C xeE

(@,) — 1%

Since this limit is uniform on bounded subset4fF), part (d) follows from (a), (b),
and (2.23). [

Lemma 2.27 There exists a constamt/ > 1 such thatE,[exp(T¥(Lr1))] <
ME, [exp(T'¥(L7))] < M?E,[exp(T¥(Lr))] forall x,y € EandT > 1.

Proof. Let C' denote the common bound of the map# and R given by Condition
2.12. DefineM = ¢, exp(4”). Note that

T\W(Ly) —¥Y(Lyr+1)| = [{D¥(L1,7), L1 — L1, 7+41)
+ Ry /p(L1r, L1) — Ryyp (L1, L 7e1)| < 4C .

Using the Markov property and Condition 2.1, it follows that

E.[exp@%(Lr))] < €“E,[exp(T¥ (L1 7+1))]
= &', [Ex, [exp@¥(L7))]] < ME,[expT¥(Lr))]

andE,[exp(T'¥(Lr))] > M E, [exp¥(Lr))] forall z,y € E. [

By Condition 2.12 and Lemma 2.22(d), the map,(E) x E > (u,y) — *(y)
is continuous in each argument and therefore jointly measurable, For- 0 define
I't 7 € M1(My(F)) by

La= = [ [ re)expes + o) @ L@ ) (@29
Ct,r JEJA

forall A € B(M1(F)), wherec, - denotes the appropriate normalizing constant.

Proof of Theorem 2.2Mue to Condition 2.12 and [3, Theorem 4.2.43], the Mhap J
is upper semi-continuous. Therefo¥e— J attains its supremum on a closed subset of
the compact set;(E). Hence,Ky is non-empty and compact.

Condition 2.12 and (2.18) imply that the map— " is bounded. Take any> 0.
Using Lemma 2.7(g) an@1®| < ||¢|, it follows that there exists a constafit > O
such that|tA* + logl*|| < C for all u € M;(F). Since¥ is bounded and continuous
by Condition 2.12, it follows from the full large deviation principle f{)PL;l | T >
0, z € E'} and Varadhan's theorem (compare [3, Exercise 2.1.24] and [2, Lemma 4.4])
thatI; 7 (U°) — 0 asT — oo for everyt > 0 and every neighbourhodd C M;(F)
of Ky.

SinceM(E) is compact, the sdtl;  }r>1 is relatively compact for each> 0. By
the above paragraph, each accumulation poift @fr }r>1 asT” — oo is concentrated
onKy.

Let {7}, }.en be a strictly increasing sequence tending to infinity. By the preceeding
paragraph and a diagonal argument we may assume that, fok eath the sequence
{I'ry, 7, —1, }n>k CONVerges weakly to a measurg, in M1(M3(F)) asn — oo. Note
that I'r, (Ky) = 1. By choosing a further subsequence if necessary, we may assume
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that{I'r, }ren cOnverges weakly to a measufewith I'(Ky) = 1. Letf: 2 — [1,2]
be a continuous function, which j§,-measurable for some> 0. By Lemma 2.21, it
suffices to show that

Jm Brin= [ om) | fd@“F(du)/ | wrmyran . @29

If s<t<T,thenLy =(1—t/T)L 7 +(t/T)L: and, by (2.13) and (2.18),
TW(Lt) = ("7, Ly) + (T — )0 (Ly,7) + tRyyr(Lir, Le) . (2.30)
If Ac F, andB € B(M1(E)), then the Markov property fd implies that
E[1axs(, L) | Xt = y] = P(A| X} = )P, (Lr—¢ € B)

= [ ElaaCalt =@ )
My(E)
for PX; *-almost ally € E; therefore, by (2.30),

ELf exp"¥(L1))] = /E /M (E)E[f expl(e”, L) + tRy (1, Le))| X = ylpe(y)

x exp((l’ — O () B, L2, (dp) (dy) |

wherep; = d(PX;')/dr. Using (2.14) and the dominated convergence theorem, it
follows that

lim | sup [exp@R,r(u L)~ 1| | =0
7 LueMy(E)

for everyt > 0. Sinceu — " is bounded, it follows with Lemma 2.27 that, for each
t > s, there exisfe; v}~ C (0, 00) with e, 7 — 1 asT’" — oo such that

ELf exp(C¥(Lr))] = evr /E /M E[f exp(e”, L)|X: = ylpi(v)

1(E)
x exp((I’ — )W () Py L2 (dp) w(dy) -

By Lemma 2.7(c), (d), and (2.16),

q— (X5, y)
ht(y)lH(y)

for r-almost ally € E. Sinceu — ¢* is bounded, it follows with Lemma 2.7(g) and
(h) that there exist$z, };~s C (0, c0) with £, — 1 ast — oo such that

ELf expCW(Lr))] = 2015 /E /M . ( /Q fdQ“> ) ()
< EXPEA" + (T — () B, Lt (dp) w(dy)

ELf exp@{e”, L)) Xt = ylpe(y) = eA“tUL“,m)””(y)/Q f dQ*

Using (2.19) and (2.28), it follows that, fer< t < T,

Brlf] = € 1, /

M

(b, m) / F Q¥ Ty i(dp) / / (" m) Ty o(dps)
1uE) 2 My(E)
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where {&}};~, and {e; r}r~: have the same properties & }:-, and {e:,r}7>¢.
Condition 2.12 and Lemma 2.22(c) imply that the map-> Q* is continuous. Using
the assumptions abo{f’, } ,cn, equation (2.29) follows. [

Usually, it is difficult to determine Whethq@T}T>o converges ag§ — oo and, if
it converges, to which limit law. There is, however, a special case, where this limit can
be determined.

Let G be a compact and metrizable topological group. Then there exists a unique
normalized left-invariant Haar measwr§4, 14.1.5, 14.2.3], which is also right-invariant
[4, 14.3.3]. Let{T, }.cc be a collection of bijective transformations &fonto itself
suchthatthe ma@' x E > (a,z) — T,z is continuous and, T, =T, foralla,b € G.
If e denotes the neutral element Gf thenT, = idg, henceTa—1 = T,-1. For each
a € G defineT,: My(E) — My(E) by (T,u)(A) = (T, 1(A)) for all A € £ and
u € My(E). Note that7,, is continuous?7, 7, = 7., and7Z, 1 =7, _i forall a,b € G.
We assume:

Condition 2.31

(a) The function and the transition kernel§P, },>o are G-invariant, which means
that¥ = ¥ o 7, and Py(T,z, A) = Pi(z, T, 1(A)) forallt >0,z € E, A € &, and
a€ Q.

(b) There existss € Ky such that the mag’ > a — @(a) := Z,v is injective and
K@z{%l/‘aEG}.

Typical examples satisfying (a) are Brownian motion and suitable Markovian jump
processes on groups. Condition 2.31(b) is more restrictive and usually delicate to inves-
tigate. Of course, if{y contains just one measure, then Condition 2.31 is satisfied with
G ={e} andT, = idg. The next section contains an example Witk Z,.

Theorem 2.32 If the Conditions 2.1, 2.12, and 2.31 hold, then

lim Pr = /G Q7+ (hT+" \m) o(da) / /G (W72 m) o(da) . (2.33)

T—o0

Proof. Choosea € G arbitrarily. DefineT,: 2 — 2 by T,(w)(t) = T, X:(w) for
allt > 0andw € 2. ThenX; o T, = T, o X; and, since{P, };>o is T,-invariant,
Pr,. =B, T, foreache € E. By Condition 2.1, the measu®&n is { P, };>o-invariant
and the invariant measure is unique [3, Exercise 4.1.48], héhce= w. Since7, is
continuous and bijectivel o 7,1 is the rate function fof B, L,*7. % |z € E, T > 0}
[3, Lemma 2.1.4]. Sincdr o T, = T, o Ly andPy, L't = B,.L;'7.~* for each
T > 0, the uniqueness of the rate function [3, Lemma 2.1.1] impliesthat/ o 7,71,
henceJ = J o 7,. Choosep ¢ C(FE). ThenA® = A¢°Ta by (2.6). Sinceh¥ o T, =
expA2°Tag) PFTe(he o T,) for all t > 0 and||h? o T,||> = 1, Lemma 2.7(b) shows
thath#°Te = h? o T,. SinceQy, , = Q¢°=T,* for all z € E, the measurd, .#°"

is {Q( 1 X; 1~ o-invariant and Lemma 2.7(e) implies thague°Ta = p®. SinceT, ! =
T,—1 anddu?°ta /dr = (h®1¥) o T,, Lemma 2.7(f) implies that*°Ta = (¥ o T,,.
Since¥ =V o 7, by assumption7, i € Ky for eachy € Ky. SinceDV is (up to
a constant) uniquely determined by (2.13) and (2.14), it follows Ith&{7, 1) (T, x) —
D (p)(x) is constant and, by (2.1837¢# o T, = o for all n € M4(E). Therefore,
ATak = A# andiZat o T, = I*. Finally, I, 77,71 = I, r forall T > ¢ > 0. Since7Z, is
continuous/'7,~! = I" for the limit I" in the proof of Theorem 2.20.
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SinceG x E 3 (a,z) — Tyx is continuous@ is continuous, too. By Condition
2.31(b), the mag is injective. Therefore, iy denotes the Boret-algebra ofG, then
P(A) € B(My(F)) for every A € G by Kuratowski’'s theorem [16, Chap. I, Corollary
3.3]. Sincel'(Ky) = 1 by the proof of Theorem 2.20 andy = @(G) by Condition
2.31(b), the measure € M;(G) with 6(A) = I'(®(A)) for all A € G is well-defined.
Sinced(a=1b) = T,-10(b), T,-1 =7, 1, andl'7, 1 = I"foralla,b € G, it follows that

G(a~tA) = Id(a™A) = I(T,1P(A)) = I'T, H(D(A)) = T(D(A)) = 5(A)

forall A € G. Thereforeg = 6 and the theorem follows from (2.29)[]

3. Convergence of Path Measures Arising from a Jump Process

Let { X, },>0 denote a symmetric jump process BrF {0, 1} with exponential holding
times of expectation one. We denote By the law of the process on the Path space

2 = D([0, 00), {0, 1}) which starts inz € {0, 1}. Fort > 0 definel, = (1/t) [, X ds.

Since the measures ifv11({0, 1}) can be parametrized by, = pé1 + (1 — p)do for

p € [0, 1], the empirical distributiorL;, defined after (2.2), is given by, for ¢t > 0.

The random variable§l; } ;- satisfy a uniform large deviation principle [3, Theorem
4.2.43]. The corresponding rate functidn R — [0, oc] can either be calculated via
(2.3) or, since the generator of the jump process is symmetric, via [3, Theorem 4.2.58
and (4.2.49)]. Both ways show that

J(p):{l—zx/m if p € [0, 1],
> if pe R\[0,1].

Fixaconstant € Rand define aninteraction functiéh: {0,1}2 — RbyV (x,y) =
7(zy + (L — 2)(1 — y)) for x,y € {0,1}. As in Example 2.15 definé (i) = (V, u®2).
Then¥ (u,) = 7(p? + (1 — p)?) for p € [0, 1] andHy = T¥ (). We choosen = & as
starting distribution, hencl = Py. R R

The transformed probability measut@s andlF,, r corresponding td are defined
by (1.2) and (1.4), respectively. Then the right-hand side of (1.6) is given {ylsip ) —
J(p) | p €[0,1]}. If 7 < 1, then the supremum is attained only for 1/2. If 7 > 1,
then there are exactly two maximagat = (1 + /1 — 1/72)/2.

Compared to the situation considered in [6], it would be easy to prove (1.6) in the
present setting, but we do not need (1.6) explicitly.

For~ > 0 letQ” be the path measure of a jump procesg@ri} starting in O with

generator
I = (Lg,o Lg,l) - ( -y 0% )
Lz,o Lll /)y =1/v/ 7

and define the mixture

1 Q" + i QY .

PY =
1+y 1+y

Theorem 3.1 Define

if <1, if - <1,

_J1 =7
’Y(T)—{T+m ifr>1 and T_{(T+1/T)/2 if 7> 1.
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Then
lim Pr=p™ (3.2)
and
lim lim B, =P . (3.3)
al0T—oo

Remark 3.4 Givena > 0, we do not prove explicitly tha{rﬁa,T}Tw converges to a
limit asT — oo. Instead of (3.3) we prove that

lim limsup sup ro(®,r,P"P)=0, (3.5)
R—o0 al0 T>R/«

wherer, denotes the Prohorov metric gvi1((?2).

Proof of (3.2) If 7 < 1, thenKy = {u1/5} by (2.17). Example 2.15 and (2.18) give
DW(p1/2)(x) = T andp"V/2(x) = 7/2 forz € {0, 1}, hencep!t/2 — A*1/2 = 0 by (2.6).
Therefore,h/'1/2 from Lemma 2.7(b) is given bj*1/2(x) = 1, hencen''t/2 = ¢y and
QM2 =P by (2.16), and (3.2) follows from Theorem 2.20.

If = > 1, then we apply Theorem 2.32 as follows: Abbreviating by p., we
obtain Ky = {p+, u—}, and DV (ur)(z) = 2r(p+x + (1 — p+)(1 — x)) according to
Example 2.15. Using (2.18) and (2.6) and writipg. for o#+ and Ay for A#+, it
follows thatyi(z) = 7p+(2x — py) + 7(1 — pL)(2(1—z) — (L — py)) and AL =
04 +7(1—p1)? — 1+ 1/7. By the Feynman-Kac formula [18, Example 1V.22.11], the
semigroupg exp(—A+t) P, * }1>0 with P/* given by (2.4) have the generators

<%(O) _1Ai o 01 (1) —l/li - 1) - <_21pi —2ip¢>

with eigenvalues 0 and-27. The non-negative|-||,-normalized eigenfunction cor-
responding to O is given by#?+(0) = /2(1— p+) and h¥+(1) = /2p+. Since
he+(1)/h?£(0) = 2rpL = (1)1, it follows from (2.8) thatL(") and LY7(") are
the generators ofQ:* },c01y. [

We prove (3.5) only in the case> 1, the other one is simpler. Notice thgf) = 7
for all 7 > 1. We prove (3.5) essentially by the technique used in Section 2. There are,
however, additional difficulties. We proceed as outlined in the introduction starting with
(1.9), see Lemma 3.6 below. The crucial estimate is given in Lemma 3.11. It would not
be difficult to prove the existence of the limit&f r,, asa | 0, which appearsin (1.7).
We do not need the limit explicitely, therefore we only study the behaviour for small
and largeR. The uniformity stated in Lemma 3.11 is crucial for the interchange of the
limits in (1.7). Lemma 3.11 depends on analytic considerations in Lemma 3.13. Once
we have Lemma 3.11, the rest of the proof follows along the lines of Section 2.

For R > 0 defineCr = { f € C([0, R],R) | f(0) = 0}, which is a Banach space
with respect to the supremum norm. LBf; denote the set of all Borel measurable
functions from [0 R] to [0,1]. Fora, R > O define the magl, r: 2 — Cgr by
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L. r(t) = tl, forall t € [0, R]. Note that the random variablg, r takes values in
the setGr = {f € Cr | 0 < f(t) — f(s) <t —sforalls,t € [0,R]with s < ¢},
which is compact by Ascoli's theorem. f € Gy, then we denote by’ € By the
density with respect to Lebesgue measure.

Fora, R > 0 andzx,y € {0, 1} define the probability measu@ onGpr by

Qu'r =B LR | Xr/a =y) -

Lemma 3.6 If z,y € {0,1} and R > O, then the measureX);, % }o>o satisfy a large
deviation principle orgr with the good rate function

R
Tn(f) = /0 IO de ., feGn

inthe sense dB], i. e. the rate functiot'r is convex{ f € Ggr | Jr(f) < r } iscompact
for eachr € R, and

— inf Jgr(f) <liminf alog Q> % (A) < limsupalogQl % (A) < — inf Jgr(f)
° al0 ’ «l0 ’ feA

feA

(3.7)
for each Borel subset of Gi. Here the interiorA° and the closured of A are taken
with respect to the relative topology ©i%.

Proof. For the measuré&ﬁa =+ @ > 0, the function space large deviation principle on

C, follows from [3, Exercise 4.2.70] with the good rate functigp: Cr — [0, o]
given by

- RE [f@"kR) - f2 (k- 1)R)
Jr(f)= lim =2 > J( B ) . (3.8)
k=1
If f € Cr\Gr, thenthere exists, € {1,...,2"} for all sufficiently largen € N such
that the corresponding term in (3.8) is infinite, hengg f) = oo. If f € Gg, then [7,
VI1.8] and the dominated convergence theorem show &) = Jr(f).

To prove (3.7), firstnote that limo P (X z /o = y) = 1/2. The upper estimate in (3.7)
then follows fromP, (L, r € A XR/a =y) < P,(Lo.r € A) and the correspondlng
estimate for the measure{ﬁ” L, R}a>0 To show the lower estimate in (3.7), ldt
be an open subset @fr ande € (O, R). Let A. denote the set of alf € Gr_-
such that there exist € A satisfying f|jo,.r—s = ¢g and distf,Gr \ A) > €. Since
{f€Gr| flo,r—e € Ac } C Aand sinceC, r takes values i@y, it follows by using
the Markov property that

]P)CB(LQ,R € AvXR/a = y) > ]P):B(Ea,Rfs € AavXR/a = y)
> chc;lR_g(Aa) mln{ IED()()(s/oz = y), Pl(Xs/a = y) } .
SinceA. is an open subset ¢f;_ ., there exists an open subggt of Cr_. such that

A. = B. N Gr—_.. Using the lower estimate fdf, (L, r—- € B:) asa | O, it only
remains to show that

f f (g) < f .
i 21, e = JO0 TR >



16 E. Bolthausen, J.-D. Deuschel, and U. Schmock

Take anyf € A and definee = min{ R, dist(f,Gr \ A)}/2. SinceA is openg > 0. If
g := flo.r—e, theng € A andJz_.(g9) < Jr(f), hence (3.9) holds.[]

To prepare the application of Varadhan’s theorem, define, for éach 0, the
mappingyr: Br — Randgr: Gr — R by

R R
gr(6) = /0 eto(dt  and  gp(f)=e Rf(R) + /0 e f(1) dt

for all € Br andf € Gg. Extend the interaction functioW to [0, co)? by defining
V(z,y) = 7(xy+(1—2x)(1—y))forallz,y € [0, c0). Furthermore, definr : [-1, 1] x
Bgr — RandFR: [—1,1] X GRr —>Rby

R (R R
Frlo.0)=5 [ [ eIV o0y dsdro [ e o0y a

and
Frle,f) = 51%(R) + 5(R — [(R)* +Tof(R) - Fr(e, f)

T R
o5 [ A0 ror) a

R
— 7 [ e TR+ R = 1R~ 1))
forall p € [-1,1], ¢ € Bgr, andf € Gg. Integration by parts shows that

gr(f)=gr(f) and  Fr(o, f) = Frlo, f') (3.10)

forall o € [-1,1] andf € Ggr. Note thatjr and F'r are continuous.
Forz € {0,1} let Py - be the transformed path measure arising fignvia (1.4).

Foré > 0definels = (£o—6, Co+6)U(E1— 6, £1+6), wheresy = 1/(272) andéy = 1—&.
Lemma3.11 If 6 > Oandz € {0, 1}, then

lim sup P?;(Ya.r ¢ Us)=0 (312)
al0r>R/a

for all sufficiently largeR, whereY,, r = fOR e "Xy dt.
Proof Givena, R > 0, defineX*: (2 — Bp by X*(t) = Xi/q forallt € [0, R].
If 7> R/, then
_ T —R 1 a,R
Hor=Huorjam + EZO(l —e )+ EFR(Zl — Zo, X*T)

whereH,, (r/. 1) is given by (1.3) but with integration oveR]/«, T and

aT aT
Zy = / e "X, ndt and  Zo= / e (L - Xyp0)dt .
R R
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Using (3.10), it follows that

Em[exp(Ha,T); Ya,R ¢ U&]
=K, [exp(Hm[R/mﬂ +a trZo(1—e "))

x E, [eXp(oz—lﬁR(Zl - Zo,ﬁmR)); Gr(La.r) ¢ Us ‘ _7:R/a” ,

where FF/ is thes-algebra generated BYX: }+>r/o- Since a similar formula holds
for E,[exp(H.,r)], we obtain the estimate

P? 1 (Ya,r ¢ Us)

< sup E.[exp(a " Fr(o, La,R)); Gr(La,r) & Us | Xp/a =y .

0€[-11] E.[exp(a=1Fr(0, La,R)) | XR/a = V]
yE{O,l}

SinceFr(, f): [-1,1] — R is increasing for every € Gp, it follows that

_ Sz,  EXPa™ Fr((k + 1)/n, ) dQ3 %
Pyr (Ya,R ¢ Ué) < ke{—TaXn—l} f exp(orlF (k/n )) dQ™ )
s Jon e

for everyn € N, whereGs r ={ f € Gr | gr(f) ¢ Us }.

For eachp € [—1, 1] the functionFr(o,-): Gr — R is continuous. Hence, it is
bounded on the compact s and an analogue of [3, (2.1.9)] holds. Singg is
continuous(=s r is closed. Therefore, Lemma 3.6 and a version of Varadhan'’s theorem
[3, Exercise 2.1.24(i)] imply that, for everyc [—1, 1],

lim supa log exp(a*Fr(o,") dQu': < sup (Frlo, f) — Jr(f)) -

a0 Gs R f€Gs R

Analogously, by [3, Lemma 2.1.7], it follows that

lim inf o log exp(a” " Fr(o, ") dQu': > r(0) := sup (Frle, f) — Jr(f)) -

Or fEGR

The last three estimates together imply that

) 1 ~
limsup=1log sup By, (Yar ¢ Us)
a0 « T>R/« ’

< lim sup (F(min{1, 0+ 1/n}, f) — Jr(f) — r(0))
0 (0, /)El-11xGs R

= swp (F(o, )~ Jr(f) — K(0)) ,

(Q?f)e[_l’l]XGé,R

where the last equality follows from the uniform continuity Bf; on the compact
set [-1,1] x Gg. Furthermore, the uniform continuity of; implies that the map
[—1,1] 3 0 — &(p) is continuous, too. Hencelr : [-1,1] x Gr — (—o0, 0], defined
by Ar(o, f) = Fr(o, f)— Jr(f) — x(0), is upper semi-continuous and, therefore, attains



18 E. Bolthausen, J.-D. Deuschel, and U. Schmock

its supremum on the compact setl], 1] x G5 . To prove the lemma, it suffices to show
that

{(0, /) € [-1,1] x Gr | Ar(o, f) = 0andgr(f) ¢ Us } =0
for all sufficiently largeR. Using (3.10), this follows from the next lemmal. ]
DefineAr: [-1,1] x B — (—o0, 0] by

R - R -
A0, 9) = Frlo, 6) — /o J((0) di — sup (FR(Q,@— / J(¢(t»dt).

¢E€BR 0

Lemma 3.13 For eaché > 0O there existd?s > 0 such that, for allR > R,

{(0.¢) € [-1,1] x Br | Ar(o,9) =0andgr(¢) ¢ Us} =0 .

Proof. Definez, = 7 — 1/7. Sincer > 1, it follows thatz, > 0. SinceUs C Us
for 0 < &’ < 4, it suffices to prove the lemma fér € (0, z.]. Definec: R — R by
c(x) = —4(r? — 7v4 + 22+ 1). Note that: is even and strictly increasing on, &) with
c(0) = —4(r — 1)? andc(z,) = 0. DefineRs > 0 by

R —max{lo E T 4r 2( 27 —1)1+1}
5 95 71 Va9 \2r —v=a@. =9 '

Fix R € (Rs,00). Suppose that € [—1,1] and¢ € By satisfyAr(o, ¢) = 0, which is
equivalent to saying that ; attains its maximal value ap(¢). To prove the lemma, it
suffices to show thajr () € Us.
Definep® = 1/2 4+ /72/(1 + 4r2) and¢*(t) = p~ V (p* A ¢(t)) forall t € [0, R].
Since
2p—1

i@ -1

it follows that J(p) — J(p~) > 4r|p — p~| forall p € [0,p~] and J(p) — J(p*) >
4r|p — p*| for all p € [p*, 1]. Since|Fr(o, 1) — Fr(e, ¢2)| < 37([¢1 — ¢2| 1 for

all ¢1,¢2 € Bg, it follows that Ar(e, ¢*) — Ar(e,¢) > 7||¢* — ¢|| 1. Since g, ¢)
maximizesAg, we therefore may assume tht) < [p—, p*] for all ¢ € [0, R].

For eachp € By the function &p—,p~) > € — Ag(o, ¢ +e¢) attains its maximum
ate = 0. Considering the derivatives, we see thaatisfies

J'(p) =2 p<(0,1),

R
T / (2¢(s) — 1)e =t ds + 7o B0 — J'(4(t)) = 0 (314)
0

foralmostallt € [0, R]. Definey = J' o¢. Theng(t) = (g(1/(t))+1)/2foralltin [0, R],
where the bounded functiopn € C>°(R) is given byg(z) = (4 + 2%)~/2. Equation
(3.14) implies that

R
() = Toe” B + 1 / g((s))e*"t ds (3.15)
0

for almost allt € [0, R]. Since the right-hand side of (3.15) is continuous, we may
assume that) is continuous and that (3.15) holds for alke [0, R]. It then follows
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that ¢ and ¢ are in C*°([0, R], R). Hence, (3.14) holds fot = 0 and shows that
gr(®) = ((0) +7)/(27) — (1 + o)e~ /2. If we can prove that

[9(0) — z.| < 6 or |(0) +z.| < 6, (3.16)

thenmin{ |gr(¢)—&1l, |gr(P)—Eol } < 6/(27)+e < §,becaus& > Rs > log(2/6).
This means thajr(¢) € Us. Therefore, it remains to prove (3.16).

If a,b €[0,1/2) ora,b € (1/2,1], thena(1 —b) + (L — a)b < ab+ (1 — a)(1 — b).
Furthermore, note thaf(a) = J(1 — a) for all a € [0, 1]. If there weres,t € [0, R]
with ¢(s) < 1/2 andé(t) > 1/2, thenFr(0,¢) < Fgr(0,¢+) = Fr(0,$_), where
¢+ = max{o,1l — ¢} andp_ = min{¢p,1 — ¢}; hencedgr(o, ) < Agr(o, ¢+) if
o € [0,1], andARr(o, ¢) < Ar(o,¢-) if o € [—1,0], which contradicts the choice of
(0, ¢). This proves that) > 1/2 if p € (0,1], thaty < 1/2 if p € [—1,0), and that
¢ — 1/2 does not change its signdf= 0. Sincep~ < ¢ < p*, as we proved above, it
follows that 0< ¢ < 47 if p € (0,1], that—47 < < 0if p € [—1,0), and that either
0<¢ <4ror—4r <y <0inthe case =0.

Computing the first and the second derivative of (3.15), we see/tieaa solution
of the boundary value problem

y'(t) = y@t) — 2rg(y(t)) , t<[0,R] (3.17)
y'(0) =y(0), (3.18)
y'(R) =210 — y(R) . (3.19)
Sincey solves (3.17) and (3.18), it follows that, for alE [0, R],
V(1) = (20 — VAR +ew(0). (3:20)

If ¢»(0) is given, then) is uniquely determined by (3.17) and (3.18).

If 4(0) = O, thenv is identically zero and (3.19) shows that= 0. Note that
¢ = 0 corresponds t@ = 1/2. According to the special choice gf the function
(—=1,1) > e — AR(0, ¢ +¢/2) attains its maximum at = 0, hence, since = 1/2,

2
0> L An0.0+e/2|_=(r-DR-r(1-e "),
which is impossible becauge > Rs > 7/(7 — 1).

If |1(0) > z, + 6, then|[y/(t)| > ¢z, + 6) > c¥?(x,) = 0 for allt € [0, R] by
(3.20). Using (3.18) and the continuity gf, it follows that [()(R)| > ¢¥?(z, + 6)R.
This is impossible becaude > Rs > 4rc¢=Y2(x, + 6) and|y(R)| < 4r.

If 4(0) € (0, z — 8], then 0> c(z, — &) > c(1(0)) > ¢(0) = —4(r — 1). Define

v =1/ (2r — v/=c(@(0))* — 4,
=1/ (2r — /el —0))* - 4,

-1
t1 = ( 27 —1)
V4 +y? ’

and note that; < (Rs — 1)/2 and

0(0) =/ (2r — v/ =c(D(O) + () — 4 <o < g < 2/ 1.
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If (t) € [¢¥(0), yo], then (3.17) implies that

27 1) < (0)
VA+2t) ) -

Hence, since)(0) = +’'(0) > 0 by (3.18), there exists a smallest € [0, ¢;] such
that ¢)'(to) = 0 or ¢(to) = yo. By (3.20), each of these two equations implies the
other one. According to (3.17), the functiong, o, and : [to, 2t)] — R, given by

P(t) = ¥P(2to — t), solve the initial value problem

y'@)=yt) —2rgy(®),  Y(to) =0,  yl(to) =yo.

Due to the uniqueness of the solution, it follows thé2to) = 1)(0) andy)’ (2tg) = —1’(0).
Since(0) = ¢/(0) > 0 andy’(t) < 0 if ¢(t) € [0,2v/72 — 1], there existg, €
[2t0, 2to + 1] wherey changes its sign. This is impossible because we proved above that
1) does not change its sign in,[&]. A similar argument shows that(0) € [—x. + 6, 0)
is impossible.

The preceding three paragraphs prove (3.16).

Proof of (3.5) forr > 1. Definer = (1/2,1/2). Forx € {0,1} andp € [0, 1] define
wo(x) = Tox + 7(L — 0)(1 — z). Sincep — (p,, i1p) — J(p) attains its supremum at

() = —w(t)(

_1(1+ 20—1 )
= _ T ,
T2\ A -1y

(2.6) yieldsA? := A¥e = (1 — 2+ /4 +712(20 — 1)?)/2.

Next we determineéi¥e, p¥e, andl¥e, which appear in Lemma 2.7. We use the
abbreviationg:?, 12, andl?, respectively. According to the Feynman-Kac formula [18,
Example 1V.22.11], the semigrodexp(—A2t) P, };>0, whereP;” ¢ given by (2.4), has
the generator

(%(0)—/19—1 1 >:<—79 1 >

1 Po(1) — A% -1 1 -1
with v, := (/4 +72(20 — 12 +7(20 — 1))/2. The non-negativg || -normalized eigen-
function corresponding to the eigenvalue O is given/$y0) = /2/(1+~3) and
he(1) = ~v,h?(0). Sinceh?(1)/he(0) = ~,, it follows from (2.8) thatL ¢ is the gen-
erator of{Q£°},c(0,13- Note thatp, = (h¢(1))*n(1) and 1— p, = (h?(0))’w(0). Since
(1, yg)mg = 0, it follows thatu? := (1 — p,, p,) IS the{@f)QXt_l}tzo-invariant distri-
bution and that® = h°. Note thaty, = 7 andyg, = 1/7.

We now follow the proof of Theorem 2.20. Fere [0, 1] anda, t, T > QO witht < T
define

T
1
@Ot,[t,T] = / ae_a(s_t)Xs dS + ie_a(T_t)
t

and

T ot —aT
—(e* —-1)e .
2&( )

We use the abbreviatiaB, r = O, [0,77. Then, corresponding to (2.30),

Rowr(0) = Hoy—7 /O (1— e N (X, +(1— o)(1— X)) ds

Ha,T = t<908a’[t’T] ) ,U/lt> + Ha,[t,T] + Ra,t,T(@a,[t,T]) ) (321)
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whereH, ; ) is given by (1.3) but with integration ovet, [I'] instead of [0 T]. Define
I+ € Mq([0, 1]), for all Borel setsA of [0, 1], by

Faia@®= Y T B 000l (expta%r + Hop)] . (322)
ye{o,p "

where ¢, ;  denotes the appropriate normalizing constant. Sinée= A'~¢ and
V(z,y) = V(1 — 2,1 — y) as well asP,(X; = y) = P1_.(Xs = 1 —y) and
he(x) = h172(1 — z) forall s > 0, o € [0,1], andzz; ,y € {0,1}, it follows that
I'y + 7 1s symmetric, which means that, ; 7(A) = I+ T({ 1—a|ae€ A})forall
Borel setsA of [0,1]. Since sup|@yr — Yar| : T > R/a} — Oasa | 0and
R — o0, it follows from Lemma 3.11 that, for eacthr> O, the measureSl, 7}, 750
converge weakly to the symmetric measuig ¢ 6¢,)/2, uniformly for7 > R/« as
a | 0 and thenR — oc.

Letf: 2 — [1, 2] be a continuous function which5;-measurable for some> 0.
By Lemma 2.21 it suffices to show that

lim limsup sup
R—o0 al0 T>R/a

aT[f]——/f aQ" -

1 - =0, (3.23)

which would prove (1.7) for this model, too. Fatr T > 0 andy € {0, 1} define the

measurel ¥ .. by FyT(A) = E,[14(Oq, 1) expH, )] for all Borel sets A of [01].
Using (3. 21) and the Markov property, it follows that for every (s, T),

Elf explor)]= 3 /E[fexp(t<sog,mt>+RatT(g)) X, =y1 T o (do).

ye{0,1}

Since|Ry ¢ 7(0)| < att?+2r(e™ " — L+at)/a+1e (e —1)/(2) forall ¢ € [0, 1]
anda, R,t,T > 0 with T > R/a, there exists, for each > s, a suitable subset
{eatr | a>0,T >t} of (0,00) with sup{ |eqc.7 — 1| : T > R/a} — Oasa | 0
andR — oo such that

ELf explHo )] = carr Y / Bl f exp((y, i )); Xo = 41 ¥ 1 ,(do)

ye{0,1}
By Lemma 2.7(c) and (d),
4 (Xs,y)
he(y)le(y)

for y € {0,1}. Since [01] > o — ¢? is bounded, it follows from Lemma 2.7(g) and
(h) that there exist$z, }:~ s C (0, co) with £, — 1 ast — oo such that

E[ f expl (i, ,)); Xo = y] = € he(0)2(y)m(y) /Q I aQ?

E[f eXpHo.1)] = EarrEe Y / / fd@@ hQ(O)W(y)ZQ(y)eAQthT (do).

y€{0,1}

Using (1.4) and (3.22), it follows that, far< ¢t < T'anda > 0,

1 1
Borlf] =€l y 22, / he(0) /Q FdQ° T y.r—i(do) / /0 ho(0) T s.r—i(do)

21
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where{&;};~s and{e;, , | « > 0,7 >t} have the same properties &5}~ s and
{eatr | a>0,T > t}. Sincep — ¢, is continuous, Lemma 2.22(b) and (c) show
thatp — h2(0) andp — Q¢ are continuous. Hence, (3.23) follows.]

4. Convergence of Path Measures in a Gaussian Model

Let 2 := {w € C([0,00),R) | w(0) = 0} be the vector space of all continuous paths
starting at the origin. The spade equipped with the usual invariant metric which
induces the uniform convergence on compact intervals is a Polish spacg.ldesthe
Borel o-algebra on(?, let P be the Wiener measure of?(F) and denote by the
expectation with respect . For eacht > 0, define the evaluation map : 2 — R
by :(w) = w(t). Let X denote the Lebesgue measurdfgrand let(-, -) and||-||» denote
the usual inner product and norm 6%([0, o), \), respectively. Furthermore, define
sAt=min{s,t} ands vVt = max{s,t} for all s,¢ € R. Fix a positive real constant
and define the functiol’ : R* — R by V(z,y) = —7%(z — y)*/4. Let the transformed
probability measure:ﬂ?’ }rso and{ .7 }a,7>0 ON (2, F) be defined by (1.2) and
(1.4), respectively.

It follows from Lemma 4.5 below thatP7. } 7~ and{ 77 }ar>0are tight. In anal-
ogy with the previous sections, we can try to identify the limiting probability measures
in (1.5) via variational problems. Of course, this will be a heuristic argument, since the
Wiener measure is not sufficiently mixing. Nevertheless, it allows us to guess the correct
limiting measures.

Let J: My(R) — [0, oo] be the rate function associated with Brownian motion:

_ (f'(x))?dx if du/d) = f?andf € HY(R),
T { fR v ’ othgrwse

Since.J andV are translation invariant, the sets of solutions of the variational problems
(1.6) and (1.9), respectively, are translation invariant. Denote:fyy) and varf:) the
mean and the variance, respectivelyucf M1(R). Then

N 2
Ve =T [ [ = i) i)
2

= % (var(u) +var@) + (m(u) — m(v))?)

forall u, v € M1(R), in particular, it follows thai7(u, p) = —7r2var(u)/2. Furthermore,
if (1Lr.t)tefo, R IS @ solution of the variational problem (1.9), therfur s) = m(ur.+)
for almost alls, t € [0, R], hence

R - AE10)
- —|s—t| - = R
e V(ig.s, ds dt =
- /O /O oo ) st =~ /O !

wheret3(t) = 722 — e=t — e"(B=1)/2 for t € [0, R]. Therefore, a solution: of

the variational problem (1. 6) has to maximizer?var(u)/2 — J(u) and a solution
(Lr.t)eepo.r) Of (1.9) should maximize-74(t) var(ug.)/2 — J(ur,) for everyt €

[0, R]. Due to (4.1), we only need the possible limits Bir, 0}R>0 as R tends to
|nf|n|ty Hence sincer2(0) — 72/2 asR — oo, we need thosg € M;(R) which

maximize—72var(u)/4 — J(u).

(4.1)
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Givenc € R and7 > 0, defineh,. . (zr) = (r/m)Y*exp(7(x — c)?/2) for all
z € R. Note thath? . is a density of the normal distribution. , with meanc and
variance ¥(27). Furthermoreh,. . is the positive||-|| ;2 y)-normalized eigenfunction
associated with the largest eigenvalue of A — é:z; — ¢)?/2. Hence{ic.+ }eer
should be the set of solutions of (1.6) and the meas{uggg/\/z}ceﬂ{ should maximize
—72var(u)/4 — J(u).

Using this heuristic argument, one can guess the limiting measures in the mean
field and polaron case using (2.33): For each R andT > 0 let Q“™ denote the
path measure orf{, F) of an Ornstein-Uhlenbeck procegX’, }:>o which satisfies the
stochastic differential equatiahX; = d5; — 7(X; — ¢) dt with Xg = 0. Note that the
drift is directed towards the centeand that.. - is the reversible distribution fa@*7.
Finally, we define the probability measuPé on (2, F) by

~ 7 \1/4
B7(A) = / Qe (A) (—) heo(0)de, A€F.
R 47T
Theorem 4.2 If 7 > 0, then with respect to the weak convergencég@nr)

im Pr.=P" and lim lim BT, =P"7/V2.

T— o0 al0T—o0 ’

Although the variational problem gives us the correct answer, we cannot apply the
theory of large deviations as in the previous sections, since the Wiener m&asure
not sufficiently mixing. However, the interaction is quadratic and the transformed path
measures are Gaussian (Lemma 4.5). In order to show the above theorem it will suffice
to investigate the corresponding covariances.

To unify the treatment of the mean field and polaron type case, define the weight
functionW,, r : [0, c0)? — [0, 00) by

(1/T)Lo 1p2(s, 1) for « =0 andT > 0,

Wa,r(s,t) =
0 { aexp (-als =)l (s, ) fora, T > 0.

and introduce the transformed probability meaﬁ_ﬁg’% on (12, F) by

_ 1 2 T T
P = 5 Blten(- 5 [ [ Warto. - afdsar)|

a, T

forall A € F, whereZ” . is the normalizing constant. Sin@g”j = I@(fﬁ for a > 0,

«

Theorem 4.2 is proved if we show that

im P5,=P" and limlm Bl =P". (4.3)

T—o0 al0T—o0

For the remaining part of this section we omit the supersetipt
For every weight functioiV,, + definek,, r : [0, oc)? — [0, o) by

L2 T T
ko, r(u,v) = 5 / / Wa,r(8,1) Lgnr svig2(u, v) dsdt (4.4)
o Jo

and let K, r be the symmetric integral operator with kernel -, which maps
L3([0, 00), A) into itself. Sincek,, r is in L3([0, 00)?, A?), the operatoi, 7 is Hilbert-
Schmidt and therefore compact [17, Theorem 1V.23 and VI.22(e)]. For every 0
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let K, be the integral operator ah?([0, o0), \) with kernel k., given by k. (u,v) =
(r2/2)(e*lv—vl — =V for u, v > 0.

Lemma 4.5

(a) For everya > O andT > O the operatorK, r is positive, hencd + K, r is
invertible and||(7 + K, )"} < 1. If o > 0andT > 0, then|| K, 7|| < 27%/a2.
The operator K, }a>0 have the same properties.

(b) If « > 0andT > O, thenE,T is a centered Gaussian measure which satisfies
Ea,T[ﬁsﬁt] = <1[078], (I + Ka’T)_ll[oyt]> forall s,t > 0.

(c) The set{P, r}r~o is tight for everyn > 0.

(d) For everya > 0 the measureP, r}r-o converge weakly t®, as T tends
to infinity, whereP, is the centered Gaussian measure (6h F) which satisfies

Eol[8s8:] = (Lo,s1, (I + Ko) *1p,4) for all s,¢ > 0.
(e) The set{IP’a}a>o is tight.

Proof. (a) SinceV,, r > 0, it follows from (4.4) that, for allf € L?([0, o), ),

2 T T
(. Karf) = / / W (s, ) (Lsneovy, f)2dsdt >0, (46)
0 0

henceK,, r is positive and|(I + K. 7)f||5 > || f]|5. Thereforel + K., r is invertible
with ||(I + Ko 7)Y < 1. If o, T > 0, then, for allu, v > 0,

2
T — X |U—v —\uUVv — Y Q\U/N\V
e r(u,v) = —(e u=vl _ gratuve) _ gmoT(eolunt) _ 1)1 1o(u,v) . (4.7)

Note thatk,, 1 is symmetrickq,r > 0,andf;” kq,r(-,v) dv < 272/a?. By the Cauchy-
Schwarz inequality,

|(KOc,Tf)(u)|2 S /Ooo ka,T(ua U) dv Aw ka7T(U,'U)|f(’U)|2dU ) (] Z 01

hence|| Ko7 f2 < (2r2/a?)| f|2 for all f € L2([0, ), X). Using

(f, Kof) = / / ae St nr v, f)2dsdt >0,

the same proof applies to the operatpfs, } o~o-

(b) Letd: L3([0, 00), \) — L3(£2, F,P) denote the Wiener integral with respect to
the Brownian motioq 3; }:>o0. Then{P(f)} ;120 ~).) IS @ CENtered Gaussian process
on (12, F, P) with covariance-, -) as defined in [21, Theorem 2.3A]. Defifigr = {w €
C([0,T],R) | w(0) =0} and@: 22 — R by

7_2 T T . .
Q=5 [ [ Warlo () = w)@t) = 30 ds.

Furthermore, defing : L2([0, ), \) — 27 by Sf(t) = (f,1j0.4) forallt € [0,T] and
note thatQ(Sf, Sg) = (f, Ka,7g) forall f,g € L?([0, ), \). SinceK,, r is a positive
compact operator, there exists a complete orthonormal system:y in L2([0, 00), \)
and{v; }ien C [0, 00) such that,, 7 f; = v, f; forall i € N, see [17, Theorem VI.16].
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SinceS " (Lsae.sviy, i) = || Lsar.svall3 = |s — t| for all s, ¢ € [0, T], it follows with
(4.6) that

Z_ fz» «, fz Wa ( t)| —t‘d dt
Z’Y ; T / / Wl CRIIE S

henceK, r is a trace class operator. Define the projectign 2 — 2 by 7, (w) =
wlp,r7- Since? is continuous, it follows that, for eache [0, 77,

b= 0o = #( S SHOL) =S SHONG)  Pas
i=1 i=1

The last series converges uniformlytire [0, 7] P-almost surely [11, Theorem 5.1].
Since( is continuous and bilinear, it follows th&ta.s.

Qrr, 7r) = > NP fis Ko fi) =Y 1(@(f:))
i,5=1 i=1

This corresponds to [21, (3.15)], hence [21, Theorem 3.11(b)] implies that the pro-

cess{D(f)} rer2(qo.00).n) ON (2, F, Pa 1) is centered Gaussian with covarianeg1 +

ocT)_ >
(c) For eachn € N define the projectiom,, as in part (b). It follows from parts (a)
and (b) thatE, 7[(3s — B:)?] = (L., (I + Kar) Lsq) < t — s and, sincel, r
is GaussianE,, r[(8s — )% < 3(t — s)? for all s,¢ € [0,00) with s < ¢ and all

T > 0. Theorem 12.3 in [1] and the remark following the proof of [1, Theorem 8.2]
show tha{P, 77, 1}~ is tight for eacm € N. Analogously to the proof of [10, Chap.

3, Proposition 2.4] it follows tha{]P’a 7 }r>o is tight.
(d) If we show that, for allf, g € L2([0, o), \),

Nim (f,(1+ Ko2)™g) = (£, + Ka) ™) (4.8)

then the weak convergence fi, 7} 10 to P, asT — oo follows from part (c) and
[20, Lemma 2.3.1]. By (4.7) and the definition af,

im (Ko — Ko,r)h|2=0 (49)

forall continuous: : [0, co) — Rwith compact support. Singgs,, | < Zrz/azforall
T > 0by part(a), equation (4.9) holds for alke L?([0, oc), \). Defineh = (I+K,) " 1g.
Then, for allT" > 0,

(T +Kar) ™ = +Ky) D)l
=[(f,(I + Ko7) NI+ Ka) — (I + Ko1))h)|
< N fl2l(Ko — Ko, 1)h|2,

becausé|(] + K, )"t < 1 by part (a). Thus, (4.9) implies (4.8).
(e) Using (d) instead of (b), the proof is similar to the proof of part (¢)I

Let R be the symmetric integral operator &A([0, co), \) whose kernel is given by
r(u,v) = (r/2)(e 7"l — e~ @) for all u, v > 0. As in the proof of Lemma 4.5(a)
it follows that || R|| < 1.
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Lemma 4.10 The measur@ is centered Gaussian and, for allt > 0,

™ 1 —T|s— —7(s 1 —TS —T
E[Bp] = 5 (€7 — ey + —(1—e)1-eT)
T T
= (10,5, ( — R)Lpo,g) -

(4.11)

Proof. By Itd’s formula,Q“" is the law of the Gaussian process
t

Xe=c(l—e ™+ e‘”/ evds, , t>0.
0

If we replacec by a N(Q 1/7)-distributed random variabl€ which is independent of
{B:}+>0, then the new process is centered Gaussian withPlamd covariances given

by (4.11). The second equality in (4.11) can be verified by computing the corresponding
integrals. []

Proof of Theorem 4.2Due to Lemma 4.5(d), we have to show that the measures
{IP’O T}1>0 COnverge Weakly t® asT — oo and that the measure{§D }a>0 CON-
verge Weakly tdP asa | 0 in order to prove (4.3). In view of Lemma 4.5 and Lemma
4.10, it remains to show théat, 1[BsB:] as well asEa[ﬁsﬁt] converge tdE[ﬁsﬁt] for

all s,t > 0asT — oo anda | 0, respectively [20, Lemma 2.3.1]. Hence it suffices to
prove that, for allf, g € L?([0, o0), \),

T'ﬁnoo<f, (I +Kor)g) = (f.( — R)g) (4.12)
and
im(f, (7 + Ka)tg) = (f.(I — R)g) . (4.13)

Choosen, > 7, defineg, € L?([0,0),\) by g,(v) = exp(uv), and definey.
accordingly. Elementary calculations show that

2

-
Ry, = ———(9- — 9,) , 4.14
=72 (9r — gu) (4.14)

hence
- 1 2 2
(I —R)g, = g (19 —7°97) - (4.15)

Explicit computations yield

2

(For(r = B0 = 5" (9 un D) = glun) = 55

(9:(T) — gum))

forall w > 0 and allT" > 0. Using (4.15), further computations yield

e—au

72 T -7
(Kl = R0 = 5 (T onlad = gt = 2D

(/~b —a)(T — )
+(1—e ) (

)

(u) —
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for all w > 0 anda € (0, 7). Note thatee= % < (u V (1/7))~? for theseu anda. It
now follows with (4.14) and the dominated convergence theorem, that

lim ([T = (I + Kog)(I = R)gu]l2= 0 (4.16)

and
lim (T = (I + Ka)(I = F))gp2= 0. (4.17)

If f ¢ L?([0,00), \), then, for alll” > 0,

[(f, (I + Kox) g, — (I — R)gu)l
< I fll2(I + Kor) M — (I + Kor)(I — R))gpllz -

A similar estimate holds for everl,,. It follows from (4.16), (4.17), and Lemma 4.5(a)
that

Sim (£, + Kor) Y9, — (I = R)gy) =0 (418)
and
im (/1 + Ko) g, = (I = R)gy) = 0. (4.19)

Let U C L?([0,00), \) be the vector space of all finite linear combinations of the
functions{g,.} .~ If g € L*([0, 00), \) is orthogonal td/, then [24, Chap. I, Corollary
6.2b] implies thaty = 0. Hence,L?([0, oc), \) coincides with the closure d¥. By
Lemma 4.5(a)||(I + Kor)~Y|| < 1and||(I + K,) Y| < 1foralla,T > 0. Therefore,
(4.12) and (4.13) follow from (4.18) and (4.19), respectively]
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