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Summary. We discuss the limiting path measures of Markov processes with either a
mean field or a polaron type interaction of the paths. In the polaron type situation the
strength is decaying at large distances on the time axis, and so the interaction is of short
range in time. In contrast, in the mean field model, the interaction is weak, but of long
range in time. Donsker and Varadhan proved that for the partition functions, there is a
transition from the polaron type to the mean field interaction when passing to a limit by
letting the strength tend to zero while increasing the range. The discussion of the path
measures is more subtle. We treat the mean field case as an example of a differentiable
interaction and discuss the transition from the polaron type to the mean field interaction
for two instructive examples.
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1. Introduction

Let {Xt}t≥0 be a Markov process with Polish state spaceE. We assume that the sample
paths are in (C([0,∞), E),F) or (D([0,∞), E),F), whereF denotes the corresponding
Borel σ-algebra. LetV : E2 → R be a suitable function. A mean field interaction
between positions at different points of time, which has often been considered, is given
by the “Hamiltonian”

HT =
1
T

∫ T

0

∫ T

0
V (Xs, Xt) ds dt , T > 0, (1.1)
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which introduces an interaction which is weak but of long range in time. With this
Hamiltonian, we can transform the original path measureP of the process by defining

P̂T (A) = E[1A exp(HT )]/ZT , A ∈ F , (1.2)

whereZT = E[exp(HT )]. In contrast to this long-range but weak interaction, there is
a model with a strong but short-range (with respect to time) interaction, which we call
polaron type interaction, given by the Hamiltonian

Hα,T =
1
2

∫ T

0

∫ T

0
αe−α|s−t|V (Xs, Xt) ds dt , α, T > 0, (1.3)

and the corresponding transformed path measure

P̂α,T (A) = E[1A exp(Hα,T )]/Zα,T , A ∈ F , (1.4)

whereZα,T = E[exp(Hα,T )]. The aim of this paper is to describe and compare

lim
T→∞

P̂T and lim
α↓0

lim
T→∞

P̂α,T , (1.5)

provided that these limits exist.
Under some technical conditions, one knows that

lim
α↓0

lim
T→∞

1
T

logZα,T = lim
T→∞

1
T

logZT = sup
µ∈M1(E)

(
Ṽ (µ, µ)− J(µ)

)
, (1.6)

whereM1(E) denotes the probability measures onE, the abbreviatioñV (µ, ν) stands
for the integral ofV with respect toµ⊗ ν for µ, ν ∈M1(E), andJ , defined in (2.3), is
the Donsker-Varadhan rate function which governs the large deviations of the empirical
process. Equation (1.6) has been proved by Donsker and Varadhan [6] for the Fr¨ohlich
polaron, where{Xt}t≥0 is the Brownian motion inR3 andV (x, y) = |x − y|−1 for
x, y ∈ R3 with x 6= y is the Coulomb potential. Recently, (1.6) has been generalized in
[14] and [15].

An investigation of the limiting mean field path measure with a Hamiltonian, which
is more general than (1.1), has been done for discrete-time Markov processes in [2] and
[20], and for (possibly non-symmetric) continuous-time Markov processes it is given
in Section 2 below. The case of a symmetric continuous-time Markov process with a
Hamiltonian given by (1.1) has already been treated in [12], and, with more general
Hamiltonians having at leastC2-regularity, corresponding results have recently been
obtained in [13]. A discussion of the limiting polaron path measure is given in [22] and
[23], partially on a heuristic level.

Let us summarize our results about the mean field model contained in Section 2. We
consider a uniformly mixing Markov process on a compact state spaceE, a real-valued
continuous functionΨ onM1(E), which is differentiable in a suitable sense (Condition
2.12), and define a Hamiltonian byHΨ

T = TΨ (LT ), whereLT is the empirical distri-
bution of the process{Xt}t≥0 up to timeT . The Hamiltonian in (1.1) corresponds to
Ψ (µ) := Ṽ (µ, µ) for µ ∈ M1(E), see Example 2.15. In Theorem 2.20 we show that
{P̂T }T>0 is relatively compact in the weak topology asT → ∞ and that each accu-
mulation pointP̂ is a mixture of homogeneous Markovian path measures{Qµ}µ∈KΨ ,
whereKΨ is the set of allµ ∈ M1(E) which maximizeΨ − J . In particular, for the
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Hamiltonian given by (1.1), the setKΨ consists of all solutions of the variational prob-
lem in (1.6) and we obtain a characterization of the first limit in (1.5). Forµ ∈ KΨ ,
the measureQµ is given in terms ofΨ (µ) and the derivative ofΨ at µ. If additional
symmetry assumptions are satisfied, then Theorem 2.32 shows that{P̂T }T>0 converges
weakly to a specified mixture of{Qµ}µ∈KΨ asT →∞.

Given the first equality in (1.6), one could expect that for largeT and smallα the
measurêPα,T should be close tôPT . There is, however, a somewhat subtle boundary
effect for the measureŝPα,T at the starting point. This boundary effect shows up because
the Hamiltonian in (1.3) is not defined in terms of translations of paths which are periodic
continuations of the paths in [0, T ]. Such periodic paths are used in [5] to treat process-
level large deviations.

We conjecture that, quite generally, the limits in (1.5) are different and that

lim
α↓0

lim
T→∞

P̂α,T = lim
R→∞

lim
α↓0
P̂α,R/α . (1.7)

Let us give, on a heuristic level, a description of the right-hand side of (1.7) and explain,
why we expect this equality to hold. We are not yet able to prove (1.7) in any generality,
especially not for the Fr¨ohlich polaron, but we discuss two instructive examples in
Sections 3 and 4.

The crucial point is that the right-hand side in (1.7) is a mean field type limit
which, however, is more delicate to handle than the limit of{P̂T }T>0 asT → ∞.
To show this, let us compare the limit behaviour of the partition functions{ZT }T>0 and
{Zα,R/α}α,R>0. After the time transformationss 7→ s/α andt 7→ t/α, the latter ones
are given by

Zα,R/α = E
[
exp

(
1

2Rα

∫ R

0

∫ R

0
e−|s−t|V (Xs/α, Xt/α) ds dt

)]
. (1.8)

One should remark that, for fixedR > 0, the limit of{Zα,R/α}α>0 asα ↓ 0 is a mean
field type limit. To see this, divide the time interval [0, R] into small intervals such that
e−|s−t| is approximately constant for (s, t) in rectangles formed by these intervals. Then
the restriction of the integration in (1.8) to such rectangles is essentially just a mean field
type expression. Patching things together, one gets, under appropriate conditions,

lim
α↓0

α logZα,R/α (1.9)

= sup
µR

(
1

2R

∫ R

0

∫ R

0
e−|s−t|Ṽ (µR,s, µR,t) ds dt−

1
R

∫ R

0
J(µR,t) dt

)
,

whereµR runs over an appropriate space of functions which map [0, R] intoM1(E),
compare [3, Exercise 4.2.70].

We expect that the limit of{P̂α,R/α}α>0 for α ↓ 0 is related to the solutions of the
variational problem in (1.9) in a similar way as the limit of{P̂T }T>0 for T → ∞ is
related to the solutions of the variational problem in (1.6). Although the solutions of the
variational problem in (1.9) are in general not constant in time, the limit of{P̂α,R/α}α>0
asα ↓ 0 should be a mixture of homogeneous Markov processes, because, due to the
transformations leading to (1.8), the inhomogeneity of these solutions is on the time scale
1/α. However, it turns out that, for the description of the Markov processes appearing in
this mixture, the inhomogeneity of the solutions of the variational problem is important.
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It is reasonable to expect that, asR → ∞, the right-hand side of (1.9) approaches
the right-hand side of (1.6) and the solutions (µR,t)t∈[0,R] of the variational problem in
(1.9) converge to the corresponding solutions of the mean field variational problem in
(1.6) fort around the center of the interval [0, R]. The above mentioned boundary effect
shows up because this convergence does not take place fort near the boundary of the
time interval [0, R] asR→∞. This behaviour originates from the factor (1/2)e−|s−t|

in (1.9), which, fort ∈ {0, R}, gives less than 1/2 when integrated over [0, R] instead
of converging to 1 asR→∞.

If (1.7) is true, then one has a characterization of the iterated limit in (1.5). Equality
in (1.7) would follow if one can prove that̂Pα,T is close tôPα,R/α for largeR uniformly
in T ≥ R/α. To achieve this, one actually needs quite precise information about the
solutions of the variational problem in (1.9); to prove the uniformity inT ≥ R/α, one
has to determine and control the limiting behaviour of these solutions in terms of an
added condition forµR,R asR→∞, see Section 3 for details.

As already mentioned, we are far away from proving (1.7) and characterizing the
iterated limit in (1.5) in a general setting, but the two examples in Sections 3 and 4 fully
confirm the picture presented above. We actually do not prove (1.7) for these examples,
but (1.7) is our guide for identifying the iterated limit in (1.5).

The first model, treated in Section 3, is a symmetric Markovian jump process on
E = {0,1}with exponential waiting times of expectation one and an interaction function
V which is given byV (1,0) = V (0,1) = 0 andV (0,0) = V (1,1) = τ , whereτ ∈ R
denotes a strength parameter. We determine the limiting path measures in (1.5) explicitly.
If τ ≤ 1, then they are equal toP. If τ > 1, then the limiting measures in (1.5) are
different but they are both mixtures of asymmetric Markovian jump processes. It turns
out that the second limiting measure in (1.5) corresponds to the first one with an adjusted
strength parameter, namely ˜τ = (τ + 1/τ )/2.

The second model, treated in Section 4, is the one-dimensional Brownian motion
with V (x, y) = τ2(x − y)2/4 for x, y ∈ R and a strength parameterτ > 0. Since
Brownian motion is not sufficiently mixing, the results of Section 2 are not applicable.
BecauseV is quadratic, everything is in the realm of Gaussian processes and we can
determine the limits in (1.5) explicitly by investigating the corresponding covariances.
It turns out that the limits in (1.5) exist, that they are different, and that they are both
mixtures of Ornstein-Uhlenbeck processes with a normally distributed random center.
Similar to the result in Section 3, the second limiting measure in (1.5) corresponds to
the first one with an adjusted strength parameter, namely ˜τ = τ/

√
2.

2. Convergence of Path Measures in a Mean Field Model

LetE be a compact metric space with Borelσ-algebraE . If I is a non-empty subset of
R, thenC(E, I) denotes the set of allI-valued continuous functions on E andC(E) is
an abbreviation forC(E,R). We write‖·‖ for the supremum norm. LetM1(E) be the
set of all probability measures on (E, E). Note thatM1(E) with the Prohorov metric,
which induces the weak topology [10, Chap. 3, Theorem 3.1], is a compact metric space
[10, Chap. 3, Theorem 1.7 and 2.2]. LetB(M1(E)) denote the corresponding Borel
σ-algebra.

Consider the path spaceΩ = D([0,∞), E) and, for eacht ∈ [0,∞), define the
evaluation mapXt : Ω → E byXt(ω) = ω(t). LetF be theσ-algebra onΩ generated
by {Xt}t≥0. Note thatΩ with the metric given by [10, Chap. 3, (5.2)] is a Polish space
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[10, Chap. 3, Theorem 5.6] and thatF coincides with the Borelσ-algebra generated by
this metric [10, Chap. 3, Proposition 7.1]. Fort ≥ 0 letFt denote the sub-σ-algebra
generated by{Xs}s∈[0,t] .

We consider anE-measurable family{Px}x∈E of time-homogeneous Markovian
probability measures on (Ω,F) with Px(X0 = x) = 1 for allx ∈ E. Let{Pt}t≥0 denote
the corresponding semigroup of stochastic transition kernels as well as the semigroup
of bounded linear operators onC(E). We assume:

Condition 2.1 There exists a{Pt}t≥0-invariant probability measureπ ∈M1(E) with
supp(π) = E and, for eacht > 0, there exists a jointly continuous transition density
pt ∈ C(E2, (0,∞)) of Pt with respect toπ.

Since supp(π) = E, the continuous transition densities are unique. As an abbreviation
definect = ‖max{pt,1/pt}‖ = exp(‖ logpt‖) for all t > 0. Note that{Pt}t≥0 is Feller
continuous by Condition 2.1. Fort ≥ 0 the empirical distribution process of the position
process aftert is defined by

Ω × (t,∞) 3 (ω, T ) 7→ Lt,T (ω) =
1

T − t

∫ T

t

δXu(ω) du ∈M1(E) . (2.2)

If t = 0, then we writeLT instead ofL0,T . The right-continuity of the paths inΩ
implies thatPt(x, ·) converges weakly toδx as t ↓ 0, for everyx ∈ E. Therefore,
the operator semigroup{Pt}t≥0 is strongly continuous [25, p. 115]. LetL denote the
corresponding (strong) generator with domainD(L) and define the position level rate
functionJ : M1(E)→ [0,∞] by

J(µ) = sup
{
−
∫
E

Lφ

φ
dµ
∣∣∣ φ ∈ D(L) ∩ C(E, [1,∞))

}
. (2.3)

Examination of [3, pp. 123–126] shows that this definition coincides withJP in [3].
According to [3, Theorem 4.2.43], the measures{PxL−1

T | T > 0, x ∈ E } satisfy a
uniform full large deviation principle with the rate functionJ .

Forµ ∈M1(E), letPµ ∈M1(Ω) denote the path measure with starting distribution
µ, hencePµ(A) =

∫
E
Px(A)µ(dx) for all A ∈ F . In particular,Pδx = Px. We denote the

expectation with respect toPµ or Px byEµ andEx, respectively.
Givenϕ ∈ C(E), define the semigroup of transition kernels{Pϕt }t≥0 by

Pϕt (x,A) = Ex
[
exp

(∫ t

0
ϕ(Xu) du

)
1A(Xt)

]
, x ∈ E,A ∈ E , t ≥ 0. (2.4)

The corresponding semigroup of bounded linear operators onC(E) is denoted by
{Pϕt }t≥0, too. The logarithmic spectral radius ofPϕ1 , given by

Λϕ = lim
t→∞

1
t

log‖Pϕt ‖op , (2.5)

satisfies|Λϕ| ≤ ‖ϕ‖. If t ≥ 0, then exp(Λϕt) is the spectral radius ofPϕt . Using [3,
Exercise 2.1.15, (4.2.21), and Corollary 4.2.27], it follows that

Λϕ = sup{ 〈ϕ, µ〉 − J(µ) | µ ∈M1(E) } , (2.6)

where〈ϕ, µ〉 denotes the integral ofϕ with respect toµ. Let‖·‖p denote the usual norm
onLp(π).



6 E. Bolthausen, J.-D. Deuschel, and U. Schmock

Lemma 2.7 Letϕ ∈ C(E) be given.
(a) For eacht > 0, there exists a transition densitypϕt ∈ C(E2, (0,∞)) of Pϕt with

respect toπ satisfying‖ logpϕt ‖ ≤ ‖ϕ‖t + logct.
(b) There exists a unique functionhϕ ∈ C(E, (0,∞)) which satisfies‖hϕ‖2 = 1 and

Pϕt h
ϕ = eΛ

ϕthϕ for all t ≥ 0.
(c) There exists anE-measurable set{Qϕx}x∈E of time-homogeneous Markovian prob-

ability measures on(Ω,F) such that, for allx ∈ E, t ≥ 0, andA ∈ Ft,

Qϕx (A) =
e−Λ

ϕt

hϕ(x)
Ex
[
1A exp

(∫ t

0
ϕ(Xu) du

)
hϕ(Xt)

]
. (2.8)

(d) Transition densities of{Qϕ(·)X−1
t }t>0 with respect toπ are given by

qϕt (x, y) =
e−Λ

ϕt

hϕ(x)
pϕt (x, y)hϕ(y) , x, y ∈ E, t > 0. (2.9)

(e) There exists a unique{Qϕ(·)X−1
t }t≥0-invariant distributionµϕ ∈M1(E).

(f) There exists a uniquelϕ ∈ C(E, (0,∞)) such thatdµϕ/dπ = hϕlϕ.
(g) ‖ loghϕ‖ ≤ 2‖ϕ‖ + logc1 and‖ log lϕ‖ ≤ 4‖ϕ‖ + logc2

1.
(h) For everyC > 0 there existε, C ′ > 0 such that, for allt ≥ 1,

sup
ϕ:‖ϕ‖≤C

sup
x∈E
‖qϕt (x, ·)− lϕhϕ‖ ≤ C ′e−εt .

Remark 2.10 From Lemma 2.7(b) we see thathϕ is the ‖·‖2-normalized, positive
eigenfunction associated with the principle eigenvalueΛϕ of the (strong) generator
L + ϕ of {Pϕt }t≥0. If π is {Pt}t≥0-reversing [3, p. 128], thenlϕ = hϕ.

Remark 2.11 The transition densities{qϕt }t>0 in part (d) of Lemma 2.7 are the Doob
hϕ-transforms of{eΛϕtpϕt }t>0, and the corresponding measures{Qϕx}x∈E on (Ω,F)
describe thehϕ-path process [8, Section 2.VI.13].

The proof of Lemma 2.7 is given after Theorem 2.20. We consider a real-valued
functionΨ onM1(E) which satisfies the following condition. Note that this condition
determinesDΨ only up to a constant but that this constant does not enter intoϕµ given
by (2.18).

Condition 2.12 Let the functionΨ : M1(E)→ R be continuous and differentiable in
the sense that there exists a continuous mapDΨ : M1(E) → C(E) such that the map
R : (0,1]× (M1(E))2→ R, defined by

Rλ(µ, ν) =
1
λ

(
Ψ ((1− λ)µ + λν)− Ψ (µ)− λ〈DΨ (µ), ν − µ〉

)
(2.13)

for all λ ∈ (0,1] andµ, ν ∈M1(E), is bounded and satisfies

lim
λ↓0

sup
µ∈M1(E)

|Rλ(µ, ν)| = 0 (2.14)

for eachν ∈M1(E).

Example 2.15 Given anyV ∈ C(E2), define the quadratic functionalΨ by Ψ (µ) =
〈V, µ⊗2〉 for all µ ∈ M1(E). Without loss of generality we may assume thatΨ is
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given by a symmetricV . To prove thatΨ is continuous, note thatV is bounded and
uniformly continuous on the compact setE2. Hence, given anyε > 0, there existn ∈ N
andx1, . . . , xn ∈ E such that then balls inC(E) with centersV (x1, ·), . . . , V (xn, ·)
and radiusε cover {V (x, ·) | x ∈ E }. Hence, if |〈V (xj , ·), µ − ν〉| ≤ ε for all
j ∈ {1, . . . , n}, then|〈V (x, ·), µ − ν〉| ≤ 3ε for all x ∈ E and|Ψ (µ) − Ψ (ν)| ≤ 6ε.
Using the same argument, the continuity ofDΨ , given byDΨ (µ)(x) = 2〈V (x, ·), µ〉,
follows. SinceRλ(µ, ν) = λ〈V, (µ − ν)⊗2〉 for all λ ∈ (0,1] andµ, ν ∈ M1(E),
Condition 2.12 holds forΨ .

We fix a starting distributionm ∈ M1(E). For every functionϕ ∈ C(E) define
mϕ ∈M1(E) andQϕ ∈M1(Ω), for allA ∈ F andB ∈ E , by

mϕ(B) =
〈1Bhϕ,m〉
〈hϕ,m〉 and Qϕ(A) =

∫
E

Qϕx (A)mϕ(dx) . (2.16)

Let

KΨ =
{
µ ∈M1(E)

∣∣∣ Ψ (µ)− J(µ) = sup
ν∈M1(E)

(Ψ (ν)− J(ν))
}
. (2.17)

For eachµ ∈M1(E) defineϕµ ∈ C(E) by

ϕµ = DΨ (µ) + Ψ (µ)− 〈DΨ (µ), µ〉 . (2.18)

To simplify the notation, we replace the superscriptϕµ by µ.
Let P ∈ M1(Ω) be the path measure with starting distributionm. Similar to (1.2)

we define the transformed path measures{P̂T }T>0 ⊂M1(Ω) by

P̂T (A) = E[1A exp(TΨ (LT ))]/ZT , A ∈ F , T > 0, (2.19)

whereZT = E[exp(TΨ (LT ))]. The main result of this section is the following theorem;
for further results about the mixtureΣ see Theorem 2.32.

Theorem 2.20 The setKΨ is non-empty and compact,{P̂T }T>0 is relatively compact
in the weak topology onM1(Ω) asT → ∞, and for each accumulation point̂P there
existsΣ ∈M1(KΨ ) such that

P̂(A) =
∫
KΨ

Qµ(A)Σ(dµ) , A ∈ F .

Proof of Lemma 2.7. (a) SincePϕt (x, ·)¿ π by Condition 2.1, we can definepϕt (x, ·) =
dPϕt (x, ·)/dπ for eachx ∈ E andt > 0. Fors, t > 0 with 2s < t define

pϕs,t(x, y) =
∫
E

ps(x, x̃)
∫
E

pϕt−2s(x̃, ỹ)ps(ỹ, y)π(dỹ)π(dx̃) , x, y ∈ E.

Thenpϕs,t ∈ C(E2, (0,∞)) by Condition 2.1. Furthermore,

|Pϕt (x,A)− (PsP
ϕ
t−2sPs)(x,A)| ≤ cte(t−2s)‖ϕ‖(e2s‖ϕ‖ − 1)π(A) ,

for eachA ∈ E andx ∈ E, hence

sup
x∈E
‖pϕt (x, ·)− pϕs,t(x, ·)‖∞ ≤ ctet‖ϕ‖(e2s‖ϕ‖ − 1)
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whenever 0< 2s < t. Since supp(π) = E by Condition 2.1, we may and will assume
thatpϕt ∈ C(E2, (0,∞)) for all t > 0. The estimate forpϕt follows from Condition 2.1
and the definition ofPϕt .

(b) Sincepϕt ∈ C(E2, (0,∞)), it follows thatPϕt is a compact (compare [17, VI.5]),
strictly positive [19, Def. II.2.4], and irreducible [19, p. 186] operator onC(E). The
logarithmic spectral radius of e−Λ

ϕtPϕt is 0, hence 1 is in the spectrum of e−Λ
ϕtPϕt

[19, Proposition V.4.1] and therefore a pole of the resolvent [9, Theorem V.5.2]. By
[19, Theorem V.5.2 and its corollary], there exists a uniquehϕt ∈ C(E, (0,∞)) which
satisfies‖hϕt ‖2 = 1 andhϕt = e−Λ

ϕtPϕt h
ϕ
t . Definehϕ = hϕ1 . Since{Pϕt }t≥0 is a

semigroup,Pϕt h
ϕ = eΛ

ϕthϕ for all rationalt in [0,∞). Using the right-continuity of
the paths inΩ and the dominated convergence theorem, it follows that (Pϕt f )(x) =
Ex[exp(t〈ϕ,Lt〉)f (Xt)] and converges tof (x) ast ↓ 0 for everyx ∈ E andf ∈ C(E).
Applying [25, proof on p. 115] to{e−‖ϕ‖tPϕt }t≥0, it follows that{Pϕt }t≥0 is strongly
continuous. Hence,Pϕt h

ϕ = eΛ
ϕthϕ for all t ≥ 0.

(c) Givenx ∈ E, it follows from (b) that (2.8) defines a probability measure on
(Ω,Ft) for eacht ≥ 0 and that these measures are consistent. Hence, they can be
uniquely extended to a measureQϕx on (Ω,F) [16, Chap. V, Theorem 4.2]. The other
properties of{Qϕx}x∈E follow from those of{Px}x∈E .

(d) follows from (a), (c), and the definition ofPϕt .
(e) Let{Qϕt }t≥0 denote the semigroup of stochastic transition kernels corresponding

to{Qϕx}x∈E in (c). According to [3, Exercise 4.1.48], there exists a uniqueQϕt -invariant
µϕt ∈ M1(E) for eacht > 0. Defineµϕ = µϕ1 . The semigroup property of{Qϕt }t≥0
implies thatµϕQϕt = µϕ for all rational t in [0,∞). Since{Pϕt }t≥0 is a strongly
continuous semigroup by the proof of (b), the semigroup{Qϕt }t≥0 of linear operators on
C(E) is strongly continuous, too. Chooseε, t > 0 andf ∈ C(E). Using [3, (4.1.50)],
there existn ∈ N and a rationals in (0, nt) such that‖µϕQϕnt − µϕt ‖var ≤ ε and
‖Qϕnt−sf − f‖ ≤ ε. SinceµϕQϕnt = µϕQϕnt−s, it follows that|〈µϕt , f〉− 〈µϕ, f〉| ≤ 2ε.
Using [1, Theorem 1.3], it follows thatµϕt = µϕ for all t > 0, henceµϕQϕt = µϕ for all
t ≥ 0.

(f) UsingµϕQϕ1 = µϕ, (2.9), the continuity ofpϕ1 andhϕ, and supp(π) = E, it follows
that there exists a uniquefϕ ∈ C(E, (0,∞)) with fϕ = dµϕ/dπ. Definelϕ = fϕ/hϕ.

(g) Note thathϕ = e−Λ
ϕ
Pϕ1 h

ϕ by (b). Using the estimate forpϕ1 in (a) as well as
|Λϕ| ≤ ‖ϕ‖ and‖hϕ‖1 ≤ ‖hϕ‖2 = 1, the estimate forhϕ follows. Note thatlϕhϕ =
d(µϕQϕ1 )/dπ by (e) and (f). Rewriting with (2.9), dividing byhϕ, using|Λϕ| ≤ ‖ϕ‖
and the estimates forpϕ1 andhϕ, the estimate forlϕ follows.

(h) Chooseϕ ∈ C(E) with ‖ϕ‖ ≤ C. Fors, t > 0 define

f (t) = sup
µ∈M1(E)

∥∥∥∥∫
E

qϕt (x, ·)µ(dx)− lϕhϕ
∥∥∥∥ and αs = inf

x,y∈E

qϕs (x, y)
lϕ(y)hϕ(y)

.

Note thatαs ∈ (0,1]. If αs < 1, then, for eachµ ∈M1(E),∥∥∥∥∫
E

qϕs+t(x, ·)µ(dx)− lϕhϕ
∥∥∥∥ = (1− αs)

∥∥∥∥∫
E

qϕt (y, ·) µ̃s(dy)− lϕhϕ
∥∥∥∥ ,

whereµ̃s ∈M1(E) is given by

µ̃s(A) =
1

1− αs

∫
A

(∫
E

qϕs (x, y)µ(dx)− αslϕ(y)hϕ(y)

)
π(dy) , A ∈ E .
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Therefore,f (s + t) ≤ (1− αs)f (t) in both cases. Using (2.9), (a), (g), and the estimate
|Λϕ| ≤ ‖ϕ‖, it follows thatα1 ≥ exp(−8C)/c4

1 andf (1) ≤ 2c3
1 exp(6C). Hence, part

(h) follows.

Lemma 2.21 Let M be the set of all functionsf : Ω → R, which are bounded,
continuous, andFs-measurable for somes ≥ 0. ThenM is convergence determining
[10, p. 112] for the weak topology onM1(Ω).

Proof. By [10, Chap. 3, Theorem 3.1], the set of all boundedf : Ω → R, which are
uniformly continuous with respect to the metricd given by [10, Chap. 3, (5.2)], is
convergence determining. We show thatM is dense in this set.

Givenf as above, chooseε > 0. There existss ≥ 1 such that|f (ω)− f (ω̃)| ≤ ε for
all ω, ω̃ ∈ Ω with d(ω, ω̃) ≤ e1−s. Defineπt : Ω → Ω by πt(ω)(u) = ω(s ∧ u) for all
t, u ≥ 0 andω ∈ Ω. Note thatd(ω, πt(ω)) ≤ e−t by the definition ofd. If g : Ω → R is
defined byg(ω) =

∫
[s−1,s] f (πt(ω)) dt, theng is bounded and measurable with respect

toFs. Furthermore,‖g− f‖ ≤ ε. Givent ≥ 0 andω ∈ Ω, it follows from [10, Chap. 3,
(5.2), (5.3), and Proposition 5.2] thatπt is continuous atω if t is a continuity point ofω.
Sinceω has at most countably many points of discontinuity [10, Chap. 3, Lemma 5.1],
it follows with the dominated convergence theorem thatg is continuous atω.

Lemma 2.22
(a) The mapC(E) 3 ϕ 7→ Λϕ is continuous.
(b) The mapC(E) 3 ϕ 7→ hϕ ∈ C(E, (0,∞)) is continuous.
(c) The mapC(E) 3 ϕ 7→ Qϕ ∈M1(Ω) is continuous.
(d) The mapC(E) 3 ϕ 7→ lϕ ∈ C(E, (0,∞)) is continuous.

Proof. (a) If ϕ,ψ ∈ C(E), then|Λϕ − Λψ| ≤ ‖ϕ− ψ‖ by (2.6).
(b) If ϕ,ψ ∈ C(E), then|Pϕt (x,A) − Pψt (x,A)| ≤ ctet‖ϕ‖(et‖ϕ−ψ‖ − 1)π(A) for

all x ∈ E andA ∈ E , hence

‖pϕt − pψt ‖ ≤ ctet‖ϕ‖(et‖ϕ−ψ‖ − 1) (2.23)

for all t > 0. If t > 0 andϕ ∈ C(E), then (2.9) shows that

gϕt (x, y, z) :=
qϕ1 (x, y)qϕt (y, z)

qϕ1+t(x, z)
=
pϕ1 (x, y)pϕt (y, z)

pϕ1+t(x, z)
, x, y, z ∈ E. (2.24)

Lemma 2.7(a) and (2.23) imply the continuity ofϕ 7→ gϕt . Definegϕ in C(E3) by
gϕ(x, y, z) = qϕ1 (x, y). If C > 0, then Lemma 2.7(h) implies that

sup
ϕ : ‖ϕ‖≤C

‖gϕt − gϕ‖ ≤ sup
ϕ : ‖ϕ‖≤C

‖qϕ1 ‖
∥∥∥∥C ′e−εt +C ′e−ε(1+t)

lϕhϕ − C ′e−ε(1+t)

∥∥∥∥ (2.25)

for all sufficiently larget ≥ 1. Since this estimate is uniform on bounded subsets of
C(E), it follows by using Lemma 2.7(a), (g), (2.9), and|Λϕ| ≤ ‖ϕ‖ and lettingt→∞,
that the mapϕ 7→ qϕ1 is continuous. Since

1
hϕ(x)

=
‖hϕ‖2

hϕ(x)
=

∥∥∥∥qϕ1 (x, ·)
pϕ1 (x, ·)eΛ

ϕ
∥∥∥∥

2

, x ∈ E, (2.26)

by (2.9), it follows with (a) thatϕ 7→ 1/hϕ andϕ 7→ hϕ are continuous.
(c) By part (b), the mapϕ 7→ 〈hϕ,m〉 is continuous. Using (a) and (b), it follows that

the mapϕ 7→ 〈exp(−Λϕt)E(·)[f exp(t〈ϕ,Lt〉)hϕ(Xt)],m〉 is continuous for eacht > 0
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and each bounded, continuous, andFt-measurablef : Ω → R. Using (2.8), (2.16), and
Lemma 2.21, part (c) follows.

(d) If C > 0, then (2.9) and Lemma 2.7(g), (h) show that

lim
t→∞

sup
ϕ:‖ϕ‖≤C

sup
x∈E

∥∥∥∥e−Λ
ϕt

hϕ(x)
pϕt (x, ·)− lϕ

∥∥∥∥ = 0 .

Since this limit is uniform on bounded subsets ofC(E), part (d) follows from (a), (b),
and (2.23).

Lemma 2.27 There exists a constantM ≥ 1 such thatEx[exp(TΨ (LT ))] ≤
MEπ[exp(TΨ (LT ))] ≤M2Ey[exp(TΨ (LT ))] for all x, y ∈ E andT > 1.

Proof. Let C denote the common bound of the mapsDΨ andR given by Condition
2.12. DefineM = c1 exp(4C). Note that

T |Ψ (LT )− Ψ (L1,T+1)| = |〈DΨ (L1,T ), L1− LT,T+1〉
+R1/T (L1,T , L1)−R1/T (L1,T , LT,T+1)| ≤ 4C .

Using the Markov property and Condition 2.1, it follows that

Ex[exp(TΨ (LT ))] ≤ e4CEx[exp(TΨ (L1,T+1))]

= e4CEx[EX1[exp(TΨ (LT ))]] ≤MEπ[exp(TΨ (LT ))]

andEy[exp(TΨ (LT ))] ≥M−1Eπ[exp(TΨ (LT ))] for all x, y ∈ E.

By Condition 2.12 and Lemma 2.22(d), the mapM1(E) × E 3 (µ, y) 7→ lµ(y)
is continuous in each argument and therefore jointly measurable. Fort, T > 0 define
Γt,T ∈M1(M1(E)) by

Γt,T (A) =
1
ct,T

∫
E

∫
A

lµ(y) exp(tΛµ + TΨ (µ)) (PyL−1
T )(dµ)π(dy) (2.28)

for all A ∈ B(M1(E)), wherect,T denotes the appropriate normalizing constant.

Proof of Theorem 2.20. Due to Condition 2.12 and [3, Theorem 4.2.43], the mapΨ − J
is upper semi-continuous. Therefore,Ψ − J attains its supremum on a closed subset of
the compact setM1(E). Hence,KΨ is non-empty and compact.

Condition 2.12 and (2.18) imply that the mapµ 7→ ϕµ is bounded. Take anyt > 0.
Using Lemma 2.7(g) and|Λϕ| ≤ ‖ϕ‖, it follows that there exists a constantC > 0
such that‖tΛµ + log lµ‖ ≤ C for all µ ∈ M1(E). SinceΨ is bounded and continuous
by Condition 2.12, it follows from the full large deviation principle for{PL−1

T | T >
0, x ∈ E } and Varadhan’s theorem (compare [3, Exercise 2.1.24] and [2, Lemma 4.4])
thatΓt,T (U c) → 0 asT → ∞ for everyt > 0 and every neighbourhoodU ⊂ M1(E)
of KΨ .

SinceM1(E) is compact, the set{Γt,T }T≥1 is relatively compact for eacht > 0. By
the above paragraph, each accumulation point of{Γt,T }T≥1 asT →∞ is concentrated
onKΨ .

Let {Tn}n∈N be a strictly increasing sequence tending to infinity. By the preceeding
paragraph and a diagonal argument we may assume that, for eachk ∈ N, the sequence
{ΓTk,Tn−Tk}n>k converges weakly to a measureΓTk inM1(M1(E)) asn→∞. Note
thatΓTk (KΨ ) = 1. By choosing a further subsequence if necessary, we may assume
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that{ΓTk}k∈N converges weakly to a measureΓ with Γ (KΨ ) = 1. Letf : Ω → [1,2]
be a continuous function, which isFs-measurable for somes ≥ 0. By Lemma 2.21, it
suffices to show that

lim
n→∞

ÊTn [f ] =
∫
KΨ

〈hµ,m〉
∫
Ω

f dQµ Γ (dµ)

/∫
KΨ

〈hµ,m〉Γ (dµ) . (2.29)

If s < t < T , thenLT = (1− t/T )Lt,T + (t/T )Lt and, by (2.13) and (2.18),

TΨ (LT ) = t〈ϕLt,T , Lt〉 + (T − t)Ψ (Lt,T ) + tRt/T (Lt,T , Lt) . (2.30)

If A ∈ Ft andB ∈ B(M1(E)), then the Markov property forP implies that

E[1A×B(·, Lt,T )|Xt = y] = P(A|Xt = y)Py(LT−t ∈ B)

=
∫
M1(E)

E[1A×B(·, µ)|Xt = y] (PyL−1
T−t)(dµ)

for PX−1
t -almost ally ∈ E; therefore, by (2.30),

E[f exp(TΨ (LT ))] =
∫
E

∫
M1(E)

E[f exp(t〈ϕµ, Lt〉 + tRt/T (µ,Lt))|Xt = y]p̃t(y)

× exp((T − t)Ψ (µ))PyL−1
T−t(dµ)π(dy) ,

where p̃t = d(PX−1
t )/dπ. Using (2.14) and the dominated convergence theorem, it

follows that
lim
T→∞

E
[

sup
µ∈M1(E)

∣∣exp(tRt/T (µ,Lt))− 1
∣∣ ] = 0

for everyt > 0. Sinceµ 7→ ϕµ is bounded, it follows with Lemma 2.27 that, for each
t > s, there exist{εt,T }T>t ⊂ (0,∞) with εt,T → 1 asT →∞ such that

E[f exp(TΨ (LT ))] = εt,T

∫
E

∫
M1(E)

E[f exp(t〈ϕµ, Lt〉)|Xt = y]p̃t(y)

× exp((T − t)Ψ (µ))PyL−1
T−t(dµ)π(dy) .

By Lemma 2.7(c), (d), and (2.16),

E[f exp(t〈ϕµ, Lt〉)|Xt = y]p̃t(y) = eΛ
µt〈hµ,m〉lµ(y)

∫
Ω

f
qµt−s(Xs, y)

hµ(y)lµ(y)
dQµ

for π-almost ally ∈ E. Sinceµ 7→ ϕµ is bounded, it follows with Lemma 2.7(g) and
(h) that there exists{ε̃t}t>s ⊂ (0,∞) with ε̃t → 1 ast→∞ such that

E[f exp(TΨ (LT ))] = εt,T ε̃t

∫
E

∫
M1(E)

(∫
Ω

f dQµ
)
〈hµ,m〉lµ(y)

× exp(tΛµ + (T − t)Ψ (µ))PyL−1
T−t(dµ)π(dy) .

Using (2.19) and (2.28), it follows that, fors < t < T ,

ÊT [f ] = ε′t,T ε̃
′
t

∫
M1(E)

〈hµ,m〉
∫
Ω

f dQµ Γt,T−t(dµ)

/∫
M1(E)

〈hµ,m〉Γt,T−t(dµ) ,
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where{ε̃′t}t>s and {ε′t,T }T>t have the same properties as{ε̃t}t>s and {εt,T }T>t.
Condition 2.12 and Lemma 2.22(c) imply that the mapµ 7→ Qµ is continuous. Using
the assumptions about{Tn}n∈N, equation (2.29) follows.

Usually, it is difficult to determine whether{P̂T }T>0 converges asT → ∞ and, if
it converges, to which limit law. There is, however, a special case, where this limit can
be determined.

Let G be a compact and metrizable topological group. Then there exists a unique
normalized left-invariant Haar measureσ [4, 14.1.5, 14.2.3], which is also right-invariant
[4, 14.3.3]. Let{Ta}a∈G be a collection of bijective transformations ofE onto itself
such that the mapG×E 3 (a, x) 7→ Tax is continuous andTaTb = Tab for all a, b ∈ G.
If e denotes the neutral element ofG, thenTe = idE , henceT−1

a = Ta−1. For each
a ∈ G defineTa : M1(E) → M1(E) by (Taµ)(A) = µ(T−1

a (A)) for all A ∈ E and
µ ∈ M1(E). Note thatTa is continuous,TaTb = Tab, andT −1

a = Ta−1 for all a, b ∈ G.
We assume:

Condition 2.31
(a) The functionΨ and the transition kernels{Pt}t≥0 areG-invariant, which means

thatΨ = Ψ ◦ Ta andPt(Tax,A) = Pt(x, T−1
a (A)) for all t ≥ 0,x ∈ E, A ∈ E , and

a ∈ G.
(b) There existsν ∈ KΨ such that the mapG 3 a 7→ Φ(a) := Taν is injective and

KΨ = { Taν | a ∈ G }.
Typical examples satisfying (a) are Brownian motion and suitable Markovian jump

processes on groups. Condition 2.31(b) is more restrictive and usually delicate to inves-
tigate. Of course, ifKΨ contains just one measure, then Condition 2.31 is satisfied with
G = {e} andTe = idE . The next section contains an example withG = Z2.

Theorem 2.32 If the Conditions 2.1, 2.12, and 2.31 hold, then

lim
T→∞

P̂T =
∫
G

QTaν〈hTaν ,m〉σ(da)

/∫
G

〈hTaν ,m〉σ(da) . (2.33)

Proof. Choosea ∈ G arbitrarily. DefineTa : Ω → Ω by Ta(ω)(t) = TaXt(ω) for
all t ≥ 0 andω ∈ Ω. ThenXt ◦ Ta = Ta ◦ Xt and, since{Pt}t≥0 is Ta-invariant,
PTax = PxT−1

a for eachx ∈ E. By Condition 2.1, the measureTaπ is {Pt}t≥0-invariant
and the invariant measure is unique [3, Exercise 4.1.48], henceTaπ = π. SinceTa is
continuous and bijective,J ◦T −1

a is the rate function for{PxL−1
T T −1

a | x ∈ E, T > 0}
[3, Lemma 2.1.4]. SinceLT ◦ Ta = Ta ◦ LT andPTaxL

−1
T = PxL−1

T T −1
a for each

T > 0, the uniqueness of the rate function [3, Lemma 2.1.1] implies thatJ = J ◦ T −1
a ,

henceJ = J ◦ Ta. Chooseϕ ∈ C(E). ThenΛϕ = Λϕ◦Ta by (2.6). Sincehϕ ◦ Ta =
exp(−Λϕ◦Tat)Pϕ◦Tat (hϕ ◦ Ta) for all t ≥ 0 and‖hϕ ◦ Ta‖2 = 1, Lemma 2.7(b) shows
thathϕ◦Ta = hϕ ◦ Ta. SinceQϕTax = Qϕ◦Tax T−1

a for all x ∈ E, the measureTaµϕ◦Ta
is {Qϕ(·)X−1

t }t>0-invariant and Lemma 2.7(e) implies thatTaµϕ◦Ta = µϕ. SinceT−1
a =

Ta−1 anddµϕ◦Ta/dπ = (hϕlϕ) ◦ Ta, Lemma 2.7(f) implies thatlϕ◦Ta = lϕ ◦ Ta.
SinceΨ = Ψ ◦ Ta by assumption,Taµ ∈ KΨ for eachµ ∈ KΨ . SinceDΨ is (up to

a constant) uniquely determined by (2.13) and (2.14), it follows thatDΨ (Taµ)(Tax)−
DΨ (µ)(x) is constant and, by (2.18),ϕTaµ ◦ Ta = ϕµ for all µ ∈ M1(E). Therefore,
ΛTaµ = Λµ andlTaµ ◦ Ta = lµ. Finally,Γt,TT −1

a = Γt,T for all T > t > 0. SinceTa is
continuous,ΓT −1

a = Γ for the limit Γ in the proof of Theorem 2.20.
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SinceG × E 3 (a, x) 7→ Tax is continuous,Φ is continuous, too. By Condition
2.31(b), the mapΦ is injective. Therefore, ifG denotes the Borelσ-algebra ofG, then
Φ(A) ∈ B(M1(E)) for everyA ∈ G by Kuratowski’s theorem [16, Chap. I, Corollary
3.3]. SinceΓ (KΨ ) = 1 by the proof of Theorem 2.20 andKΨ = Φ(G) by Condition
2.31(b), the measure ˜σ ∈ M1(G) with σ̃(A) = Γ (Φ(A)) for all A ∈ G is well-defined.
SinceΦ(a−1b) = Ta−1Φ(b), Ta−1 = T −1

a , andΓT −1
a = Γ for all a, b ∈ G, it follows that

σ̃(a−1A) = ΓΦ(a−1A) = Γ (Ta−1Φ(A)) = ΓT −1
a (Φ(A)) = Γ (Φ(A)) = σ̃(A)

for all A ∈ G. Therefore,σ = σ̃ and the theorem follows from (2.29).

3. Convergence of Path Measures Arising from a Jump Process

Let {Xt}t≥0 denote a symmetric jump process onE = {0,1} with exponential holding
times of expectation one. We denote byPx the law of the process on the path space
Ω = D([0,∞), {0,1}) which starts inx ∈ {0,1}. For t > 0 definelt = (1/t)

∫ t
0 Xs ds.

Since the measures inM1({0,1}) can be parametrized byµp = pδ1 + (1− p)δ0 for
p ∈ [0,1], the empirical distributionLt, defined after (2.2), is given byµlt for t > 0.
The random variables{lt}t>0 satisfy a uniform large deviation principle [3, Theorem
4.2.43]. The corresponding rate functionJ : R → [0,∞] can either be calculated via
(2.3) or, since the generator of the jump process is symmetric, via [3, Theorem 4.2.58
and (4.2.49)]. Both ways show that

J(p) =

{
1− 2

√
p(1− p) if p ∈ [0,1],

∞ if p ∈ R \ [0,1].

Fix a constantτ ∈ Rand define an interaction functionV : {0,1}2→ RbyV (x, y) =
τ (xy + (1− x)(1− y)) for x, y ∈ {0,1}. As in Example 2.15 defineΨ (µ) = 〈V, µ⊗2〉.
ThenΨ (µp) = τ (p2 + (1− p)2) for p ∈ [0,1] andHT = TΨ (µlT ). We choosem = δ0 as
starting distribution, henceP = P0.

The transformed probability measuresP̂T andP̂α,T corresponding toP are defined
by (1.2) and (1.4), respectively. Then the right-hand side of (1.6) is given by sup{Ψ (µp)−
J(p) | p ∈ [0,1] }. If τ ≤ 1, then the supremum is attained only forp = 1/2. If τ > 1,
then there are exactly two maxima atp± = (1±

√
1− 1/τ2)/2.

Compared to the situation considered in [6], it would be easy to prove (1.6) in the
present setting, but we do not need (1.6) explicitly.

Forγ > 0 letQγ be the path measure of a jump process on{0,1} starting in 0 with
generator

Lγ =

(
Lγ0,0 Lγ0,1
Lγ1,0 Lγ1,1

)
=
( −γ γ

1/γ −1/γ

)
,

and define the mixture

P̂γ =
1

1 +γ
Qγ +

γ

1 +γ
Q1/γ .

Theorem 3.1 Define

γ(τ ) =

{
1 if τ ≤ 1,
τ +
√
τ2− 1 if τ > 1,

and τ̃ =

{
τ if τ ≤ 1,
(τ + 1/τ )/2 if τ > 1.



14 E. Bolthausen, J.-D. Deuschel, and U. Schmock

Then

lim
T→∞

P̂T = P̂γ(τ ) (3.2)

and

lim
α↓0

lim
T→∞

P̂α,T = P̂γ(τ̃ ) . (3.3)

Remark 3.4 Givenα > 0, we do not prove explicitly that{P̂α,T }T>0 converges to a
limit asT →∞. Instead of (3.3) we prove that

lim
R→∞

lim sup
α↓0

sup
T≥R/α

rΩ(P̂α,T , P̂γ(τ̃ )) = 0 , (3.5)

whererΩ denotes the Prohorov metric onM1(Ω).

Proof of (3.2). If τ ≤ 1, thenKΨ = {µ1/2} by (2.17). Example 2.15 and (2.18) give
DΨ (µ1/2)(x) = τ andϕµ1/2(x) = τ/2 forx ∈ {0,1}, henceϕµ1/2 −Λµ1/2 = 0 by (2.6).
Therefore,hµ1/2 from Lemma 2.7(b) is given byhµ1/2(x) = 1, hencemµ1/2 = δ0 and
Qµ1/2 = P by (2.16), and (3.2) follows from Theorem 2.20.

If τ > 1, then we apply Theorem 2.32 as follows: Abbreviatingµp± by µ±, we
obtainKΨ = {µ+, µ−}, andDΨ (µ±)(x) = 2τ (p±x + (1− p±)(1− x)) according to
Example 2.15. Using (2.18) and (2.6) and writingϕ± for ϕµ± andΛ± for Λµ± , it
follows thatϕ±(x) = τp±(2x − p±) + τ (1 − p±)(2(1− x) − (1 − p±)) andΛ± =
τp2
± + τ (1− p±)2−1 + 1/τ . By the Feynman-Kac formula [18, Example IV.22.11], the

semigroups{exp(−Λ±t)Pϕ±t }t≥0 with P
ϕ±
t given by (2.4) have the generators

(
ϕ±(0)− Λ± − 1 1

1 ϕ±(1)− Λ± − 1

)
=
(−2τp± 1

1 −2τp∓

)
with eigenvalues 0 and−2τ . The non-negative‖·‖2-normalized eigenfunction cor-
responding to 0 is given byhϕ± (0) =

√
2(1− p±) and hϕ± (1) =

√
2p±. Since

hϕ± (1)/hϕ± (0) = 2τp± = γ(τ )±1, it follows from (2.8) thatLγ(τ ) andL1/γ(τ ) are
the generators of{Qϕ±x }x∈{0,1}.

We prove (3.5) only in the caseτ > 1, the other one is simpler. Notice thatγ(τ̃ ) = τ
for all τ ≥ 1. We prove (3.5) essentially by the technique used in Section 2. There are,
however, additional difficulties. We proceed as outlined in the introduction starting with
(1.9), see Lemma 3.6 below. The crucial estimate is given in Lemma 3.11. It would not
be difficult to prove the existence of the limit ofP̂α,R/α asα ↓ 0, which appears in (1.7).
We do not need the limit explicitely, therefore we only study the behaviour for smallα
and largeR. The uniformity stated in Lemma 3.11 is crucial for the interchange of the
limits in (1.7). Lemma 3.11 depends on analytic considerations in Lemma 3.13. Once
we have Lemma 3.11, the rest of the proof follows along the lines of Section 2.

ForR > 0 defineCR = { f ∈ C([0, R],R) | f (0) = 0}, which is a Banach space
with respect to the supremum norm. LetBR denote the set of all Borel measurable
functions from [0, R] to [0,1]. For α,R > 0 define the mapLα,R : Ω → CR by
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Lα,R(t) = tlt/α for all t ∈ [0, R]. Note that the random variableLα,R takes values in
the setGR = { f ∈ CR | 0 ≤ f (t) − f (s) ≤ t − s for all s, t ∈ [0, R] with s ≤ t },
which is compact by Ascoli’s theorem. Iff ∈ GR, then we denote byf ′ ∈ BR the
density with respect to Lebesgue measure.

Forα,R > 0 andx, y ∈ {0,1} define the probability measureQx,yα,R onGR by

Qx,yα,R = Px(L−1
α,R(·) | XR/α = y ) .

Lemma 3.6 If x, y ∈ {0,1} andR > 0, then the measures{Qx,yα,R}α>0 satisfy a large
deviation principle onGR with the good rate function

JR(f ) =
∫ R

0
J(f ′(t)) dt , f ∈ GR,

in the sense of[3], i.e. the rate functionJR is convex,{ f ∈ GR | JR(f ) ≤ r } is compact
for eachr ∈ R, and

− inf
f∈A◦

JR(f ) ≤ lim inf
α↓0

α logQx,yα,R(A) ≤ lim sup
α↓0

α logQx,yα,R(A) ≤ − inf
f∈A

JR(f )

(3.7)
for each Borel subsetA of GR. Here the interiorA◦ and the closureA of A are taken
with respect to the relative topology onGR.

Proof. For the measuresPxL−1
α,R, α > 0, the function space large deviation principle on

CR follows from [3, Exercise 4.2.70] with the good rate functionJ̃R : CR → [0,∞]
given by

J̃R(f ) = lim
n→∞

R

2n

2n∑
k=1

J

(
f (2−nkR)− f (2−n(k − 1)R)

2−nR

)
. (3.8)

If f ∈ CR \ GR, then there existskn ∈ {1, . . . ,2n} for all sufficiently largen ∈ N such
that the corresponding term in (3.8) is infinite, henceJ̃R(f ) = ∞. If f ∈ GR, then [7,
VII.8] and the dominated convergence theorem show thatJ̃R(f ) = JR(f ).

To prove (3.7), first note that limα↓0Px(XR/α = y) = 1/2. The upper estimate in (3.7)
then follows fromPx(Lα,R ∈ A,XR/α = y) ≤ Px(Lα,R ∈ A) and the corresponding
estimate for the measures{PxL−1

α,R}α>0. To show the lower estimate in (3.7), letA
be an open subset ofGR and ε ∈ (0, R). Let Aε denote the set of allg ∈ GR−ε
such that there existsf ∈ A satisfyingf |[0,R−ε] = g and dist(f,GR \ A) > ε. Since
{ f ∈ GR | f |[0,R−ε] ∈ Aε } ⊂ A and sinceLα,R takes values inGR, it follows by using
the Markov property that

Px(Lα,R ∈ A,XR/α = y) ≥ Px(Lα,R−ε ∈ Aε, XR/α = y)

≥ PxL−1
α,R−ε(Aε) min{P0(Xε/α = y),P1(Xε/α = y) } .

SinceAε is an open subset ofGR−ε, there exists an open subsetBε of CR−ε such that
Aε = Bε ∩ GR−ε. Using the lower estimate forPx(Lα,R−ε ∈ Bε) asα ↓ 0, it only
remains to show that

inf
ε∈(0,R)

inf
g∈Aε

JR−ε(g) ≤ inf
f∈A

JR(f ) . (3.9)
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Take anyf ∈ A and defineε = min{R,dist(f,GR \ A)}/2. SinceA is open,ε > 0. If
g := f |[0,R−ε] , theng ∈ Aε andJR−ε(g) ≤ JR(f ), hence (3.9) holds.

To prepare the application of Varadhan’s theorem, define, for eachR > 0, the
mappingsgR : BR → R andgR : GR → R by

gR(φ) =
∫ R

0
e−tφ(t) dt and gR(f ) = e−Rf (R) +

∫ R

0
e−tf (t) dt

for all φ ∈ BR andf ∈ GR. Extend the interaction functionV to [0,∞)2 by defining
V (x, y) = τ (xy+(1−x)(1−y)) for allx, y ∈ [0,∞). Furthermore, defineFR : [−1,1]×
BR → R andFR : [−1,1]× GR → R by

FR(%, φ) =
1
2

∫ R

0

∫ R

0
e−|s−t|V (φ(s), φ(t)) ds dt + τ%

∫ R

0
e−(R−t)φ(t) dt

and

FR(%, f ) =
τ

2
f2(R) +

τ

2
(R− f (R))2 + τ%f (R)− FR(%, f )

+
τ

2

∫ R

0

{
f2(t) + (t− f (t))2

}
dt

− τ
∫ R

0
e−(R−t){f (R)f (t) + (R− f (R))(t− f (t))

}
dt

for all % ∈ [−1,1], φ ∈ BR, andf ∈ GR. Integration by parts shows that

gR(f ) = gR(f ′) and FR(%, f ) = FR(%, f ′) (3.10)

for all % ∈ [−1,1] andf ∈ GR. Note thatgR andFR are continuous.
Forx ∈ {0,1} let P̂xα,T be the transformed path measure arising fromPx via (1.4).

Forδ > 0 defineUδ = (ξ0−δ, ξ0+δ)∪(ξ1−δ, ξ1+δ), whereξ0 = 1/(2τ2) andξ1 = 1−ξ0.

Lemma 3.11 If δ > 0 andx ∈ {0,1}, then

lim
α↓0

sup
T≥R/α

P̂xα,T (Yα,R /∈ Uδ) = 0 (3.12)

for all sufficiently largeR, whereYα,R =
∫ R

0 e−tXt/α dt.

Proof. Givenα,R > 0, defineXα,R : Ω → BR byXα,R(t) = Xt/α for all t ∈ [0, R].
If T ≥ R/α, then

Hα,T = Hα,[R/α,T ] +
τ

α
Z0(1− e−R) +

1
α
FR(Z1− Z0, X

α,R) ,

whereHα,[R/α,T ] is given by (1.3) but with integration over [R/α, T ] and

Z1 =
∫ αT

R

e−(t−R)Xt/α dt and Z0 =
∫ αT

R

e−(t−R)(1−Xt/α) dt .
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Using (3.10), it follows that

Ex[ exp(Hα,T ); Yα,R /∈ Uδ ]

= Ex
[

exp
(
Hα,[R/α,T ] + α−1τZ0(1− e−R)

)
× Ex

[
exp
(
α−1FR(Z1− Z0,Lα,R)

)
; gR(Lα,R) /∈ Uδ

∣∣ FR/α ]] ,
whereFR/α is theσ-algebra generated by{Xt}t≥R/α. Since a similar formula holds
for Ex[exp(Hα,T )], we obtain the estimate

P̂xα,T
(
Yα,R /∈ Uδ

)
≤ sup

%∈[−1,1]
y∈{0,1}

Ex
[

exp
(
α−1FR(%,Lα,R)

)
; gR(Lα,R) /∈ Uδ

∣∣ XR/α = y
]

Ex
[

exp
(
α−1FR(%,Lα,R)

) ∣∣ XR/α = y
] .

SinceFR(·, f ) : [−1,1]→ R is increasing for everyf ∈ GR, it follows that

P̂xα,T
(
Yα,R /∈ Uδ

)
≤ max

k∈{−n,...,n−1}
y∈{0,1}

∫
Gδ,R

exp
(
α−1FR((k + 1)/n, ·)

)
dQx,yα,R∫

GR
exp
(
α−1FR(k/n, ·)

)
dQx,yα,R

,

for everyn ∈ N, whereGδ,R = { f ∈ GR | gR(f ) /∈ Uδ }.
For each% ∈ [−1,1] the functionFR(%, ·) : GR → R is continuous. Hence, it is

bounded on the compact setGR and an analogue of [3, (2.1.9)] holds. SincegR is
continuous,Gδ,R is closed. Therefore, Lemma 3.6 and a version of Varadhan’s theorem
[3, Exercise 2.1.24(i)] imply that, for every% ∈ [−1,1],

lim sup
α↓0

α log
∫
Gδ,R

exp
(
α−1FR(%, ·)

)
dQx,yα,R ≤ sup

f∈Gδ,R

(
FR(%, f )− JR(f )

)
.

Analogously, by [3, Lemma 2.1.7], it follows that

lim inf
α↓0

α log
∫
GR

exp
(
α−1FR(%, ·)

)
dQx,yα,R ≥ κ(%) := sup

f∈GR

(
FR(%, f )− JR(f )

)
.

The last three estimates together imply that

lim sup
α↓0

1
α

log sup
T≥R/α

P̂xα,T
(
Yα,R /∈ Uδ

)
≤ lim
n→∞

sup
(%,f )∈[−1,1]×Gδ,R

(
F (min{1, % + 1/n}, f )− JR(f )− κ(%)

)
= sup

(%,f )∈[−1,1]×Gδ,R

(
F (%, f )− JR(f )− κ(%)

)
,

where the last equality follows from the uniform continuity ofFR on the compact
set [−1,1] × GR. Furthermore, the uniform continuity ofFR implies that the map
[−1,1] 3 % 7→ κ(%) is continuous, too. Hence,ΛR : [−1,1]× GR → (−∞,0], defined
byΛR(%, f ) = FR(%, f )−JR(f )−κ(%), is upper semi-continuous and, therefore, attains
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its supremum on the compact set [−1,1]×Gδ,R. To prove the lemma, it suffices to show
that

{ (%, f ) ∈ [−1,1]× GR | ΛR(%, f ) = 0 andgR(f ) /∈ Uδ } = ∅
for all sufficiently largeR. Using (3.10), this follows from the next lemma.

DefineΛR : [−1,1]×BR → (−∞,0] by

ΛR(%, φ) = FR(%, φ)−
∫ R

0
J(φ(t)) dt− sup

φ̃∈BR

(
FR(%, φ̃)−

∫ R

0
J(φ̃(t)) dt

)
.

Lemma 3.13 For eachδ > 0 there existsRδ > 0 such that, for allR > Rδ,

{ (%, φ) ∈ [−1,1]×BR | ΛR(%, φ) = 0 andgR(φ) /∈ Uδ } = ∅ .

Proof. Definex∗ = τ − 1/τ . Sinceτ > 1, it follows thatx∗ > 0. SinceUδ′ ⊂ Uδ
for 0 < δ′ < δ, it suffices to prove the lemma forδ ∈ (0, x∗]. Definec : R → R by
c(x) = −4(τ2− τ

√
4 +x2 + 1). Note thatc is even and strictly increasing on [0,∞) with

c(0) =−4(τ − 1)2 andc(x∗) = 0. DefineRδ > 0 by

Rδ = max

{
log

2
δ
,

τ

τ − 1
,

4τ√
c(x∗ + δ)

, 2

(
2τ

2τ −
√
−c(x∗ − δ)

− 1

)−1

+ 1

}
.

Fix R ∈ (Rδ,∞). Suppose that% ∈ [−1,1] andφ ∈ BR satisfyΛR(%, φ) = 0, which is
equivalent to saying thatΛR attains its maximal value at (%, φ). To prove the lemma, it
suffices to show thatgR(φ) ∈ Uδ.

Definep± = 1/2±
√
τ2/(1 + 4τ2) andφ∗(t) = p− ∨ (p+ ∧ φ(t)) for all t ∈ [0, R].

Since

J ′(p) = 2
2p− 1√

1− (2p− 1)2
, p ∈ (0,1),

it follows that J(p) − J(p−) ≥ 4τ |p − p−| for all p ∈ [0, p−] and J(p) − J(p+) ≥
4τ |p − p+| for all p ∈ [p+,1]. Since|FR(%, φ1)− FR(%, φ2)| ≤ 3τ‖φ1 − φ2‖L1 for
all φ1, φ2 ∈ BR, it follows thatΛR(%, φ∗) − ΛR(%, φ) ≥ τ‖φ∗ − φ‖L1. Since (%, φ)
maximizesΛR, we therefore may assume thatφ(t) ∈ [p−, p+] for all t ∈ [0, R].

For eachφ̃ ∈ BR the function (−p−, p−) 3 ε 7→ ΛR(%, φ+εφ̃) attains its maximum
atε = 0. Considering the derivatives, we see thatφ satisfies

τ

∫ R

0
(2φ(s)− 1)e−|s−t| ds + τ%e−(R−t) − J ′(φ(t)) = 0 (3.14)

for almost allt ∈ [0, R]. Defineψ = J ′◦φ. Thenφ(t) = (g(ψ(t))+1)/2 for all t in [0, R],
where the bounded functiong ∈ C∞(R) is given byg(x) = x(4 + x2)−1/2. Equation
(3.14) implies that

ψ(t) = τ%e−(R−t) + τ
∫ R

0
g(ψ(s))e−|s−t| ds (3.15)

for almost allt ∈ [0, R]. Since the right-hand side of (3.15) is continuous, we may
assume thatψ is continuous and that (3.15) holds for allt ∈ [0, R]. It then follows
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that ψ and φ are inC∞([0, R],R). Hence, (3.14) holds fort = 0 and shows that
gR(φ) = (ψ(0) + τ )/(2τ )− (1 +%)e−R/2. If we can prove that

|ψ(0)− x∗| < δ or |ψ(0) +x∗| < δ , (3.16)

then min{ |gR(φ)−ξ1|, |gR(φ)−ξ0| } ≤ δ/(2τ )+e−R < δ, becauseR > Rδ ≥ log(2/δ).
This means thatgR(φ) ∈ Uδ. Therefore, it remains to prove (3.16).

If a, b ∈ [0,1/2) ora, b ∈ (1/2,1], thena(1− b) + (1− a)b < ab + (1− a)(1− b).
Furthermore, note thatJ(a) = J(1− a) for all a ∈ [0,1]. If there weres, t ∈ [0, R]
with φ(s) < 1/2 andφ(t) > 1/2, thenFR(0, φ) < FR(0, φ+) = FR(0, φ−), where
φ+ := max{φ,1 − φ} and φ− := min{φ,1 − φ}; henceΛR(%, φ) < ΛR(%, φ+) if
% ∈ [0,1], andΛR(%, φ) < ΛR(%, φ−) if % ∈ [−1,0], which contradicts the choice of
(%, φ). This proves thatφ ≥ 1/2 if % ∈ (0,1], thatφ ≤ 1/2 if % ∈ [−1,0), and that
φ − 1/2 does not change its sign if% = 0. Sincep− ≤ φ ≤ p+, as we proved above, it
follows that 0≤ ψ ≤ 4τ if % ∈ (0,1], that−4τ ≤ ψ ≤ 0 if % ∈ [−1,0), and that either
0≤ ψ ≤ 4τ or−4τ ≤ ψ ≤ 0 in the case% = 0.

Computing the first and the second derivative of (3.15), we see thatψ is a solution
of the boundary value problem

y′′(t) = y(t)− 2τg(y(t)) , t ∈ [0, R], (3.17)

y′(0) = y(0) , (3.18)

y′(R) = 2τ%− y(R) . (3.19)

Sinceψ solves (3.17) and (3.18), it follows that, for allt ∈ [0, R],

ψ′2(t) =
(

2τ −
√

4 +ψ2(t)
)2

+ c(ψ(0)) . (3.20)

If ψ(0) is given, thenψ is uniquely determined by (3.17) and (3.18).
If ψ(0) = 0, thenψ is identically zero and (3.19) shows that% = 0. Note that

ψ = 0 corresponds toφ = 1/2. According to the special choice ofφ, the function
(−1,1) 3 ε 7→ ΛR(0, φ + ε/2) attains its maximum atε = 0, hence, sinceφ = 1/2,

0≥ d2

dε2
ΛR(0, φ + ε/2)

∣∣∣
ε=0

= (τ − 1)R− τ (1− e−R) ,

which is impossible becauseR > Rδ ≥ τ/(τ − 1).
If |ψ(0)| ≥ x∗ + δ, then|ψ′(t)| ≥ c1/2(x∗ + δ) > c1/2(x∗) = 0 for all t ∈ [0, R] by

(3.20). Using (3.18) and the continuity ofψ′, it follows that |ψ(R)| ≥ c1/2(x∗ + δ)R.
This is impossible becauseR > Rδ ≥ 4τc−1/2(x∗ + δ) and|ψ(R)| ≤ 4τ .

If ψ(0) ∈ (0, x∗ − δ], then 0> c(x∗ − δ) ≥ c(ψ(0))≥ c(0) =−4(τ − 1)2. Define

y0 =
√(

2τ −
√
−c(ψ(0))

)2− 4 ,

y1 =
√(

2τ −
√
−c(x∗ − δ)

)2− 4 ,

t1 =

(
2τ√
4 + 1y

2
− 1

)−1

,

and note thatt1 ≤ (Rδ − 1)/2 and

ψ(0) =
√(

2τ −
√
−c(ψ(0)) +ψ2(0)

)2− 4< y0 ≤ y1 < 2
√
τ2− 1 .
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If ψ(t) ∈ [ψ(0), y0], then (3.17) implies that

ψ′′(t) = −ψ(t)

(
2τ√

4 +ψ2(t)
− 1

)
≤ −ψ(0)

t1
< 0 .

Hence, sinceψ(0) = ψ′(0) > 0 by (3.18), there exists a smallestt0 ∈ [0, t1] such
that ψ′(t0) = 0 or ψ(t0) = y0. By (3.20), each of these two equations implies the
other one. According to (3.17), the functionsψ|[t0,2t0] andψ : [t0,2t0] → R, given by
ψ(t) = ψ(2t0− t), solve the initial value problem

y′′(t) = y(t)− 2τg(y(t)) , y′(t0) = 0 , y(t0) = y0 .

Due to the uniqueness of the solution, it follows thatψ(2t0) = ψ(0) andψ′(2t0) = −ψ′(0).
Sinceψ(0) = ψ′(0) > 0 andψ′′(t) ≤ 0 if ψ(t) ∈ [0,2

√
τ2− 1], there existst2 ∈

[2t0,2t0 + 1] whereψ changes its sign. This is impossible because we proved above that
ψ does not change its sign in [0, R]. A similar argument shows thatψ(0) ∈ [−x∗ + δ, 0)
is impossible.

The preceding three paragraphs prove (3.16).

Proof of (3.5) forτ > 1. Defineπ = (1/2,1/2). Forx ∈ {0,1} and% ∈ [0,1] define
ϕ%(x) = τ%x + τ (1− %)(1− x). Sincep 7→ 〈ϕ%, µp〉 − J(p) attains its supremum at

p% =
1
2

(
1 + τ

2%− 1√
4 + τ2(2%− 1)2

)
,

(2.6) yieldsΛ% := Λϕ% = (τ − 2 +
√

4 + τ2(2%− 1)2)/2.
Next we determinehϕ% , µϕ% , and lϕ% , which appear in Lemma 2.7. We use the

abbreviationsh%, µ%, andl%, respectively. According to the Feynman-Kac formula [18,
Example IV.22.11], the semigroup{exp(−Λ%t)Pϕ%t }t≥0, whereP

ϕ%
t given by (2.4), has

the generator(
ϕ%(0)− Λ% − 1 1

1 ϕ%(1)− Λ% − 1

)
=
(−γ% 1

1 −1/γ%

)
with γ% := (

√
4 + τ2(2%− 1)2 +τ (2%−1))/2. The non-negative‖·‖2-normalized eigen-

function corresponding to the eigenvalue 0 is given byh%(0) =
√

2/(1 +γ%2) and
h%(1) = γ%h

%(0). Sinceh%(1)/h%(0) = γ%, it follows from (2.8) thatLγ% is the gen-
erator of{Qϕ%x }x∈{0,1}. Note thatp% = (h%(1))2π(1) and 1− p% = (h%(0))2π(0). Since
(1, γ2

%)L
γ% = 0, it follows thatµ% := (1− p%, p%) is the{Qϕ%(·) X

−1
t }t≥0-invariant distri-

bution and thatl% = h%. Note thatγξ1 = τ andγξ0 = 1/τ .
We now follow the proof of Theorem 2.20. For% ∈ [0,1] andα, t, T > 0 with t < T

define

Θα,[t,T ] =
∫ T

t

αe−α(s−t)Xs ds +
1
2

e−α(T−t)

and

Rα,t,T (%) = Hα,t−τ
∫ t

0
(1−e−α(t−s))(%Xs +(1−%)(1−Xs)) ds−

τ

2α
(eαt−1)e−αT .

We use the abbreviationΘα,T = Θα,[0,T ] . Then, corresponding to (2.30),

Hα,T = t〈ϕΘα,[t,T ] , µlt〉 +Hα,[t,T ] +Rα,t,T (Θα,[t,T ] ) , (3.21)
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whereHα,[t,T ] is given by (1.3) but with integration over [t, T ] instead of [0, T ]. Define
Γα,t,T ∈M1([0,1]), for all Borel setsA of [0,1], by

Γα,t,T (A) =
∑

y∈{0,1}

π(y)
cα,t,T

Ey[1A(Θα,T )lΘα,T (y) exp(tΛΘα,T +Hα,T )] , (3.22)

where cα,t,T denotes the appropriate normalizing constant. SinceΛ% = Λ1−% and
V (x, y) = V (1 − x,1 − y) as well asPx(Xs = y) = P1−x(Xs = 1 − y) and
h%(x) = h1−%(1 − x) for all s ≥ 0, % ∈ [0,1], andx, y ∈ {0,1}, it follows that
Γα,t,T is symmetric, which means thatΓα,t,T (A) = Γα,t,T ({1− a | a ∈ A }) for all
Borel setsA of [0,1]. Since sup{ |Θα,T − Yα,R| : T ≥ R/α } → 0 asα ↓ 0 and
R→∞, it follows from Lemma 3.11 that, for eacht > 0, the measures{Γα,t,T }α,T>0
converge weakly to the symmetric measure (δξ1 + δξ0)/2, uniformly forT ≥ R/α as
α ↓ 0 and thenR→∞.

Letf : Ω → [1,2] be a continuous function which isFs-measurable for somes ≥ 0.
By Lemma 2.21 it suffices to show that

lim
R→∞

lim sup
α↓0

sup
T≥R/α

∣∣∣∣Êα,T [f ] − 1
1 + τ

∫
Ω

f dQτ − τ

1 + τ

∫
Ω

f dQ1/τ

∣∣∣∣ = 0 , (3.23)

which would prove (1.7) for this model, too. Forα, T > 0 andy ∈ {0,1} define the
measureΓ yα,T by Γ yα,T (A) = Ey[1A(Θα,T ) exp(Hα,T )] for all Borel sets A of [0,1].
Using (3.21) and the Markov property, it follows that, for everyt ∈ (s, T ),

E[f exp(Hα,T )] =
∑

y∈{0,1}

∫ 1

0
E[ f exp(t〈ϕ%, µlt〉 +Rα,t,T (%));Xt = y ] Γ yα,T−t(d%).

Since|Rα,t,T (%)| ≤ ατt2 +2τ (e−αt−1+αt)/α+τe−R(eαt−1)/(2α) for all % ∈ [0,1]
andα,R, t, T > 0 with T ≥ R/α, there exists, for eacht ≥ s, a suitable subset
{ εα,t,T | α > 0, T > t } of (0,∞) with sup{ |εα,t,T − 1| : T ≥ R/α } → 0 asα ↓ 0
andR→∞ such that

E[f exp(Hα,T )] = εα,t,T
∑

y∈{0,1}

∫ 1

0
E[ f exp(〈ϕ%, µlt〉); Xt = y ] Γ yα,T−t(d%) .

By Lemma 2.7(c) and (d),

E[ f exp(t〈ϕ%, µlt〉); Xt = y ] = eΛ
%th%(0)l%(y)π(y)

∫
Ω

f
q%t−s(Xs, y)

h%(y)l%(y)
dQ%

for y ∈ {0,1}. Since [0,1] 3 % 7→ ϕ% is bounded, it follows from Lemma 2.7(g) and
(h) that there exists{ε̃t}t>s ⊂ (0,∞) with ε̃t → 1 ast→∞ such that

E[f exp(Hα,T )] = εα,t,T ε̃t
∑

y∈{0,1}

∫ 1

0

(∫
Ω

f dQ%
)
h%(0)π(y)l%(y)eΛ

%t Γ yα,T−t(d%).

Using (1.4) and (3.22), it follows that, fors < t < T andα > 0,

Êα,T [f ] = ε′α,t,T ε̃
′
t

∫ 1

0
h%(0)

∫
Ω

f dQ% Γα,t,T−t(d%)

/∫ 1

0
h%(0)Γα,t,T−t(d%) ,
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where{ε̃′t}t>s and{ ε′α,t,T | α > 0, T > t } have the same properties as{ε̃t}t>s and
{ εα,t,T | α > 0, T > t }. Since% 7→ ϕ% is continuous, Lemma 2.22(b) and (c) show
that% 7→ h%(0) and% 7→ Q% are continuous. Hence, (3.23) follows.

4. Convergence of Path Measures in a Gaussian Model

Let Ω := {ω ∈ C([0,∞),R) | ω(0) = 0} be the vector space of all continuous paths
starting at the origin. The spaceΩ equipped with the usual invariant metric which
induces the uniform convergence on compact intervals is a Polish space. LetF be the
Borel σ-algebra onΩ, let P be the Wiener measure on (Ω,F) and denote byE the
expectation with respect toP. For eacht ≥ 0, define the evaluation mapβt : Ω → R
by βt(ω) = ω(t). Letλ denote the Lebesgue measure onR, and let〈·, ·〉 and‖·‖2 denote
the usual inner product and norm ofL2([0,∞), λ), respectively. Furthermore, define
s ∧ t = min{s, t} ands ∨ t = max{s, t} for all s, t ∈ R. Fix a positive real constantτ
and define the functionV : R2 → R by V (x, y) = −τ2(x− y)2/4. Let the transformed
probability measures{P̂τT }T>0 and{P̂τα,T }α,T>0 on (Ω,F) be defined by (1.2) and
(1.4), respectively.

It follows from Lemma 4.5 below that{P̂τT }T>0 and{P̂τα,T }α,T>0 are tight. In anal-
ogy with the previous sections, we can try to identify the limiting probability measures
in (1.5) via variational problems. Of course, this will be a heuristic argument, since the
Wiener measure is not sufficiently mixing. Nevertheless, it allows us to guess the correct
limiting measures.

Let J : M1(R)→ [0,∞] be the rate function associated with Brownian motion:

J(µ) =
{ 1

2

∫
R(f ′(x))2 dx if dµ/dλ = f2 andf ∈ H1(R),

+∞ otherwise.

SinceJ andṼ are translation invariant, the sets of solutions of the variational problems
(1.6) and (1.9), respectively, are translation invariant. Denote bym(µ) and var(µ) the
mean and the variance, respectively, ofµ ∈M1(R). Then

Ṽ (µ, ν) = −τ
2

4

∫
R

∫
R
(x− y)2µ(dx) ν(dy)

= −τ
2

4

(
var(µ) + var(ν) + (m(µ)−m(ν))2

)
for allµ, ν ∈M1(R), in particular, it follows that̃V (µ, µ) = −τ2 var(µ)/2. Furthermore,
if (µR,t)t∈[0,R] is a solution of the variational problem (1.9), thenm(µR,s) = m(µR,t)
for almost alls, t ∈ [0, R], hence

1
2R

∫ R

0

∫ R

0
e−|s−t|Ṽ (µR,s, µR,t) ds dt = − 1

R

∫ R

0

τ2
R(t)
2

var(µR,t) dt , (4.1)

whereτ2
R(t) = τ2(2 − e−t − e−(R−t))/2 for t ∈ [0, R]. Therefore, a solutionµ of

the variational problem (1.6) has to maximize−τ2 var(µ)/2 − J(µ) and a solution
(µR,t)t∈[0,R] of (1.9) should maximize−τ2

R(t) var(µR,t)/2 − J(µR,t) for every t ∈
[0, R]. Due to (4.1), we only need the possible limits of{µR,0}R>0 asR tends to
infinity. Hence, sinceτ2

R(0) → τ2/2 asR → ∞, we need thoseµ ∈ M1(R) which
maximize−τ2 var(µ)/4− J(µ).
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Given c ∈ R and τ > 0, definehc,τ (x) = (τ/π)1/4 exp(−τ (x − c)2/2) for all
x ∈ R. Note thath2

c,τ is a density of the normal distributionµc,τ with meanc and
variance 1/(2τ ). Furthermore,hc,τ is the positive,‖·‖L2(R,λ)-normalized eigenfunction
associated with the largest eigenvalue of (1/2)∆ − τ2(x − c)2/2. Hence,{µc,τ}c∈R
should be the set of solutions of (1.6) and the measures{µc,τ/√2}c∈R should maximize
−τ2 var(µ)/4− J(µ).

Using this heuristic argument, one can guess the limiting measures in the mean
field and polaron case using (2.33): For eachc ∈ R andτ > 0 let Qc,τ denote the
path measure on (Ω,F) of an Ornstein-Uhlenbeck process{Xt}t≥0 which satisfies the
stochastic differential equationdXt = dβt − τ (Xt − c) dt with X0 = 0. Note that the
drift is directed towards the centerc and thatµc,τ is the reversible distribution forQc,τ .
Finally, we define the probability measureP̂τ on (Ω,F) by

P̂τ (A) =
∫
R
Qc,τ (A)

( τ
4π

)1/4
hc,τ (0)dc , A ∈ F .

Theorem 4.2 If τ > 0, then with respect to the weak convergence on(Ω,F)

lim
T→∞

P̂τT = P̂τ and lim
α↓0

lim
T→∞

P̂τα,T = P̂τ/
√

2 .

Although the variational problem gives us the correct answer, we cannot apply the
theory of large deviations as in the previous sections, since the Wiener measureP is
not sufficiently mixing. However, the interaction is quadratic and the transformed path
measures are Gaussian (Lemma 4.5). In order to show the above theorem it will suffice
to investigate the corresponding covariances.

To unify the treatment of the mean field and polaron type case, define the weight
functionWα,T : [0,∞)2→ [0,∞) by

Wα,T (s, t) =

{
(1/T )1[0,T ]2(s, t) for α = 0 andT > 0,

α exp (−α|s− t|)1[0,T ]2(s, t) for α, T > 0.

and introduce the transformed probability measurePτα,T on (Ω,F) by

Pτα,T (A) =
1

Zτα,T
E
[
1A exp

(
−τ

2

4

∫ T

0

∫ T

0
Wα,T (s, t)(βs − βt)2 ds dt

)]
for all A ∈ F , whereZτα,T is the normalizing constant. SincePτα,T = P̂

√
2τ

α,T for α > 0,
Theorem 4.2 is proved if we show that

lim
T→∞

Pτ0,T = P̂τ and lim
α↓0

lim
T→∞

Pτα,T = P̂τ . (4.3)

For the remaining part of this section we omit the superscriptτ .
For every weight functionWα,T definekα,T : [0,∞)2→ [0,∞) by

kα,T (u, v) =
τ2

2

∫ T

0

∫ T

0
Wα,T (s, t) 1[s∧t,s∨t]2(u, v) ds dt (4.4)

and let Kα,T be the symmetric integral operator with kernelkα,T , which maps
L2([0,∞), λ) into itself. Sincekα,T is inL2([0,∞)2, λ2), the operatorKα,T is Hilbert-
Schmidt and therefore compact [17, Theorem IV.23 and VI.22(e)]. For everyα > 0
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let Kα be the integral operator onL2([0,∞), λ) with kernelkα given bykα(u, v) =
(τ2/2)(e−α|u−v| − e−α(u∨v)) for u, v ≥ 0.

Lemma 4.5
(a) For everyα ≥ 0 and T > 0 the operatorKα,T is positive, henceI + Kα,T is

invertible and‖(I +Kα,T )−1‖ ≤ 1. If α > 0 andT > 0, then‖Kα,T ‖ ≤ 2τ2/α2.
The operators{Kα}α>0 have the same properties.

(b) If α ≥ 0 and T > 0, thenPα,T is a centered Gaussian measure which satisfies
Eα,T [βsβt] = 〈1[0,s] , (I +Kα,T )−11[0,t]〉 for all s, t ≥ 0.

(c) The set{Pα,T }T>0 is tight for everyα ≥ 0.
(d) For everyα > 0 the measures{Pα,T }T>0 converge weakly tôPα as T tends

to infinity, whereP̂α is the centered Gaussian measure on(Ω,F) which satisfies
Êα[βsβt] = 〈1[0,s] , (I +Kα)−11[0,t]〉 for all s, t ≥ 0.

(e) The set{P̂α}α>0 is tight.

Proof. (a) SinceWα,T ≥ 0, it follows from (4.4) that, for allf ∈ L2([0,∞), λ),

〈f,Kα,T f〉 =
τ2

2

∫ T

0

∫ T

0
Wα,T (s, t)〈1[s∧t,s∨t] , f〉2 ds dt ≥ 0 , (4.6)

henceKα,T is positive and‖(I +Kα,T )f‖2
2 ≥ ‖f‖2

2. ThereforeI +Kα,T is invertible
with ‖(I +Kα,T )−1‖ ≤ 1. If α, T > 0, then, for allu, v ≥ 0,

kα,T (u, v) =
τ2

α
(e−α|u−v| − e−α(u∨v) − e−αT (eα(u∧v) − 1))1[0,T ]2(u, v) . (4.7)

Note thatkα,T is symmetric,kα,T ≥ 0, and
∫∞

0 kα,T (·, v) dv ≤ 2τ2/α2. By the Cauchy-
Schwarz inequality,

|(Kα,T f )(u)|2 ≤
∫ ∞

0
kα,T (u, v) dv

∫ ∞
0

kα,T (u, v)|f (v)|2 dv , u ≥ 0,

hence‖Kα,T f‖2 ≤ (2τ2/α2)‖f‖2 for all f ∈ L2([0,∞), λ). Using

〈f,Kαf〉 =
τ2

2

∫ ∞
0

∫ ∞
0

αe−α|s−t|〈1[s∧t,s∨t] , f〉2 ds dt ≥ 0 ,

the same proof applies to the operators{Kα}α>0.
(b) LetΦ : L2([0,∞), λ)→ L2(Ω,F ,P) denote the Wiener integral with respect to

the Brownian motion{βt}t≥0. Then{Φ(f )}f∈L2([0,∞),λ) is a centered Gaussian process
on (Ω,F ,P) with covariance〈·, ·〉 as defined in [21, Theorem 2.3A]. DefineΩT = {ω ∈
C([0, T ],R) | ω(0) = 0} andQ : Ω2

T → R by

Q(ω, ω̃) =
τ2

2

∫ T

0

∫ T

0
Wα,T (s, t)(ω(s)− ω(t))(ω̃(s)− ω̃(t)) ds dt .

Furthermore, defineS : L2([0,∞), λ)→ ΩT bySf (t) = 〈f,1[0,t]〉 for all t ∈ [0, T ] and
note thatQ(Sf, Sg) = 〈f,Kα,T g〉 for all f, g ∈ L2([0,∞), λ). SinceKα,T is a positive
compact operator, there exists a complete orthonormal system{fi}i∈N in L2([0,∞), λ)
and{γi}i∈N ⊂ [0,∞) such thatKα,T fi = γifi for all i ∈ N, see [17, Theorem VI.16].
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Since
∑∞
i=1〈1[s∧t,s∨t] , fi〉2 = ‖1[s∧t,s∨t]‖2

2 = |s− t| for all s, t ∈ [0, T ], it follows with
(4.6) that

∞∑
i=1

γi =
∞∑
i=1

〈fi,Kα,T fi〉 =
τ2

2

∫ T

0

∫ T

0
Wα,T (s, t)|s− t| ds dt ,

henceKα,T is a trace class operator. Define the projectionπT : Ω → ΩT by πT (ω) =
ω|[0,T ] . SinceΦ is continuous, it follows that, for eacht ∈ [0, T ],

βt = Φ(1[0,t] ) = Φ

( ∞∑
i=1

Sfi(t)fi

)
=
∞∑
i=1

Sfi(t)Φ(fi) P-a.s.

The last series converges uniformly int ∈ [0, T ] P-almost surely [11, Theorem 5.1].
SinceQ is continuous and bilinear, it follows thatP-a.s.

Q(πT , πT ) =
∞∑
i,j=1

Φ(fi)Φ(fj)〈fi,Kα,T fj〉 =
∞∑
i=1

γi(Φ(fi))
2 .

This corresponds to [21, (3.15)], hence [21, Theorem 3.11(b)] implies that the pro-
cess{Φ(f )}f∈L2([0,∞),λ) on (Ω,F ,Pα,T ) is centered Gaussian with covariance〈·, (1 +
Kα,T )−1 ·〉.

(c) For eachn ∈ N define the projectionπn as in part (b). It follows from parts (a)
and (b) thatEα,T [(βs − βt)2] = 〈1(s,t] , (I + Kα,T )−11(s,t]〉 ≤ t − s and, sincePα,T
is Gaussian,Eα,T [(βs − βt)4] ≤ 3(t − s)2 for all s, t ∈ [0,∞) with s ≤ t and all
T > 0. Theorem 12.3 in [1] and the remark following the proof of [1, Theorem 8.2]
show that{Pα,Tπ−1

n }T>0 is tight for eachn ∈ N. Analogously to the proof of [10, Chap.
3, Proposition 2.4] it follows that{Pα,T }T>0 is tight.

(d) If we show that, for allf, g ∈ L2([0,∞), λ),

lim
T→∞

〈f, (I +Kα,T )−1g〉 = 〈f, (I +Kα)−1g〉 (4.8)

then the weak convergence of{Pα,T }T>0 to P̂α asT → ∞ follows from part (c) and
[20, Lemma 2.3.1]. By (4.7) and the definition ofkα,

lim
T→∞

‖(Kα −Kα,T )h‖2 = 0 (4.9)

for all continuoush : [0,∞)→ Rwith compact support. Since‖Kα,T ‖ ≤ 2τ2/α2 for all
T > 0 by part (a), equation (4.9) holds for allh ∈ L2([0,∞), λ). Defineh = (I+Kα)−1g.
Then, for allT > 0,

|〈f, ((I +Kα,T )−1− (I +Kα)−1)g〉|
= |〈f, (I +Kα,T )−1((I +Kα)− (I +Kα,T ))h〉|
≤ ‖f‖2‖(Kα −Kα,T )h‖2 ,

because‖(I +Kα,T )−1‖ ≤ 1 by part (a). Thus, (4.9) implies (4.8).
(e) Using (d) instead of (b), the proof is similar to the proof of part (c).

LetR be the symmetric integral operator onL2([0,∞), λ) whose kernel is given by
r(u, v) = (τ/2)(e−τ |u−v| − e−τ (u+v)) for all u, v ≥ 0. As in the proof of Lemma 4.5(a)
it follows that‖R‖ ≤ 1.
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Lemma 4.10 The measurêP is centered Gaussian and, for alls, t ≥ 0,

Ê[βsβt] =
1
2τ

(e−τ |s−t| − e−τ (s+t)) +
1
τ

(1− e−τs)(1− e−τt)

= 〈1[0,s] , (I −R)1[0,t]〉 .
(4.11)

Proof. By Itô’s formula,Qc,τ is the law of the Gaussian process

Xt = c(1− e−τt) + e−τt
∫ t

0
eτu dβu , t ≥ 0.

If we replacec by a N(0,1/τ )-distributed random variableC which is independent of
{βt}t≥0, then the new process is centered Gaussian with lawP̂ and covariances given
by (4.11). The second equality in (4.11) can be verified by computing the corresponding
integrals.

Proof of Theorem 4.2. Due to Lemma 4.5(d), we have to show that the measures
{P0,T }T>0 converge weakly tôP asT → ∞ and that the measures{P̂α}α>0 con-
verge weakly tôP asα ↓ 0 in order to prove (4.3). In view of Lemma 4.5 and Lemma
4.10, it remains to show thatE0,T [βsβt] as well asÊα[βsβt] converge tôE[βsβt] for
all s, t ≥ 0 asT → ∞ andα ↓ 0, respectively [20, Lemma 2.3.1]. Hence it suffices to
prove that, for allf, g ∈ L2([0,∞), λ),

lim
T→∞

〈f, (I +K0,T )−1g〉 = 〈f, (I −R)g〉 (4.12)

and

lim
α↓0
〈f, (I +Kα)−1g〉 = 〈f, (I −R)g〉 . (4.13)

Chooseµ > τ , definegµ ∈ L2([0,∞), λ) by gµ(v) = exp(−µv), and definegτ
accordingly. Elementary calculations show that

Rgµ =
τ2

µ2− τ2
(gτ − gµ) , (4.14)

hence

(I −R)gµ =
1

µ2− τ2
(µ2gµ − τ2gτ ) . (4.15)

Explicit computations yield

(K0,T (I −R)gµ)(u) =
τ2

µ2− τ2

(
gτ (u ∧ T )− gµ(u ∧ T )− u ∧ T

T
(gτ (T )− gµ(T ))

)
for all u ≥ 0 and allT > 0. Using (4.15), further computations yield

(Kα(I −R)gµ)(u) =
τ2

µ2− τ2

(
τ

τ − αgτ (u)− µ

µ− αgµ(u)− α(µ− τ )e−αu

(µ− α)(τ − α)

+
(
1− e−αu

)( τ

τ + α
gτ (u)− µ

µ + α
gµ(u)

))
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for all u ≥ 0 andα ∈ (0, τ ). Note thatαe−αu ≤ (u ∨ (1/τ ))−1 for theseu andα. It
now follows with (4.14) and the dominated convergence theorem, that

lim
T→∞

‖(I − (I +K0,T )(I −R))gµ‖2 = 0 (4.16)

and

lim
α↓0
‖(I − (I +Kα)(I −R))gµ‖2 = 0 . (4.17)

If f ∈ L2([0,∞), λ), then, for allT > 0,

|〈f, (I +K0,T )−1gµ − (I −R)gµ〉|
≤ ‖f‖2‖(I +K0,T )−1‖ ‖(I − (I +K0,T )(I −R))gµ‖2 .

A similar estimate holds for everyKα. It follows from (4.16), (4.17), and Lemma 4.5(a)
that

lim
T→∞

〈f, (I +K0,T )−1gµ − (I −R)gµ〉 = 0 (4.18)

and

lim
α↓0
〈f, (I +Kα)−1gµ − (I −R)gµ〉 = 0 . (4.19)

Let U ⊂ L2([0,∞), λ) be the vector space of all finite linear combinations of the
functions{gµ}µ>τ . If g ∈ L2([0,∞), λ) is orthogonal toU , then [24, Chap. I, Corollary
6.2b] implies thatg = 0. Hence,L2([0,∞), λ) coincides with the closure ofU . By
Lemma 4.5(a),‖(I +K0,T )−1‖ ≤ 1 and‖(I +Kα)−1‖ ≤ 1 for allα, T > 0. Therefore,
(4.12) and (4.13) follow from (4.18) and (4.19), respectively.
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