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GENERALIZATION OF THE
DYBVIG-INGERSOLL-ROSS THEOREM
AND ASYMPTOTIC MINIMALITY

VERENA GOLDAMMER AND UWE SCHMOCK

ABSTRACT. The long-term limit of zero-coupon rates with respect to the ma-
turity does not always exist. In this case we use the limit superior and prove
corresponding versions of the Dybvig—Ingersoll-Ross theorem, which says that
long-term spot and forward rates can never fall in an arbitrage-free model.
Extensions of popular interest rate models needing this generalization are pre-
sented. In addition, we discuss several definitions of arbitrage, prove asymp-
totic minimality of the limit superior of the spot rates, and illustrate our results
by several continuous-time short-rate models.

1. INTRODUCTION

To price long-term contracts, like life insurance policies, practitioners model zero-
coupon bond prices with long-term maturities to find reasonable discount factors.
Empirical investigations of these prices are difficult, since there are only zero-coupon
bonds traded with maturity of up to 30 years, and for a life annuity, for example, dis-
count factors for up to 100 years are needed, see e. g. Carriere (1999). To construct
reasonable models, we need to know how the long-term zero-coupon rates behave.

Dybvig, Ingersoll and Ross (1996) showed that long-term zero-coupon rates can
never fall in an arbitrage-free market. Therefore, if the rates in a model decrease,
it is not arbitrage-free. This fundamental theorem is part of textbooks, see e.g.
Cairns (2004), and can be used to constrain the parameters of factor models to avoid
arbitrage. Yao (1999) and El Karoui, Frachot and Geman (1998) discussed the long-
term rates for several well-known models and used the theorem in this context.

In the literature there are two approaches to prove the Dybvig-Ingersoll-Ross
theorem. The first approach constructs an arbitrage strategy, if long-term rates
fall. Dybvig et al. provide an arbitrage strategy for a general infinite state space
in the appendix of their paper. In the case of finitely many states they construct a
second arbitrage strategy, which was made rigorous by McCulloch (2000). Recently,
Schulze (2007) showed a further arbitrage strategy using another definition of arbi-
trage than Dybvig et al. The second approach to prove the Dybvig-Ingersoll-Ross
theorem is to assume the existence of an equivalent martingale measure. Hubalek,
Klein and Teichmann (2002) gave a general proof in this setting.

2010 Mathematics Subject Classification. [91G30.

Key words and phrases. Dybvig—Ingersoll-Ross theorem, interest rate models, long-time for-
ward rate, long-time zero-coupon rate, asymptotic monotonicity, asymptotic minimality.

This work was financially supported by the Christian Doppler Research Association .l
The authors gratefully acknowledge the fruitful collaboration and support by the [Bank Austria |
and the Austrian Federal Financing Agency 1 and the CD-Laboratory for
Portfolio Risk Management (PRisMa Lab) [b



http://www.ams.org/mathscinet/msc/msc2010.html?t=91Gxx
http://www.cdg.ac.at/
http://www.bankaustria.at/
http://www.oebfa.co.at/
http://www.prismalab.at/

2 V. GOLDAMMER AND U. SCHMOCK

In this paper we present a version of the Dybvig—Ingersoll-Ross theorem, which
is more general, because Dybvig et al. as well as Hubalek et al. require the existence
of the long-term limit of the zero-coupon rates. We show in two different ways that
the limit superior of the zero-coupon rates and the forward rates never fall, which
is called asymptotic monotonicity. For the first approach, we assume the existence
of an equivalent martingale measure. This proof is inspired by the proof of Hubalek
et al. For the second approach, we assume that there is no arbitrage opportunity in
the limit with vanishing risk, and show again that asymptotic monotonicity holds.

Besides the main theorem, Dybvig et al. showed that the long-term zero-coupon
rate equals its minimum future value, if the state space is finite. Using a stricter de-
finition of no-arbitrage, Schulze extended this result to infinite state spaces. Again,
the authors assume the existence of the long-term limit. Here we state conditions
for asymptotic minimality of the limit superior of the zero-coupon rates. That
means, the limit superior of the long-term limit of the zero-coupon rates is the
largest random variable, which is known at this time and dominated by the future
limit superior of the long-term limit.

The outline of the paper is the following. In Section 2]we give the general nota-
tion, state the main theorem about asymptotic monotonicity, and justify the use of
the limit superior from the investor’s point of view. Furthermore, we specify condi-
tions for asymptotic minimality and define two notions of an arbitrage opportunity
in the limit. In Section [B] we provide several interest rate models, where the long-
term limit of the zero-coupon rates does not exist, to show that our generalization
of asymptotic monotonicity is useful. Further examples illustrate the conditions
for asymptotic minimality. In Section dlwe prove two auxiliary lemmas. Section [5]
contains the proof for asymptotic monotonicity and minimality using an equivalent
martingale measure. The proofs using arbitrage arguments are given in Section [6]

2. STATEMENT OF THE GENERALIZED DYBVIG-INGERSOLL-ROSS THEOREM AND
ASYMPTOTIC MINIMALITY

2.1. Notation. Let (2, F,P) be a probability space and F = {F;};>¢ a filtration
of F with a discrete-time parameter ¢ € Ny or a continuous-time parameter ¢ €
[0,00). For every maturity 7' € N or T € (0,00), respectively, we assume that
the corresponding zero-coupon bond price process P(t,T) with ¢ € {0,1,...,T}
or t € [0,T], respectively, is strictly positive and F-adapted with normalization
P(T,T)=1.

Define the zero-coupon rate for maturity 7" > 0 in the discrete-time case by

R(t,T):=Pt,T)"YT=Y 1 tefo,1,...,T -1}, (2.1)
and in the continuous-time case by

_log P(¢,T)

R(t,T) := T

te0,7T). (2.2)

The arbitrage-free forward rate F'(s,t,T) for a loan over the future time period
[t,T], contracted at time s, is in the discrete-time case defined by

J2 ¢ 1/(T—t)
Fs,1,T) = (P((;’T))) 1, stef{0l,... T—1},s<t  (2.3)
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and in the continuous-time case by

1 P(s,t)
F(s,t,T) := |
(5, T) = 7 loe 5oy »

s,t€10,T), s <t. (2.4)

For both time scales we define the long-term spot rate process by

[(t) :=limsup R(t,T) = lim esssup R(¢,T), t>0, (2.5)

T—o00 n—00 T>nVvt

and the long-term forward rate process by

lp(s,t) :=limsup F(s,t,T) = lim esssup F(s,t,T), 0<s<t, (2.6)
T— 00 n—=00 T>nvt

Remark 2.7. For clarity we want to point out that for each ¢ > 0 the limit superior
[(t) of the zero-coupon rates is the pointwise infimum of { R (t)},en, where each
R} (t) denotes the essential supremum of {R(t,T)}r>nv:. The essential supremum
is the smallest F;-measurable upper bound. That means, R} (t) is an F;-measurable
random variable, P(R} (t) > R(t,T)) = 1 for all T > n V' t, and every other random
variable X dominating a.s. these zero-coupon rates satisfies P(X > R} (¢)) = 1. In
particular, the essential supremum is uniquely determined up to a set of P-measure
zero. The existence of the essential supremum for a collection of random variables
is proved, for example, in [7] Appendix A.5]. Note that P(R* (t) > R:(t)) = 1
for all m < n, hence the infimum of {R} (t)}nen is P-almost surely equal to the
almost surely existing pointwise limit. The limit superior of the forward rates is to
be understood in an analogue manner.

In comparison to Dybvig et al. and Hubalek et al., we do not assume that the
long-term limits of the zero-coupon rates or the forward rates exist. In Subsec-
tion [B.1lwe present (extensions of) popular interest rate models, which need this
generalization.

From the investor’s point of view, the limit superior of the zero-coupon rates is
the natural definition, because he/she prefers for the long-term investment those
zero-coupon bonds, which give a high investment return based on the information
at time ¢. The following lemmas (proved in Section [4] show that the long-term
spot rate [(t) can indeed be approximated by investing in a zero-coupon bond
with a suitable maturity, which is chosen based on the information available at
time t. Furthermore, I(t) agrees with the long-term forward rates, so it suffices to
investigate the behaviour of the long-term spot rates.

Lemma 2.8. Given t > 0, there exists a sequence of Fi-measurable random ma-
turz’tz’eﬂTn: Q — (nVt,o0), each one taking only a finite number of values, such
that
I(t) 2 lim R(t,T),).
n—oo
Lemma 2.9. The long-term forward and spot rates are almost surely equal, mean-
ing that 1p(s,t) = 1(s) for all 0 < s < t.

n the discrete-time setting, the random maturities have to be integer-valued. This also
applies to Remark [2.27] Definition 2:29] Theorem [2.34 hnd its corollaries. Since T}, attains only a
finite number of values, R(t, T}, ) is Fi-measurable.
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2.2. Results using the existence of a forward risk neutral probability
measure. Part of our main results, namely asymptotic monotonicity in Theorem
R.17]and asymptotic minimality in Theorem 2.21]are based on the following two
conditions:

Condition 2.10. We say that this condition holds for times s and t with 0 < s < t,
if there exist a probability measure Qs on (82, Fi), which is equivalent to P|z,, and
a Ty >t such that, for all T > Ty,

P(s,T) > P(s,t)Eq, [P(t,T)|Fs] a.s. (2.11)

This condition is sufficient for asymptotic monotonicity. For asymptotic mini-
mality in Theorem [2.21 [we need the stronger condition:

Condition 2.12 (Existence of forward (time s) risk neutral probability measure).
We say that this condition holds for times s and t with 0 < s < t, if there exists
a probability measure Qs on (2, Fy), which is equivalent to P|x, such that, for all
T>t,

P(s,T) = P(s,t)Eq, [P(t,T)|Fs]. (2.13)
We call Qs the forward (time s) risk neutral probability measure for maturity t.

Condition 2.12]says that, simultaneously for all maturities 7" > ¢, the arbitrage-
free forward price P(s,T)/P(s,t), contracted at time s for the T-maturity zero-
coupon bond at time ¢, can be expressed as the F,-conditional expectation of the
price P(t,T) at time ¢ with respect to the measure Qs ;.

Remark 2.14. Suppose a money market account B; with ¢ € Ny or ¢ € [0,00) is
given by a strictly positive and F-adapted process. Then the following construction
yields a model, where a forward risk neutral probability measure Qg ; exists simul-
taneously for all times s and ¢ with 0 < s < t. If QQ is a probability measure such
that By/Br is Q-integrable for every T' > 0, then we can define zero-coupon bond
prices by

By

P(t,T) = E@[B—T

Ft} - %EQ [% ’]—"t], t e 10,71, (2.15)

and the forward (time s) risk neutral probability measure Qs ; on (€2, F;) by

d@s,t _ Bs
dQ — P(s,t)B;

for every s € [0,t). Since

B
EFo| —5
0 [P(s,t)Bt

]

1,

-7:5} a.
it follows by using Bayes’ formula and the tower property, that

[P(f;)Bt fo [% 7|7 ] = ];((2,3))’

hence Condition 2.12]holds for all times s and ¢ with 0 < s < t. We will use this
construction for the examples in Section [3]

a.s.

Eq, ,[P(t,T)|Fs] = Eq
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Example 2.16. In the discrete-time case, let {r;};cny be an interest rate process,
which is F-adapted and (—1, c0)-valued. We define the money market account by

t
B,=By[[(1+r), teN,
i=1

where By is strictly positive and Fy-measurable. For a probability measure Q such
that Bo/Br is Q-integrable for every T € N, we define the corresponding zero-
coupon bond prices by (2.15], which means

T

1
P(t,T) = EQ{ 11
e LT
By Remark a forward risk neutral probability measure exists in this model

simultaneously for all times s,t € Ny with s < ¢.

ft}, te{0,1,...,T}.

The following result, which we prove in Section [5] states that the long-term
spot and forward rates, given by and (2.6], respectively, almost surely never
fall. This is also called asymptotic monotonicity. Under the assumption, that the
long-term limits of the spot and forward rates exist, this is the so-called Dybvig—
Ingersoll-Ross theorem. Economically, from time s to a later time ¢, the available
information increases, so a more informed decision concerning the best zero-coupon
bonds for long-term investments can be made. However, to take advantage of this
additional information, the gains during [s,t] on zero-coupon bonds with a large
maturity 7" should be negligible compared to the total gains until 7', at least in the
limit 7" — oo, see Example R.18]for a counterexample. Therefore, in a reasonable
economic environment as specified by Condition the long-term spot rate at
time ¢ should be greater than the long-term spot rate at time s.

Theorem 2.17. If Condition[2.101holds for times s and t with 0 < s < t, then
(a) U(s) < () a.s. and
(b) lp(s,s") <lp(t,t') a.s. for all s > s and t' > t.

Examples[3.16[3.20 land [3.22 khow that the inequalities can be strict everywhere
on €.

Example 2.18. Given 0 < s < t, the deterministic, continuous-time example
with P(s,T) = e~ (T=%) for all T > s and P(t,T) = 1 for all T > t shows, that
I(s) =1 > [(t) = 0 can happen, if there is arbitrage by investing in the zero-coupon
bonds with maturity 7' > t. To exploit the arbitrage in this example, sell at time
s one t-maturity bond and buy e’ ~* zero-coupon bonds of maturity 7' with 7" > ¢.

Asymptotic monotonicity raises the question, whether I(s) is the largest F-
measurable random variable, which is almost surely dominated by [(t). To discuss
this question, we need the following definition.

Definition 2.19. Let (2, F,P) be a probability space and G a sub-c-algebra of F.
For an R-valued random variable X, we define the upper G-measurable envelope
XY as the essential infimum of all R-valued, G-measurable random variables Z
with Z > X a.s. Similarly, we define the lower G-measurable envelope Xg as the
essential supremum of all R-valued, G-measurable Z with Z < X a.s.

Observe that Xg < X < X 9 a. s., and asymptotic monotonicity implies I(s) <
[(t)£, a.s. Note that even in case of convergence of the zero-coupon rates R(t,T)
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to [(t) as T — oo, the existence of a forward risk neutral probability measure does
not imply asymptotic minimality in the sense that I(s) 2 I(t)£,, as Example B.22]
shows. In this example of a stochastic interest rate model, the long-term spot rate
[ jumps up from 0 to 1 at time ¢t = 1 with probability 1. The following, purely
analytical condition is a convenient additional assumption for proving asymptotic
minimality in Theorem 2.21]below.

Definition 2.20. Let (Q, F,P) be a probability space and G a sub-o-algebra of F.
An R-valued random variable X is said to dominate the random variables { X }+~0
in the (G, P)-superexponential sense along a G-measurable subsequence, i

1 a.s.
lim inf — log E [(max{X; — X,0})"|G] = —oc.

t—oo t

Theorem 2.21 (Asymptotic minimality). Let Condition[2.12be satisfied for times
s and t with 0 < s < t. Assume in addition that the upper Fs-measurable envelope
V;}—S of the limiting annual discount factor at time t given bgP_-'

B {1/(l(t) + 1) in the discrete-time case,

. . . (2.22)
exp(—I(t)) in the continuous-time case,

dominates {P(t,t +u)"}u>0 in the (F,, Q)-superexponential sense along an F,-
measurable subsequence, which means that
lim inf (Eg [max{ P(t, T) — (V)T 0} | £,]) /7 o, (2.23)

T—o0
Then 1(s) = 1(t)r, and lp(s,s') = lp(t,t)F, a.s. for all s > s and t' > t.

Remark 2.24. For asymptotic minimality we cannot weaken the requirements for
the probability measure, because we use the probability measure in Condition 2.10]
to show asymptotic monotonicity, but we need also the reversed inequality

P(s,T) < P(s, ) Eq, [PLT)|F]  as,
for the estimate in (5.15] in the proof of Theorem [2.21]

a.s

Remark 2.25. Note that V7= “= 1/(1(t)#, + 1) and V;"* = exp(—I(t)£.), respec-
tively, and since

p s {lim infr_ o m in the discrete-time case,
liminfr_ o exp(—R(¢,7)) in the continuous-time case,
we obtain
v lim ioréfP(t,T)l/ (=1, (2.26)

Remark 2.27. If there exists a sequence {1, },en of Fg-measurable random times,
taking at most countable many values in (¢,00) and tending to infinity as n — oo,
such that for every € > 0 there exists n. € N satisfying

Pt, T )V T <v7 4 ¢ as. (2.28)

for all n > n., then (2.23) holds. Due to ([2.26) and V; < V7=, this uniformity
certainly holds for all s € [0,¢] simultaneously when F; is finite and the limit

2We use here the convention log0 = —oco. Analogously to [.5] and (2.6, the limit inferior is
the limit as n — oo of the essential infima over all ¢t > n.
3We use here the conventions 1/0 = oo, 1/00 = 0, exp(c0) = oo, and exp(—o0) = 0.
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inferior in ([2.26] is attained along a deterministic sequence {T}},en. The latter
condition in turn is satisfied when I(t) = lim,, o R(t,T},) a.s.

2.3. Results using different notions for absence of arbitrage. In the last
section we assumed the existence of a forward risk neutral probability measure,
resp. that Condition [2.10Tholds. The second approach uses no-arbitrage arguments
to show asymptotic monotonicity and minimality. The next definition gives two
different notions of arbitrage and applies to discrete as well as continuous time. It
is inspired by the definition of arbitrage in the limit, which is used by Schulze, and
the definition of arbitrage used in Dybvig et al.

Definition 2.29. Given times 0 < s < t, the zero-coupon bonds with maturity
T > t provide an arbitrage opportunity in the limit for times s and ¢, if there exist
a sequence {(¢n, ¥n) bnen of Fe-measurable, R%2-valued portfolio compositions and
a sequence {1}, }nen of Fs-measurable random maturities 7),: 2 — (n V ¢, 00), each
one taking only a finite number of values, such that

(a) Viu(s) := 0nP(5,T},) + ¥nP(s,t) = 0 for all n € N,

(b) P(liminf,, o V,,(t) > 0) > 0, where V,,(t) := ¢, P(t,T},) + ¥n, and

(c¢) liminf, o V() > 0 a.s.
We say that the zero-coupon bonds provide an arbitrage opportunity in the limit
with vanishing risk for times s and ¢, if (€) is replaced by

(d) for every e > 0 there exists n. € N such that V,,(t) > —¢ a.s. for all n > n..

Remark 2.30. Part @) in Definition[2.29hlways holds if 1, := —p, P(s,T,,)/P(s,t)
for all n € N.

Remark 2.31. Since @ implies (¢], the assumption of no arbitrage opportunity in
the limat is stronger than no arbitrage opportunity in the limit with vanishing risk.
If F; is finite, then pointwise implies uniform convergence, hence (] implies (H_]
and both notions of arbitrage are equivalent. Example [3.26]below shows that even
the stronger assumption of no arbitrage opportunity in the limit does not imply the
existence of a forward risk neutral probability measure in Condition[2.12] Even the
weaker Condition 2.10]does not hold in this example.

Lemma [2.32]below shows that Condition 2.12]implies the weaker no-arbitrage
condition, which by Theorem 2.33]is sufficient for asymptotic monotonicity. Actu-
ally, the no-arbitrage condition can be further weakened by excluding only arbitrage
due to a positive investment in the long-term zero-coupon bonds. The lemma and
the following theorems are proved in Section [6]

Lemma 2.32. If there exists a forward time s risk neutral probability measure
for maturity t as in Condition [2.12] with 0 < s < t, then there is no arbitrage
opportunity in the limit with vanishing risk for times s and t.

Theorem 2.33. Consider times 0 < s < t. Assume that there is no arbitrage
opportunity in the limit with vanishing risk for times s and t in the sense of De-
finition [2.29]by investing in the long-term zero-coupon bonds (with @, > 0 for all
n € N). Then I(s) <I(t) a.s. and lp(s,s") <Ip(t,t') a.s. for all 8 > s and t' > t.

For the remaining results, we need the stronger assumption of no arbitrage op-
portunity in the limit, however, for Theorem 2.34]below we only have to exclude
this limiting arbitrage by short-selling of the long-term zero-coupon bonds. The
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heuristic justification of the following theorem is as follows: If, with strictly posi-
tive probability, the worst long-term spot rate, which we will incur by placing our
investment orders for time ¢ already at an earlier time s based on the information
available at s, is strictly larger than the best long-term spot rate we can earn by
investing already at time s, then the prices of the long-term zero-coupon bonds
must fall substantially during [s, t], offering an arbitrage possibility in the limit by
short-selling these bonds.

Theorem 2.34. Consider times 0 < s < t. Assume that there is no arbitrage
opportunity in the limit for times s and t in the sense of Definition[2.29]by short-
selling the long-term zero-coupon bonds (with ¢, < 0 for all n € N). Then for
every sequence {T,tnen of Fs-measurable random maturities T,,: Q@ — (n V t,00),
each one taking only finitely many values,

n—oo

liminf R(¢,T},) <lI(s) a.s. (2.35)
( ).,

Examples [3.3]and [B.20] show that, for certain sequences of random (or even
deterministic) maturities, the inequality in (2.35] can be strict everywhere on .
In these models, the limit of R(t,7},) as n — oo does not exist. Note that the
deterministic model of Example [2.18] which admits an arbitrage possibility by
investing in the zero-coupon bonds with maturity 7" > t, satisfies the assumptions
of Theorem

Using the definition of the long-term zero-coupon rate I(t) from (2.5], the F,-
measurability of [(s) and the definition of the lower F,-measurable envelope in
Definition [2.19] we obtain from Theorems [2.33]and [2.34]

Corollary 2.36 (Asymptotic minimality). Consider 0 < s < t. If there is no
arbitrage opportunity in the limit for s and t in the sense of Definition[2.29)] then

(11Tnii£fR(t,T)) gl(s)§<limsupR(t,T)>fs a.s. (2.37)

s T—oo
In particular, if limr_o R(t,T) exists a.s., then I(s) = I(t) £, .

If the limit of R(t,T) as T — oo does not exist a.s., we might still get asymp-
totic minimality. Using asymptotic monotonicity and Theorem each sequence
{T } nen of Fs-measurable random maturities, each one taking only finitely many
values, satisfies

<liminfR(t,Tn)>f <i(s) <It)g, as.,

n—oo s
if there is no arbitrage opportunity in the limit. If a special sequence of maturi-
ties satisfies additionally the reversed inequality, we have asymptotic minimality.
Note that the sequence from Lemma 2.8]cannot be used in general, because these

maturities are only F;-measurable.

Corollary 2.38 (Asymptotic minimality). Consider 0 < s < t. If there is no
arbitrage opportunity in the limit for times s and t in the sense of Definition[2.29]
and if there exists a sequence {T,}nen of Fs-measurable random maturities T,:
Q — (nVt,00), each one taking only finitely many values, such that

[(t)r, <liminf R(¢,T),) a.s., (2.39)

then 1(s) = 1(t) £, .

s
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Remark 2.40. In Corollaries R.36]land 2.38] it is actually sufficient to assume that
there is no arbitrage opportunity in the limit with vanishing risk for times s and ¢
by investing in the long-term zero-coupon bonds (with ¢,, > 0 for all n € N) and
that there is no arbitrage opportunity in the limit by short-selling the long-term
zero-coupon bonds (with ¢, <0 for all n € N).

Remark 2.41. Using the almost sure equivalence of the long-term spot and forward
rates in Lemma [2.9] we can also transfer Theorem [2.34]and its corollaries to the
long-term forward rates. We refrain from spelling out the details.

Remark 2.42. We could relax Definition 2:29(d) to

(e) there exists ng € N, such that the negative parts V, (t) := max{0, -V, ()}
for all n > ng are uniformly integrable and liminf,,_,. V,,(t) > 0 a.s.

and get more limiting arbitrage opportunities in this way. This would strengthen
the no-arbitrage assumption. However, using a more general version of Fatou’s
lemma, for conditional expectations? the proof of Lemma [2.32]carries over, where
the existence of a forward risk neutral probability measure for times s and ¢ in
Condition 2.12]implies no arbitrage in the limit with vanishing risk. Hence this
Condition is still stronger. Therefore, this stronger no-arbitrage assumption would
not be strong enough to imply asymptotic minimality, as Example [3.22]illustrates.
In particular, the limiting arbitrage strategies given there cannot satisfy (g).

Remark 2.43. The proofs of the above theorems, corollaries and lemmas do not use
path properties of the processes { P(¢,T) }o<t<7 (like being cadlag or a semimartin-
gale), and we also do not need a bank account process or additional assumptions
on the filtration F (like containing all null sets of F or being right-continuous).
Furthermore, we allow for P(P(¢,7) > 1) > 0, which can happen for models with
negative interest rates like the Vasicek model or the Heath—Jarrow—Morton model.

3. EXAMPLES

In this section we show with illustrative examples first, that the long-term zero-
coupon rates do not always exist and our generalization of the Dybvig-Ingersoll—
Ross theorem is therefore useful. In these examples asymptotic monotonicity holds
for the limit superior of the zero-coupon rates, resp. the forward rates. Four further
examples illustrate the asymptotic minimality conditions as explained in Section
2] In Example [3.20]lwe describe a very simple stochastic interest rate model with
Q = {0,1}. Although this model provides no arbitrage opportunity in the limit and
a forward risk neutral probability measure exists, asymptotic minimality does not
hold. There does not exist a deterministic sequence {7}, }nen with T,, — oo such
that (m holds. Therefore, the absence of arbitrage opportunities in the limit for
times s and t with 0 < s < t or the existence of a forward risk neutral probability
measure is not sufficient for asymptotic minimality in the sense of I(s) = I(t)£..
These conditions are not even necessary, see Example Example [3.24]shows
that asymptotic minimality is not an interval property, meaning that for times 0 <
5 <t < u the property I(s) = I(u) £, does not imply I(t) = I(u)x,. Furthermore,
the example shows that even if there is no arbitrage opportunity in the limit for
times s and wu, it is possible to have an arbitrage opportunity for times ¢ and wu.

4See Fatou’s lemma at'mqﬂkipﬂi&mgﬁﬂkiﬂ version of October 11, 2008.
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All these examples are continuous-time short-rate models, and there exists a
forward risk neutral probability measure for all times defined in Condition 2.121by
construction as pointed out in Remark Hence by Lemma these models
do not provide an arbitrage opportunity in the limit with vanishing risk. For a
model not satisfying Condition 2.12] see Example [3.26]

The general set-up of these models (with the exception of the last one) is given
as follows. For a given F-progressive interest rate intensity process {r:};>¢ with
locally integrable paths, we define the money market account by

t
B; = exp(/ Tu du), t € [0, 00).
0

Assume that 1/B; is Q-integrable for every ¢ > 0. Using (2.15], the zero-coupon
bond prices are given by

T
P(t,T) =Eqg [exp(—/ Tu du)
¢
Therefore, the definition of R(t,T) in implies

1 T
T3 log Eg {exp(— /t Tu du>

3.1. Models where the limits of the zero-coupon rates do not exist. In
the following examples we discuss models, where the limits of the zero-coupon rates
R(t,T) for T — oo do not exist. The idea is to vary the behaviour of the short
rate on longer and longer time periods to get oscillating means. We illustrate this
with a simple deterministic model and then with two short-rate models having an
(exponentially) affine term structure. More specifically, we consider a variant of
the familiar Vasicek model with time-dependent coefficients, which was proposed
by Vasicek (1977) and Hull and White (1990). Secondly, we study the behaviour
of the long-term spot rate in the model of Cox, Ingersoll and Ross (1985) with
time-dependent coefficients (but constant dimension).

In both examples the mean level or the volatility of the short rate changes cycli-
cally but decelerates over time. An economical justification for this behaviour can
be the dependence on the business cycles, which become longer and longer. So,
if the lengths of the business cycles increase exponentially, then the limits of the
zero-coupon rates might not exist, as our examples show.

In our last example, we use the well-known Heath—Jarrow—Morton framework,
proposed in [9], and choose an oscillating but decaying volatility function for the
forward rates such that the limits of the zero-coupon rates do not exist, see Example
[B.16]below. Since we specialize to a deterministic volatility function in product
form, this example is related to the extended Vasic¢ek model, cf. Section 10.2].

Ft}, 0<t<T. (3.1)

R(t,T) = —

Example 3.3 (Deterministic model). Define the set
oo
A=[51)u (2%, 2242, (3.4)
k=0
the cadlag interest rate intensity 7 = 14(¢) for ¢ > 0, and the continuous function
I MAN[t,T))

Ra(tT) = o [ 1a(wydu= 25102

<t<T .
T/, 0<t<T, (3.5)
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where A denotes the Lebesgue measure. Since {r;}¢>0 is deterministic, ([8.2] implies
R(t,T) = Ra(t,T) for all 0 <t < T. Note that 7" > 1 is a local minimum of R4 (0, -)
if and only if there exists n € Ng with 7" = 2271, Since

4m — 1 22n+1
3 37

n—1
. 2 2
MANT0,22 +1]):§+§ 22’“+1:§+2 n € N,
k=0

we have R4(0,22"T1) = 1/3. Furthermore, T > 2 is a local maximum of R(0,-)
if and only if there exists n € Ny with T = 22"*2. Since A\(A N [0,22""2]) =
AAN[0,22vF1]) 4 22nF1 = 22n%3 /3 we get R(0,22"2) = 2/3. Hence, we have
RA(0,T) € [1/3,2/3] for all T > 1, and the interval [1/3,2/3] is also the set of
all accumulation points of {R4(0,T)}rs0. Since |Ra(t,T) — Ra(0,T)| < 2t/T for
0 <t < T, the latter is also true for {R4(¢t,T)}r>¢, in particular the limit of
R(t,T) as T — oo does not exist. Since I(t) = limsupp_,, Ra(t,T) = 2/3 for all
t € [0,00), asymptotic minimality holds. This can also be shown by verifying the
assumptions of Corollary 2.38] For t € [0,00) and T}, := 22"*2 with n € Ny such
that T,, > t,

2t n—oo

[Ba(t,Ty) = U(O)] = [Ra(t, Tn) = Ba(0,T0)| < i — 0,

hence (2.39] is satisfied. Since the model is deterministic, the o-algebra F; is
finite. Remark [2.31 limplies that no arbitrage opportunity in the limit is equivalent
to no arbitrage opportunity in the limit with vanishing risk. Furthermore, the
example illustrates that the inequality (2.35) in Theorem [2.34kan be strict, because
1(0) = 2/3 but liminf, .., R(0,T,) = 1/3 for T, := 2?**1 with n € N. Note that
this example can be generalized to an interest intensity process r, = a + bl 4(¢) for
t > 0, where a,b € R and b # 0.

A broad class of interest rate models have an (exponentially) affine term struc-
ture, i.e., the price process of a zero-coupon bond with maturity 7" > 0 admits the
representation

P(t,T) = exp(A(t,T) + B(t,T)r¢), te[0,7T),

with deterministic real-valued functions A and B, cf. [2] Chapter 22.3]. Hence, the
zero-coupon rate process for 7' > 0 is given by

A(t,T) + B(t, T)r
T—t ’

Therefore, if for ¢ > 0 the short rate r; is not deterministic, then the limit of
{R(t,T)}r>¢ exists a.s. if and only if the limits of A(¢,T)/T and B(t,T)/T for
T — oo exist. In the following we consider generalizations of the familiar Vasicek
and Cox—Ingersoll-Ross models, which both belong to the (exponentially) affine
term structure models. In these generalized models we show that, with appropriate
choices of time-dependent coefficients, the limit of A(¢,T)/T as T — oo does not
exist.

R(t,T) = —

te[0,T). (3.6)

Example 3.7 (Vasi¢ek model with time-dependent coefficients). Let a > 0 be a
parameter for the mean reverting strength. Suppose the mean level u: [0,00) — R
is a locally integrable function and the volatility o: [0, 00) — R is a locally square-
integrable function. Let {W;},;>0 be a standard Brownian motion under Q, and
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let the initial value 7o be normally distributed (possibly with zero variance) and
independent of the Brownian motion. Define the interest rate intensity process by

t t
r=e M (ro + a/ e* s ds + / e*o, dWS>, t>0. (3.8)
0 0

Using It6’s formula, it follows that {r;};>0 is a strong solution of the stochastic
differential equation

d?"t = oz(,ut - Tt) dt + oy th, t Z 0,

with initial value ro. Note that {r;};>¢ is a Gaussian process with continuous paths,
see e.g. [L] Chapter 8]. It follows from (3.8] that

ry = e Wy, 4 a/ e_o‘(“_s)us ds + / e~ (u=s)g dWs, 0<t<u,
t t

hence the conditional distribution of the integral I + = ftT rydu given 1y is a
normal one. In particular, the process {r:}+>¢ is Markovian and (B.2] simplifies to

R(t,T) = — logEglexp(—Ii,r)|r], 0<t<T. (3.9)

Tt
Using the stochastic Fubini theorem, see e. g. Protter (2004), we obtain

T T T
Ly — T‘t/ e =t gy — a/ ,us/ e~ =) du ds
t t s

T T
:/ gs/ e~ =) du dW, 0<t<T.
t s

=(1—e—2(T=9))/a

Since the stochastic integral on the right-hand side is independent of r; with zero
expectation, it follows that

1— e—a(T—t)

T
Eg [L:,T | rt] =7 + / (1 — e_O‘(T_S))us ds, 0<t<T,
t

«

and, using the Ito isometry,

1 T
Varg(Iy,r|rt) = a—/ (1—e®T=))2ds, 0<t<T
t

2
If X has a normal distribution, then logE[e_X } = —E[X] + %Var(X ). Applying
these results to (3.9) leads to

1— e—a(T—t) 1

T
T) = 1— —a(T—-s) .
R(t,T)=mr (T —1) +T—t/t (1—e ) s ds

1 T 2
- 1 — e (T=5))"52 <t<T. 1
2a2(T_t)/t (1—e )oids, 0<t< (3.10)

Given t > 0, the limit of the zero-coupon rates { R(t,T)} 7~ exists in R if and only
if the limit of the difference of the last two terms in ([3.10] exists in R as T — oc.
It remains to choose suitable time-dependent functions for the mean level p or the
volatility o such that this is not the case. Let us discuss three specific choices.
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If 1 is bounded and lim,_,., 02 = oo, then, for every n € N, there exists T}, > ¢

—
such that o2 > n for all s > T,,. Since 1 — e~ (T=s) > 1/2 for s < T — 1/, we get
forall T > T, +1/«,

4 T (T2 1 [Pt/ T—T,—1/a 7

) (1_€a(T s)) gfdsZT—_t . U?dsznTn—_t —n

Hence I(t) = limsup,_, . R(t,T) = —oo by (3.10] and, in particular, asymptotic
minimality holds. Note, that ([2.39] is satisfied. A similar argumentation shows
that [(t) = +oo if o is bounded and lim,_,~ ps = £00, respectively.

We now discuss cases where the mean level p and the volatility o remain bounded.
Note that, for every a > 0 and bounded measurable function g: [0,00) — R,

T —a(T—
1— a(T—t)
/e“(TS)g(s)ds ¢
t

<l e M= cian
a a
Therefore, if follows from (m that, for every ¢t > 0,
ReT = L [ ———1——:/T 2as+0(z) B
= s aAS — O-S S — .
" Er = ), 202(T — 1) J, T

as T > t tends to infinity.

We first consider a constant volatility ¢ € R and a time-dependent mean level
ts = a+ bl a(s) for s > 0 with A given by (8.4), a € R and b > 0. Using (3.11] we
obtain, for every t > 0,

2

1
R(t,T)za—l—bR,dt,T)—%%—O(T) as T — oo,

with R4 (t,T) given by (3.5). It is shown in Example [B.3]that the limit of R4 (t,T')
as T — oo does not exist, hence the limit of {R(t,T)}r~+ does not exist either.
Since limsupy_, . Ra(t,T) = 2/3 by the results from Example [3.3] we see that

2b o2
I(t) =i tT)=a+ = — —
(t) l;njotipr )=at 5~ 55,

t>0,
hence asymptotic minimality holds for all 0 < s < ¢t. A similar result can be
obtained, if we choose a constant mean level u € R and a time-dependent volatility
o5 :=a+ bla(s) with a,b € R satisfying 2ab + b* # 0.

To illustrate explicitly that a bounded, continuously varying volatility function
o can also lead to oscillating zero-coupon rates, we consider a constant mean level

1 € R and a volatility function of the form
oy = v/a+ bsin(log(t + 1)) + beos(log(t + 1)), t >0,

with a,b € (0,00) satisfying a > V2b. Then 0 < oy < v/2a for all t > 0. Further-
more, for all 7> 0 and ¢ € [0,7T),

I T + 1)sin(log(T + 1)) — (¢ + 1) sin(log(t + 1
O_g dS =a _|_ b ( + )Sln( Og( + )) ( + )Sln( Og( + )) . (3.12)
Together with (3.11) we obtain for the long-term spot rate process
—b
I(t) = limsup R(t,T) = pu — 2 t>0, (3.13)

T— o0 2052 ’
but for the limes inferior of the zero coupon rates
a+b

thiloréfR(t,T) =05

t>0.
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Hence, the limit of {R(¢,T)}r>+ as T — oo does not exist. Since the long-term
spot-rate process given by (3.13] is a deterministic constant, asymptotic minimality
holds for all times 0 < s < ¢.

Example 3.14 (Cox—Ingersoll-Ross model with time-dependent coefficients). Let
a: [0,00) — (0,00) and f3: [0,00) — (—00,0) be two continuously differentiable
functions and let {W;};>¢ be a standard Brownian motion under Q. Analogously
to Sections 10.3.2 and 10.3.3], by considering a squared Bessel process of di-
mension § € (0, 00) with respect to some probability measure P, applying a suitable
measure change to Q using Girsanov’s theorem, and rescaling the state space by
the function «, we can construct an interest rate intensity process {r;};>0 which
solves the stochastic differential equation

/
t
dry = <5a(t) + <2ﬁ(t) + o )>Tt> dt + 2~/ a(t)ry dWr, t >0,
a(t)
with deterministic initial value rg > 0. If for given 0 < t < T there is a solution
Fp:[t,T] — R to the Riccati equation
F2(u) + Fj(u) = 2a(u) + B2 (u) + 8'(u), u € [t,T],

with the terminal condition Fr(T) = (T, then it follows as in [14] Sections 10.3.3
and 10.3.4] that the corresponding zero-coupon rate is given by

1L (Pr(t) - B@) /T
R(t,T) = — ) F — d
which corresponds to (3.6) resulting from an (exponentially) affine term structure.

We now make specific choices for a and 3. For b > 0 and a > v/2b define the
function

B(t) = —a + bsin(log(t + 1)) + bcos(log(t + 1)), t>0.

Note that 3 is continuously differentiable and that —a — v/2b < B(t) < 0 for all
t > 0. Furthermore, for ¢ > 0 with ¢* > (a + ﬂb)2 +1/2b, define the function

olt) = (@~ ()~ (1), 120
Since B2(t) < (a + v/2b)? and B'(t) < /20, it follows that a(t) > 0 for all ¢ > 0.
For these functions a and 3, the Riccati equation simplifies, for each T' > 0, to
F2(u) + Fp(u) = ¢, u € [0,T].
The solution for the terminal condition Fp(T) = (T is
Fr(u) = ctanh(cu + g7), u € [0,T],

where g7 := artanh(3(T)/c) — ¢T'. Since |3(T)| < a ++/2b < |¢| for all T > 0, the
area tangents hyperbolicus of 3(7")/c is well-defined and bounded with respect to
T. Note that - log(cosh(cz + gr)) = ctanh(cz + gr) for all z € R. Therefore,
T cosh (artanh @)
/ Fr(u)du = log 507 )
t cosh(artanh (=2) — ¢(T — t))

Using coshz = (e” +e77)/2 for z € R and the boundedness of artanh(3(7")/c), it
follows that

0<t<T

1 T
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Finally, integration of 3, cf. (3.12], yields

[(t) =limsup R(¢t,T) = g(c —a+b), t>0 (3.15)

T—oo

but
5
liminf R(¢,T) = 2(c—a—b), t>0.

T— o0

Since [ in (Im is a deterministic constant, asymptotic minimality holds.

Our next example is the well-known Gaussian Heath—Jarrow—Morton model, cf.
lm Chapter 11], with deterministic but time-dependent volatility of the forward
rates. For this volatility we choose a non-negative function, which fluctuates over
time but converges to zero when the maturities tend to infinity. Again, we assume,
that the volatility varies with the business cycles of exponentially increasing lengths.

Example 3.16 (Gaussian Heath—Jarrow—Morton model). Let o1,09: [0,00) — R
denote bounded measurable functions. Define the volatility o: [0,00)? — R of the
forward rates by o(u,v) = o1(u)oa(v) for all u,v > 0. Suppose that the deter-
ministic forward rate curve f(0,-): [0,00) — R at time zero is locally integrable.
We set up the model directly using the spot martingale measure QQ, under which
zero-coupon bond prices, discounted by the bank account process, are martingales.
Therefore, let {W;}1>0 be a standard Brownian motion under Q and let the forward
rates satisfy

t t
f(t,T)= f(0,T) —I—/ o(u, T)o*(u,T)du —|—/ o(u,T)dW,, 0<t<T,
0 0

with integrated volatility o* f (u,v) dv so that they obey the Heath—
Jarrow—Morton drift condltlon The short-term interest rate intensity process is
given by r; = f(t,t) for t > 0. Then, for each maturity 7" > 0 and time t € [0,7T),
the zero-coupon rate is given by

R(t,T) _t(/ £(0,u du—/ (r u—%(U*(U,T))Q)du-l—/Ota*(u,T)qu),

see e.g. [14] Chapter 11, pp. 388-389].

Given t > 0, the limit of the zero-coupon rates {R(t,T)}r~+ as T — oo might
not exist, if the averages of the initial forward rates { f(0, u)},e[¢, 77 do not converge,
see Examples [3.3]land B.T]for such functions. In the following, we therefore assume
the existence of the limit of these averages so that we can define

T
T—o0 T 0

To further discuss the limiting behaviour of the zero-coupon rates, we first consider
their stochastic component. Substituting the stochastic integral from the short-rate
r, into the formula for R(¢,T") and using the stochastic Fubini theorem, we obtain

%(/Ota*(%T)qu_/Ot/ova(u,v)qudv)

1

T t
= —/ oa(v) dv/ o1(u) dW,, 0<t<T,

(3.17)
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which converges to zero as T' — oo whenever the averages of {o2(v)}yep,r do. To
obtain the oscillating behaviour of the zero-coupon rates, define

oa(v) = 2\/%(& + sin(blog(v + 1)) + 2bcos(blog(v + 1))), v >0,

with parameters®a, b € R. Then lim,_, 02 (v) = 0, hence the stochastic part given
in (3.17) tends to zero as T'— oo. For all T' > 0 and u € [0, T,

/T o2(v)dv = VT + 1(a+sin(blog(T + 1)) — vVu + 1 (a + sin(blog(u + 1))).

Hence, using the above expression for R(t,T'), the long-term spot rate is given by

[(t) = limsup R(¢t,T)
T—o0

= f* -l—lijrp_)s;pﬁ /Ot o?(u) (/uT oa(v) dv)zdu

1 t
= /" + 5 limsup(a + sin(blog(T + 1)))2/ o1 (u) du
0

T—oo

(3.18)

. '
=f"+ 5(’@‘ + 157&0)2/ U%(u) du, t>0,
0

where 10 equals 1 if b # 0 and 0 otherwise. In particular, if a and b are not both

zero, then, for all times 0 < s < t with fst o?(u) du > 0, asymptotic monotonicity
in the sense I(s) = [(t) 7, does not hold. The same reasoning as above yields

1 t
li%n inf R(t,T) = f* + 3 (max{|a| — Lyo, 0})2/ o?(u) du, t>0, (3.19)

hence, for ¢t > 0, the limit of the zero-coupon rates does not exist if f(f o?(u) du > 0
and b # 0. Furthermore, if |a| > 1349 and o is not the zero function, then this
model provides arbitrage opportunities in the limit for all times 0 < s < t satisfying

s t
(al + 1o20)? [ 02wy du < (Ja] ~ 1o0)? [ o2 (u)du
0 0
by short-selling the long-term zero-coupon bonds: For every deterministic sequence
{T,,}nen tending to infinity, we have [(s) < liminf,_ . R(¢,T,) by (818] and
(3.19], hence the assumptions of Theorem R.34]have to be violated.

3.2. Models violating the asymptotic minimality. We now present four short-
rate models in continuous time, which illustrate the link between asymptotic mini-
mality and the existence of a forward risk neutral probability measure in Condition
[2.12] no arbitrage in the limit and convergence of the spot rate.

Example 3.20. On ©Q = {0,1} consider X(w) = w for w € Q, let Q denote the
uniform distribution, F; = {@,Q} for ¢ € [0,1/3) and F; equal to the power set of
Q for t > 1/3. With A given by (8.4), define the interest rate intensity process by

Tt :X].A(t)+(1_X)lACm[l/g,oo)(t), t € [0700)

SIf we choose a > /1p20 + 4b2, then o2(v) > 0 for all v > 0.
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Note that {r:};>0 is adapted and cadlag. Using ([3.2] and Jensen’s inequality, we
get for all t € [0,1/3) and T > 1/3,

R(t,T) = _Tl_t log exp(—MAN [}, T])) +§Xp(_)‘(AC N[1/3,T7))
SAMANET) +AMAN[A/3,T)) _ T-1/3 _1
- 2(T - t) T2AT—t) 2

hence [(t) < 1/2. For t > 1/3, X is F;-measurable and we get from (3.2]

Ry - XAANILT) +T(1__tX)A(Ac N [t,T))

= XRa(t,T)+ (1= X)(1 = RA(t,T)), T >t,

with R4(t,T) given by (3.5). Therefore, I(t) = limsupp_, . R(t,T) = 2/3 for all
t > 1/3, because the points in [1/3,2/3] are the accumulation points of R4(¢,T') as
T — oo, see Example

In this example asymptotic minimality fails for all times s € [0,1/3) and ¢ €
[1/3,T]. By construction there exists a forward risk neutral probability measure,
which implies with Lemma [2.32] that there is no arbitrage opportunity in the limit
with vanishing risk. Since F; is finite for each t > 0, the model provides also no
arbitrage opportunity in the limit with Remark Therefore Condition
resp. the weaker Condition [2.10] and the two different notions of no-arbitrage are
not sufficient for asymptotic minimality.

Indeed, the inequality (2.39) fails, which is sufficient for asymptotic minimality
in combination with no arbitrage opportunity in the limit. Consider an arbitrary
deterministic sequence {7}, },en tending to infinity. Then

lim inf R(t, T,,) = X liminf Ra(t, T,)) + (1 - X) (1 ~ limsup RA(t,Tn)>. (3.21)
Assume (2.39] holds for w = 1, then liminf, ., Ra(t,T},) > I(t)£ = 2/3. There-
fore, limsup,, .. Ra(t,T,) > 2/3. With (3.21] follows that the inequality
fails for w = 0.

Finally, suppose T, := 2" for n € N. We have seen in Example [3.3] that
liminf,, o Ra(t,T,) = 1/3 and limsup,, ., Ra(t,T,) = 2/3 for all ¢ > 0. Hence,
for 1/3 < s < t the inequality (2.35) is strict on €, i.e.

liminf R(¢,T,) =1/3 < 2/3 = I(s).

Even, if the limit of the zero-coupon bonds and a forward risk neutral probability
measure exist, this is not sufficient for asymptotic minimality, which is shown by
the following example.

Example 3.22. Consider 2 = (0, 1] with Lebesgue measure Q, define F; = {&, Q}
fort € [0,1) and let F; denote the Borel o-algebra of (0,1] for ¢ > 1. Let 7(w) = 1/w
for w € Q denote the random time, when the interest rate intensity jumps to 1,
i.e., we define the interest rate intensity process by r; = 1(; .)(t) for ¢ > 0. Then
7 is Fi-measurable and implies for 7' > 1

T T—(TAT) 7—oo

1
MeD=gq f =1 !
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everywhere on ), hence /(1) = 1. For t € [0,1) and T > 1, (3.2) implies that

1 r 1 1 7—oo
R(t,T):—T_tlogEQ{exp<—/l Tudu)l S_T—tlogTT—) 0,
21:2’”

hence [(t) = 0 due to non-negative interest rates. Therefore, asymptotic minimality
does not hold. This does not contradict Corollary because this model pro-
vides an arbitrage opportunity in the limit for the times s € [0,1) and ¢ = 1 by
short-selling long-term zero-coupon bonds. Choose a (1, 00)-valued deterministic
sequence {7}, } ,en tending to infinity, define ¢,, = —exp((T,, —1)/2) for each n € N
and fix {4, }nen according to Remark [2.30]so that Definition 2.29(&a] holds. Then

V(1) = —exp (T - 1)(% - R(LT,))) + xp (5 (T — ”P‘(SJ?STn)(Tn ~9).

hence liminf, o V(1) % oo and parts (b] and @ of Definition 2:29Thold.

The existence of a forward risk neutral probability measure or the absence of
arbitrage opportunities in the limit, is not even necessary for asymptotic minimality.

Example 3.23. Consider 2 = (0, 1] with Lebesgue measure Q, define F; = {@, Q}
for t € [0,1) and let F; denote the Borel o-algebra of (0,1] for t > 1. Let T(ﬁ =
1/w for w € Q be a random time. Define the interest rate intensity process™ by
ry = 1— 11 4)(t) for t > 0. With BI] the zero-coupon bond price for maturity
T > 1 is given by

Pt,T)=e T VEg[r AT = T9(1 +1ogT), tel0,1).

Using the definition of the zero-coupon rates in ([2.2], we obtain for every ¢ € [0, 1)
and T > 1

log(1+1ogT) 7—oo

T—1
For t = 1 the zero-coupon prices for T > 1 are given by P(1,T) = e~ T~V (1 AT)
and therefore the zero-coupon rates equal

R(t,T)=1—

_

1,7)=1-—
R(1,T) L

1.
Hence asymptotic minimality holds.

On the other hand, we can construct an arbitrage opportunity in the limit for
the times s = 0 and ¢t = 1 according to Definition 2.29]by short-selling long-term
zero-coupon bonds. For this define T,, = n + 1,

1 eTn—1
T TP, ) 1+logTy
and 1, =1 for all n € N. Then V,,(0) =0 for all n € N and
(’T/\Tn) n—oo
(1) = —— 7)1y 1 Q.
Va(1) 1 +logT, +1 — on

6This example can be slightly simplified if we omit the 1 and allow negative interest rates.
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Example 3.24. Consider (2 = N, define the filtration

(2,0} for ¢ € [0,1),
Fe=<{9,{1},Q\{1},Q} forte(l,2),
P(2) for ¢t € [2,00),

where P()) denotes the power set, and the probability measure Q on (2, P(€2)) by
Q{w}) =1/w—1/(w+1) for allw € Q. Let 7(w) = w for w € Q denote the random
time, when the interest rate intensity jumps to 1 — 1/w, i.e., we define the interest
rate intensity process by 7y = (1 —1/7)1}; o) (t) for t > 0. Then 7 is F-measurable
and implies for T' > 2

T 1>T—(T/\(TV2))T_>OO 1

wdu=(1—— 1—— 2
T du < T T—2 —> T (3:25)

2.7 = ———
everywhere on €, hence [(2) = 1—1/7. Therefore [(2) 5, = 0 and I(2) 7, = 310\{1}-
For T' > 0, we always have that R(0,7") > 0 and (3.2) implies that

1 r 1 1 7o
R(0,T) = —Tlog]EQ [exp(—/o Tu du)] < —?logm =g 0,

N

-

2 r>r11y

hence [(0) = 0 and asymptotic minimality holds for times 0 and 2.

For T > 1, (8.2] implies as in (3.25] that [(1) = 0 on {1} and that on the
complement 2\ {1}

1 T
R(1,T) = T logEqg [exp(—/l Tu du)

[\

2 7
log —= =g 0,

[T]

T—-1

7'22}§—

Z 1{:; [T}
hence [(1) = 0 on © and asymptotic minimality does not hold for times 1 and 2.
To construct an arbitrage opportunity in the limit for times 1 and 2 according to
Definition [2.29]by short-selling the long-term zero-coupon bonds, define for each
n € N the deterministic maturity 7,, = n 4+ 2 and the strategy by

Pn = _19\{1} eXp((Tn - 1)R(1>Tn) - R<17 2))

and v, = 1o\q13. Then (pn,9y) is Fi-measurable and V,,(1) = 0 for all n € N.
Furthermore, we obtain for all n € N

enP(2,T,) = —1o\qy exp((T,, — 2)(R(1,T,,) — R(2,T,,)) + R(1,T,,) — R(1,2)).

Since (1) = lim, o R(1,7},) = 0 on Q as well as I(2) = lim,, . R(2,T,) =
1—1/7>1/20on Q\ {1} by (8.25], we get liminf, .. ¢, P(2,T,) = 0. Therefore,
liminf,, o V,,(2) = ¢, > 0 and with probability Q(2\{1}) = 1/2 the limes inferior
is strictly greater than zero.

3.3. A model without forward risk neutral probability measure and with-
out limiting arbitrage opportunities. The following example is inspired by the
infinite-horizon model considered in Example 7.2 in Pliska (1997). It shows that
in general for a model, which does not provide an arbitrage opportunity in the
limit, there must not exist a forward risk neutral probability measure. The other
implication is also not true, see Example [3.22]
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Example 3.26. Define Q = N, F, = {&,N} and F; = P(N), the set of all subsets
of N. Let P be any probability measure on F; with P({w}) > 0 for all w € Q.
Define zero-coupon bond prices by P(0,n) =1 for all n € N and

1 if w<n-—2,
P(Ln)(w)=4q n*+1)/2 ifw=n-1,
1/2 if w>n,

for all w € Q and integers n > 2. By ([2.1) and (@2.5), it follows that [(0) = (1) = 0,
hence asymptotic monotonicity and minimality hold for times s =0 and ¢t = 1.

To verify that there is no arbitrage opportunity in the limit for times s = 0
and ¢ = 1, consider an Fy-measurable, hence deterministic sequence {7, },en of
maturities with 7,, > n for all n € N and deterministic portfolios (¢, 1,) with
©n = —1b, for all n € N so that Definition [2.294a] is satisfied. Then V,(1)(w) = 0
for all w € {1,2,...,n — 2}, hence liminf, o V,(1) = 0 on Q. Therefore, part (c)
of Definition 2.29]is satisfied, but part () does not hold.

To show that Condition [2.10]for times s = 0 and t = 1 is not satisfied (and
there does not exist a forward risk neutral measure for times s = 0 and t = 1
like in Condition [2.12), we argue by contradiction. Assume that there exists an
equivalent probability measure Q = Qg ; such that P(0,n) > Eg[P(1,n)] for all
integers n > ng > 2. This implies

n?+1

Qfn—1n,-. 1) 2 20— 1) + 50 n + 1,0 ),

hence n?Q({n—1}) < Q({n—1,n,...}) for all integers n > ng. Define the constant
c=(np—1)Q({no — 1,n0,...})/no > 0. Then we get by induction

Q{n—-1,n,...}) = ncfl (3.27)
for all integers n > ng, because
Q{n,n+1,... ) =Q({n—-1,n,...}) —Q({n —1})
1 1 cn n+1
> (1= 5)en -t 2 (1= 5) g = ey

for all integers n > ng + 1. However, (3.27) for n — oo implies Q(@) = ¢ > 0,
which is impossible for a probability measure.

4. PROOFS OF AUXILIARY RESULTS

Proof of Lemmal2.8] Consider a finite non-empty set I C (nVt,00) of zero-coupon
bond maturities, which is required to be also a subset of N in the discrete-time case.
Let M := max,es R(t,u) denote the maximal available zero-coupon rate. Define
the random maturity 77: 2 — I as the first one realizing this maximal rate, i.e.

Ty = Z u 1{R(t,u):MI,R(t,v)<MI for all vel,v<u}-
uel
Note that T is F;-measurable and that R(¢,T;) = M;. By [] Theorem A.32(b)],
there exists, for every n € N, an increasing sequence {Ij , }ren of finite subsets of
(n V t,00), which are also subsets of N in the discrete-time case, such that

Sy :=esssup R(t,T) = lim R(t, Ty, ) a. s.
T>nVt k—o0 ’
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Hence, for every n € N, there exists k,, € N such that the essential supremum is
nearly reached with high probability, e. g. with the abbreviation T, := Ty, |

P(min{S,,n} —27" < R(t,T,) < Sp) >1-2""

The a.s. limit of {S, }nen exists due to the monotonicity of the essential suprema.
Hence, using the first Borel-Cantelli lemma, the a.s. limit of {R(¢,T,)}nen exists
and agrees with the one of {Sy, }nen. O

Proof of Lemma[2.9] Fix 0 < s < t. In the continuous-time case, using the defini-
tion of the arbitrage-free forward rate in (2.4] and the zero-coupon rate in (2.2],
log P(s,t) T —s
T—t T—t
Since the first summand tends to zero almost surely as T" — oo, it follows that

F(s,t,T) =

R(s,T), T € (t,00).

T —
lp(s,t) = limsup F(s,t,T) = limsup T—S R(s,T) =1(s) a.s.,

T—o0 T—oo —t

by the definition of the long-term forward rate in (2.6] and the long-term zero-
coupon rate in [@.5]. In the discrete-time case, using the definition of the
arbitrage-free forward rate and the definition of the zero-coupon rate, we see
that it is enough to prove

P(s,t) 1/(T—t)
P(S,T))

However, that is what we just verified for the continuous-time case. ]

= Jim sup log P(s, T)~Y/(T=%),

T—o0

lim sup log (

T—o0

5. PROOFS FOR ASYMPTOTIC MONOTONICITY AND MINIMALITY ASSUMING THE
EXISTENCE OF A FORWARD RISK NEUTRAL PROBABILITY MEASURE

The key observation for our generalization is the following lemma, which uses
notation introduced in Definition 2.19]
Lemma 5.1. Let (2, F,P) be a probability space and G a sub-o-algebra of F.

(a) For every non-negative random variable X on (0, F,P), the function (0,00) 3

t— ]E[Xt|g]1/t is non-decreasing a. s. and
X < lim E[x'g]" =Xx9  as (5.2)

(b) Let {Xt}i>0 be a collection of non-negative random wvariables on (Q, F,P).
For each n € N let Y,, denote the essential infimum of {Xi}isn. Then

X == liminf X, < lim E[Y"|G]""™ = X9 < liminf E[X{|G]'Y* a5 (5.3)

(¢) If in (&) the random variable X9 dominates {X;}i~o in the (G,P)-super-
exponential sense along a subsequence according to Definition [2.20] then the
last inequality in (5.3) is an a.s. equality.

Remark 5.4. For the trivial case G = {@, Q}, Lemma[B.1{@) implies the well-known
result lim, o || X||zr = || X ||z

Remark 5.5. For a non-negative random variable Z with E[Z] = oo, we define
E[Z|G] = sup,,cny E[min{Z, n}|G]. For a o-integrable random variable with respect
to G, the generalization of the conditional expectation is given in @ Chapter 4].
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Remark 5.6. Part (b} of Lemma [F.1lwas introduced by Hubalek et al. (2002) with
the additional assumption that the sequence {X;};~o converges. A further applica-
tion of the lemma is to prove that the long volatilities, implied by the Black—Scholes
formula, cannot fall, which was done by Rogers and Tehranchi (2006).

Example 5.7. Note that X < X9 is possible in (5.2), even for a bounded X.
As an example, consider 2 = (0,1) with Lebesgue measure and Borel o-algebra,

G ={2,0} and X (w) = w for w € Q. Then E[X”|g]1/n = (n4+1)"Y" and X9 = 1.

Example 5.8. Note that the last inequality in (5.3) can be strict for a bounded
sequence { X, }nen which converges everywhere in a monotone way. In the setting
of Example[5.7] consider X,, = 1(0,1/n) for n € N with pointwise limit X = 0, hence
X9 = 0. However, E[X"|G]"/" =n~Y/" — 1 as n — oo.

Proof of Lemmali1l @ Consider 0 < s < t < oo. Jensen’s inequality for condi-
tional expectations, applied to the convex function p(x) = x5 implies

E[X*[G]"* = (o(BIX*|G])"" < E[p(X*)|6]"/* =E[X'|G]"" a.s.

Due to this monotonicity the almost sure limit C' := lim,, o, E[X " ]Q]l/ ' exists
along every sequence t,, /' 0o and every other sequence gives a.s. the same limit.
Note that C' is G-measurable. If Z is a G-measurable random variable satisfying
P(X < Z) = 1, then E[Xt|G]"" <E[Z!|G]"" = Z a.s. for all t > 0.

It remains to show that X < C a.s., which we do by contradiction. We assume
for the set A := {X > C} that P(A) > 0. Since A C {C < oo} there exist k € N
with P(AN{C < k}) > 0. Furthermore, there exists [ € N such that P(B) > 0 for
B:={X >C+1/l,C < k}. We obtain

E[X15] > E[C15] + P(B)/l > E[C15], (5.9)

because P(B) > 0 and E[C1p] < kP(B) < oo. In the remaining part of the
proof, we use the convention oo - 0 = 0 for products. Using the conditional Holder
inequality'z'and the fact that E[X"|G]'/" < C a.s., it follows for all n € N that

E[X1p|G] <E[X"|G]Y"E[1p|G)' V" < CE[15|G)' Y™ s,
Passing to the limit n — oo and using the G-measurability of C,
E[X1p5|G] < CE[15|G] = E[C1p|J] a.s.
Taking expectations gives E[X1g] < E[C1p], which is a contradiction to (5.9].
(E Since Y,,, <Y, <supyey Y = X for all m,n € N with m < n, we obtain
E[Y;|6)/" <E[;|G]"" <EX"|g]'/" < X9 as,
using part @) for the last inequality. Hence, by part @), for every m € N,

Y, <Y9 = lim E[Y?|G]"" < supE[Y;"|G]"/"
n—00 neN

< lim E[X"|G]"" = X9  a.s.

n—oo

Therefore,

X=supY, <supY? < lim E[Ymg]l/"g)(g a.s.
meN meN n—0oo

"For a proof, cf. Hélder’s inequality at En_mk;;&i&mg@uk;d version of April 6, 2008.
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Since sup,,cy Y,9 is G-measurable and dominates X a.s., it also dominates X9 a.s.,
hence the last two inequalities are a.s. equalities.

For all t > n we have Y,, < X, a.s. Using Jensen’s inequality for conditional
expectations

1/t

Ely; 6] <E[Y16]"" <E[x{|G]""  as,

hence

E[Y"|G)Y" <liminf E[X![G]""  a.s.
t—o00

Passing to the limit n — oo gives the last inequality in (5.3].
@ Since X; < X9 + max{X, — X9,0} for all ¢ > 0, the conditional Minkowski
inequality and the G-measurability of X9 imply for all ¢ > 1 that
E[x!G]"" < X9+ E[max{X, — X9,0})'|¢]""  as.
By the assumption and Definition [2.20] the limit inferior of the last term is zero. [

With this lemma we show that the long-term spot rates never fall without the
assumption that the spot rates converge.

Proof of Theorem (&) In the discrete- and continuous-time case, it is sufficient
to show that

nTmian(t,T)ﬁ < n%ninfp(s,T)T%s a.s. (5.10)
by definition of the zero-coupon rate in (2.1] and (2.2], respectively. Note that
Jim P(s, t)Y/T=t) = 1. (5.11)

Using (5.3) from Lemma B.1](with X, = P(¢,t +u)'/* for u > 0 and G = F,)
and afterwards (B.11], it follows that

1
lim i P(t, 7)™ < liminf (Eq, ,[P(t, T)| .]) ™ -
= liminf(P(s,t) Eg, [P(t, T) | F]) ™ a.s.

T—oo

For £ > 0 define f.: [0, 00] — [0, 0] by

K for x € [0, 1],
fe(z) = {xHE for x > 1.

Then z'*+° < f.(z) for all z € [0, 00), uniformly in 6 € [0,¢]. Using the property in
Condition R.10land this estimate, we obtain for all T > max{Ty,t + (t — s)/e}

(P(s,)Eq, [P(t.T) | F]) T < P(s, 1) T= 0410 (5.13)
< fs(P(S,T)ﬁ) a.s. .

Since f. is continuous and monotone increasing, we obtain with that
liminf P(t, T)ﬁ < fe <lim inf P(s, T)ﬁ> a.s.
T—o0 T—oo

for all € > 0, which implies (5.10].
([) This follows from part @) and the equivalence of the long-term forward and
spot rates in Lemma [2.9] O
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The following proof combines the ideas from the proofs of Lemma [E.IE) and
Theorem 2.171

Proof of Theorem[2.21] Since [(s) is Fs-measurable by definition (2.5], Theorem
217limplies that I(s) < I(t)x, a.s., hence it remains to show that I(s) > I(t)£,
a.s. According to the definition of the limiting annual discount factor V; and
Remark [2.25] it suffices to show that

lim inf P(s, YT <yFs  as. (5.14)

For € € (0,1) define g.: [0, 00] — [0, 00| by

() zi=¢ for x € [0, 1],
e\T) =
g T, for x > 1.

The 2'7° < g.() for all z € [0, 00), uniformly in & € [0,¢]. Using the property in
and this estimate for ' > s + (¢ — s)/e, we obtain

P(s,T)T = P(s, )T (Eq. [P(.T) | £.]) T
< P(s,) 70 ((Ba [P D) F])TT)  as

Using (511, Lemma B100) (with X, = P(t,t +u)Y/* for u > 0 and G = F,) and
([2.26], it follows that

lim inf P(s, T)Y/(T=%) < gE(Vt]:S) a.s.

T—oo

(5.15)

for every ¢ € (0,1), which implies (5.14]). Using Lemma [2.9] the result for the
long-term forward rates follows. O

6. PROOFS FOR ASYMPTOTIC MONOTONICITY AND MINIMALITY ASSUMING
ABSENCE OF ARBITRAGE IN THE LIMIT

Proof of Lemma[2.32] Let {¢n}nen be a real-valued Fs-measurable sequence, and
{T, } nen be a sequence of Fg-measurable random maturities 75, : Q@ — (n V t,00),

each one taking only a finite number of values. Define the sequence {¥,, }nen as in
Remark [2.30]to ensure part (@) of Definition [2.29] Then Condition R.12limplies

Eg, [Va(t) | Fu] % Viu(s)/P(5,8) 20,  meN. (6.1)

Assume part (d) of Definition 2:29] in particular liminf, ., V;,(t) > 0 a.s. In
addition, there exists n; € N such that V,(t) > —1 a.s. for all n > ny. Using
Fatou’s lemma for conditional expectations and (6.1}, we obtain

E@s,t[lﬂgf Vn(t)(fs] <liminf Eg, [Va(1)|F] =0 as.

So we must have liminf, . Vj,(t) = 0, hence part (b) of Definition 2:29]fails.
Hence, there is no arbitrage opportunity in the limit with vanishing risk. O

Proof of Theorem [2.33] We prove asymptotic monotonicity, i.e. I[(s) < I(t) a.s. Tt
suffices to prove [(s) < I(t)#, a.s., which we do by contradiction. Assume for the
event A := {l(s) > I(t)£,} that P(A) > 0. Since A C {l(s) > —o0, I(t)£, < o0},
there exists k € N such that B := {X > I(t)£,} with X := min{k,[(s) — 2/k}
satisfies P(B) > 0. Note that X is a real-valued, Fs;-measurable random variable
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and that B € F,. Let {Tn}nEN denote an F;-measurable sequence satisfying Lemma
[2.8] in particular
I(s) = lim R(s,T}).

n—oo

Without loss of generality we assume that T}, > ¢ for all n € N. Since I(s) > X +1/k
by the definition of X, there exists m € N such that

C:=Bn ﬁ {R(S,Tn) 2X+%} (6.2)

satisfies P(C') > 0. Note that C € Fs. Define D = {X > [(t)} nC. If P(D) = 0,
then X <(t) a.s. on C, hence X <I(t)#, a.s. on C by the Fs-measurability of C
and X. This contradicts the strict inequality in the definition of B, which contains
C, hence P(D) > 0.

In the continuous-time case define

on = loexp((T,, — s)X)P(s,t) and Un = —1oexp((T), — s)X)P(s, Tn),
in the discrete-time case, noting that X > I(t)z, > —1 on C, define

n=lo(X + 1D 5P(s,t)  and b, = —1o(X + )T 5P(s, T,
@

for all n € N. Then every (p,,1,) is Fs-measurable, the corresponding portfolio
value V;,(s) := 0 P(s,T) 4+ ¢ P(s,t) is zero, and V,,(t) = @, P(t, T) + %y In the
continuous-time case, using the definition of the zero-coupon rates in (2.2] these
summands equal

onP(t,T,) = 1¢ exp((fn —t)(X = R(t,T,))) + (t — s)(X — R(s,1))),
v = —1¢ exp((Tn —3)(X — R(S,Tn)))
for all n € N. Using the definition of C' in (6.2] and T, > n from Lemma [2.8]

le eXp((Tn —s)(X — R(S,Tn))) < exp(—n ; S) for all n > m.

Since ¢, > 0 for all n € N, part (d) of Definition 2:29]holds. Since X > I(t) on D
and [(t) > limsup,,_, . R(t,T},) a.s. by the definition of the long-term zero-coupon
rate in (2.5), we obtain that

liminf 1o exp((Tn —t)(X — R(t,Tn))) 0 on D.

n—oo

Therefore, we have an arbitrage opportunity in the limit with vanishing risk for
times s and ¢, which is the desired contradiction. In the discrete-time case, we

proceed in a similar way. The result for the long-term forward rates follows by
using Lemma [2.9] [

The following proof has some similarities with the preceding one, however, the
stronger no-arbitrage assumption from Definition [2.29]is needed, because the down-
side risk of the constructed portfolios might be unbounded.

Proof of Theoremm We want to show that the set, where (2.35) is violated, is
a P-null set. For this purpose, define the event

C={Y >I(s)}, where Y := (hminfR(t,Tn))F , (6.3)

n—oo
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and the portfolio compositions

P(s,t)
P(Sa Tn)
for all n € N. Then every (¢, %,) is Fs-measurable, the corresponding portfolio
value V,,(s) := ¢, P(s,T},) + ¥ P(s,t) is zero, and V,,(t) = ¢, P(t,T,) + 1. In the
continuous-time case, the first summand can be rewritten using ([2.2] as
enP(t,T,) = —1cexp((T,, — t)(R(s,T,) — R(t, Ty)) + (t — s)(R(s, T) — R(s,1))),
for all n € N. Since limsup,, . R(s,T},) <I(s) < oo a.s. on C' and

limsup(R(s,T;,) — R(t,T,)) < (s) — liminf R(¢,T;,) <I(s) =Y <0 a.s.on C,

n—oo

on = —1¢ and Y, = 1¢,

we get liminf, . @, P(t,Ty) 2 0. Since 1, = 1¢ > 0 for all n € N, this implies
part (€] of Definition 2.29] Since an arbitrage opportunity in the limit for times
s and t is excluded by assumption, Definition 2.290b] implies P(C') = 0. In the
discrete-time case, using the representation

1+ R(s,T)\ """ (14 R(s,T,)\"*
maery)  (Trred)

WP(t,T,) = —1
onb(t Tn) C(1+R@ﬂ0 1+ R(s, )

we conclude in a similar way that P(C') = 0. O

REFERENCES

1. L. Arnold, Stochastic Differential Equations: Theory and Applications, Wiley, New York,
1974.

2. T. Bjork, Arbitrage Theory in Continuous Time, 2 ed., Oxford University Press, New York,
2004.

3. A. J. G. Cairns, Interest Rate Models: An Introduction, Princeton University Press, New
Jersey, 2004.

4. J. F. Carriere, Long-term yield rates for actuarial valuations, North American Actuarial
Journal 3 (1999), no. 3, 13-24.

5. J. C. Cox, J. E. Ingersoll, and S. A. Ross, A theory of the term-structure of interest rates,
Econometrica 53 (1985), 385—407.

6. P. Dybvig, J. Ingersoll, and S. Ross, Long forward and zero coupon rates can never fall,
Journal of Business 69 (1996), 1-25.

7. H. Follmer and A. Schied, Stochastic Finance. An Introduction in Discrete Time, 2 ed.,
Walter de Gruyter, Berlin, New York, 2004.

8. S. He, J. Wang, and J. Yan, Semimartingale Theory and Stochastic Calculus, CRC Press,
Beijing, 1992.

9. D. Heath, R. Jarrow, and A. Morton, Bond pricing and the term structure of interest rates:
A new methodology for contingent claims valuation, Econometrica 60 (1992), 77-105.

10. F. Hubalek, I. Klein, and J. Teichmann, A general proof of the Dybvig—Ingersoll-Ross theorem:
long forward rates can never fall, Mathematical Finance 12 (2002), 447-451.

11. J. Hull and A. White, Pricing interest-rate—derivative securities, The Review of Financial
Studies 3 (1990), 573-592.

12. N. El Karoui, A. Frachot, and H. Geman, On the behavior of long zero coupon rates in a no
arbitrage framework, Review of Derivatives Research 1 (1998), no. 4, 351-369.

13. J. H. McCulloch, Long forward and zero-coupon rates indeed can never fall, but are indeter-
minate: a comment on Dybvig, Ingersoll and Ross, Working paper, Ohio State University,
2000.

14. M. Musiela and M. Rutkowski, Martingale Methods in Financial Modelling, 2 ed., Springer-
Verlag, Berlin, Heidelberg, 2005.

15. S. R. Pliska, Introduction to Mathematical Finance: Discrete Time Models, Blackwell,
Malden, Oxford, 1997.



DYBVIG-INGERSOLL-ROSS THEOREM AND ASYMPTOTIC MINIMALITY 27

16. P. E. Protter, Stochastic Integration and Differential Equations, 2 ed., Springer-Verlag, New
York, 2004.

17. L. C. G. Rogers and M. R. Tehranchi, The implied volatility surface does not move by parallel
shifts, Working Paper, University of Cambridge, 2006.

18. K. Schulze, Asymptotic maturity behavior of bond markets, Working paper, University of
Bonn, 2007.

19. O. Vasicek, An equilibrium characterization of the term structure, Journal of Financial Eco-
nomics 5 (1977), 177-188.

20. Y. Yao, Term structure models: A perspective from the long rate, North American Journal 3
(1999), 122-138.

(V. Goldammer) DEPARTMENT OF FINANCIAL AND ACTUARIAL MATHEMATICS, VIENNA UNI-
VERSITY OF TECHNOLOGY, WIEDNER HAUPTSTRASSE 8-10, 1040 VIENNA, AUSTRIA
E-mail address: verena.goldammer@fam.tuwien.ac.at

(U. Schmock) DEPARTMENT OF FINANCIAL AND ACTUARIAL MATHEMATICS, VIENNA UNIVERSITY
OF TECHNOLOGY, WIEDNER HAUPTSTRASSE 8-10, 1040 VIENNA, AUSTRIA



mailto:schmock@fam.tuwien.ac.at
http://www.math.ethz.ch/~schmock/

