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EXPONENTIAL APPROXIMATIONS
IN COMPLETELY REGULAR TOPOLOGICAL SPACES
AND EXTENSIONS OF SANOV’S THEOREM

PETER EICHELSBACHER AND UWE SCHMOCK

ABSTRACT. This paper is devoted to the well known transformations that pre-
serve a large deviation principle (LDP), namely, the contraction principle with
approximately continuous maps and the concepts of exponential equivalence
and exponential approximations. We generalize these transformations to com-
pletely regular topological state spaces, give some examples and, as an illus-
tration, reprove a generalization of Sanov’s theorem, due to de Acosta [1].
Using partition-dependent couplings, we then extend this version of Sanov’s
theorem to triangular arrays and prove a full LDP for the empirical measures
of exchangeable sequences with a general measurable state space.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The question when a large deviation principle (LDP) for a family of laws can be
deduced from the LDP for another family was studied for the first time in [3]. There
the probability measures are defined on a metric space. The concepts nowadays
called “exponential equivalence” and “exponential approximations” were formalized
more generally in the exposition [9, Chapter 4.2], where the probability measures
are defined on a metric space, too. A direct consequence of this concept is the proof
of a contraction principle for approximately continuous maps, where the maps are
defined on a Hausdorff topological space and take values in a metric space. In this
paper we will generalize the concepts of “exponential equivalence” and “exponential
approximations” to a completely regular topological space (Y, 7), also called Ty-
chonoff space, and we will generalize the contraction principle accordingly. The set
M (S) of all probability measures on a general measurable space (S, S), equipped
with the so-called T-topology of setwise convergence, is an example of such a com-
pletely regular topological space. Our general results allow us to reprove Sanov’s
theorem in this natural setting, extend it to triangular arrays and prove a full
LDP for the empirical measures of suitable exchangeable processes—without im-
posing restrictions on the measurable state space (S,S). The basic tool for these
extensions is the construction of couplings, which depend on finite S-measurable
partitions of S, to get exponentially good approximations.

Let us start with some topological considerations. A metric on a space Y can be
regarded as providing a concept of nearness that is applicable throughout the space.
When we want to consider approximations in more general topological spaces, we
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still need such a uniformly applicable concept of nearness. Two types of topological
spaces seem to be appropriate for this purpose:

e A gauge space (Y,7), which means that the topology 7 is generated by a
family D of pseudometrics which is separating, that is, for each pair of points
x # y in Y there exists a pseudometric d € D such that d(z,y) # 0.

e A topological space (Y, 7) with a separating uniform structure, which is com-
patible with the topology 7.

As is well-known [13, Chap. IX, Theorems 10.6 and 11.4], the above two types of
topological spaces are the same, and they coincide with the completely regular ones.
Remember that a topological space (Y, 7) is called completely regular if (Y,7) is
Hausdorff and if for every closed set C' C Y and every point y € Y\ C, there exists
a continuous function f: Y — [0, 1] such that f(y) =1 and f(g) =0 forall g € C.
Note that every locally compact Hausdorff space and every Hausdorff topological
vector space is completely regular (see [13, Chap. XI, Theorem 6.4] for the former
and construct a uniform structure for the latter).

To further justify the above topological setting, notice that in a regular topolog-
ical space Y, the rate function associated with the LDP is unique and Varadhan’s
integral lemma is applicable. For Bryc’s inverse Varadhan lemma, however, the
complete regularity of the topological space is needed (see [9, Chap. 4]).

For notational convenience, we will use the language of gauge spaces in the
following. We will assume throughout this paper, that (Y,7) is a gauge space and
that the separating family D of pseudometrics generates its topology 7. Note that
the collection of all balls

B(y,d,0)={z €Y |d(z,y) <}, yeY, deD,d >0, (1.1)

is a subbasis of the topology 7. Let D’ be the smallest family of pseudometrics on
Y which contains D and is closed with respect to maxima, meaning that for every
choice of dy,dy € D', the pseudometric defined by d(z,y) = max{d;(z,y),d2(x,y)}
for z,y € Y also belongs to D’. The collection of all balls B(y,d,d) with y € Y,
d € D' and § > 0 is a basis of 7.

In this paper we take special care to mention any connection between the topol-
ogy of a space and its o-algebra, provided we need such a connection. In applications
of our results (see Theorem 1.16, for instance), it is convenient, when the o-algebra
does not need to be the Borel o-algebra. We do not complete our probability spaces.

With respect to the gauge space Y, we assume throughout that it is equipped
with a o-algebra ), which contains the above collection (1.1) of balls. Note that )
might be smaller than the Borel o-algebra o(7). We denote by M;(Y') the set of
all probability measures on (Y, )).

In a general gauge space with an uncountable family D of pseudometrics, a
countable base for the uniform structure may not exist. Therefore, it is necessary
to replace approximating sequences by approximating nets. For this purpose, let
(I, =) denote a nonempty directed set, meaning that < is a reflexive and transitive
relation such that for all 4,5 € I there exists a k € I satisfying ¢« < k and j < k.
For a net {a;};c;r C R we define as usual limsup,c; a; = infjes SUp;eg >, @i and
liminf;c;a; = SN inficri-j a;.

Now we are ready to define the term “exponentially good approximation” and
“exponential equivalence” in our context; illustrations are given in Section 2.
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Definition 1.2. (a) A collection {p. ;}e>0,ier € M1(Y) is called D-exponentially
good approzimation of {fic}es0 C M1 (Y), if for every d € D', ¢ > 0 and i € I there
exists a probability measure v4.; on a o-algebra Vg . ; containing VY®2 such that
the two marginals are . ; and [ic, respectively, and
limsuplimsuplog v . ({ (5, 5) € Y2 | d(y,§) > 0}) = =00 (13)
i€l el0

for every 6 > 0. Here v _ ; denotes the outer measure induced by vg,c ;.

(b) If (a) holds for a collection {fi}e~0, which does not depend on i € I, then
{1e }eso is called D-exponentially equivalent to {fic }e>o-

Remark 1.4. If the measures v, . ; and o-algebras Vg . ; in Definition 1.2(a) do not
depend on d € D’ then (1.3) for all d € D implies (1.3) for all d € D".

On a topological space X, a lower semicontinuous function J: X — [0, 00] is
called rate function. If, in addition, the level set {z € X | J(z) < L} is quasi-
compact for every L € [0, 00), meaning that every open cover of this set has a finite
subcover, then J is called good. In a Hausdorff space, the latter condition implies
the lower semicontinuity.

Let X be a o-algebra on a topological space X. A family {p.}eso C M1 (X, X) of
probability measures on (X, X') is said to satisfy a weak LDP with rate function J,
if the large deviations lower bound

lirgll%nf elog us(A) > — xe}r?tEA) J(x)
holds for all A € X, where int(A) denotes the interior of A, and if the large devia-
tions upper bound

limsupelogu.(4) < — inf J(x) (1.5)

el0 x€ecl(A)

holds for all those A € X for which the closure cl(A) is quasi-compact. If, in
addition, the upper bound (1.5) holds for all A € X', then {u.}->0 is said to satisfy
a full large deviation principle.

The following four results generalize [9, Theorem 4.2.13, Theorem 4.2.16, Corol-
lary 4.2.21 and Theorem 4.2.23]. All proofs are deferred to Section 3.

Theorem 1.6. If {{ici}es0,icr C Mi(Y) is a D-exponentially good approximation
of {fictes0 C M1(Y) and if, for every i € I, the family {p;}e>0 satisfies a full
LDP with a (not necessarily good) rate function J;, then the following statements
hold:

(a) {fic}e>0 satisfies a weak LDP with rate function

J(y) = su liminf  inf  J;(2), ey. 1.7
) de’D’,Ig>0 i€l z€B(y,d,d) (=) Y (1.7)

(b) If J is a good rate function and if for every measurable closed subset C' of Y

inf J(y) < i inf J;(y), 1.8
inf, (y) < m sup inf, (y) (1.8)

then the full LDP holds for {fic}-~o with the good rate function J.

Remark 1.9. In (1.7), we may replace the collection {B(y, d, ) }dep’,s>0 of balls by
any filterbase of neighbourhoods of y converging to y without changing .J.
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As an illustration, we will show in Example 2.4 how to use Theorem 1.6 to de-
rive Sanov’s theorem in the 7-topology on M;(S) for a general measurable state
space (S,S8) from the elementary version of Sanov’s theorem for finite state spaces.
This example reproves the main result of de Acosta [1]. As applications of Theo-
rem 1.6, we will extend de Acosta’s version of Sanov’s theorem to triangular arrays
in Theorem 1.16(b) and will prove a LDP for the empirical measures of suitable
exchangeable processes. Further applications are contained in [15] and [16], which
motivated this paper.

Let us first present two easy consequences of Theorem 1.6:

Corollary 1.10. Assume the general hypotheses of Theorem 1.6. If the rate func-
tions J; are good and independent of i € I, then J, given by (1.7), is equal to every
Ji and {fic}e>o satisfies the full LDP with the good rate function J.

Corollary 1.11. Assume that f: X — Y is a measurable and continuous map
from a topological space X with o-algebra X to the gauge space Y with the o-algebra
Y introduced above, and assume that a family of probability measures {jc}e~o on
(X, X) satisfies a full LDP with a good rate function J. Furthermore, assume that
for every € > 0 there is a measurable function fo: X —'Y such that
limsupzlog it ({z € X | d(f(x), f.(2)) > §}) = —o0 (1.12)
€l0
for all d € D and § > 0, where pu: denotes the outer measure induced by the
measure .. Then {ucf-'leso satisfies the full LDP on Y with the good rate
function J¢(y) = infrepr-1(y) J(2).

Theorem 1.6 also leads to the following extension of the contraction principle for
approximately continuous maps:

Theorem 1.13. Assume that {u.}eso is a family of probability measures that sat-
isfies a full LDP with a good rate function J on a topological space X with o-algebra
X. Given L € [0,00), denote by Kj, = {x € X | J(x) < L} the corresponding level
set. For every i € I let f;: X — Y be a measurable continuous map, where Y is
the gauge space introduced above. Assume that there exists f: X — Y satisfying
limsup sup d(fi(x), f(x)) =0 (1.14)
i€l  xeEKy
for every L € [0,00) and d € D. Then every family {fic}e>0 C M1(Y), for which
{,ugfi_l}5>071'61 is a D-exponentially good approximation, satisfies the full LDP in
Y with the good rate function Jy(y) = infycp-1(,) J(x).

As an application of Theorem 1.6 and its first corollary, let us extend de Acosta’s
version [1, Theorem 1.1] of Sanov’s theorem, which we reprove in Example 2.4, to
triangular arrays in part (b) of Theorem 1.16 below. Part (b) corresponds to
[3, Theorem 5], which was stated in the context of Polish state spaces and the weak
topology. Part (a) is the proper 7-topology version of [3, Theorem 5| for proving
the full LDP for the empirical measures of suitable exchangeable processes with a
general measurable state space.

In the following two theorems, let M;(S5,S), or M;(S) for brevity if this is
unambiguous, denote the set of probability measures on a measurable space (5,S).
The unit interval [0, 1] is equipped with its usual topology and the corresponding
Borel o-algebra. The 7-topology on M;(S) is defined to be the coarsest topology
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which makes the maps M1(S) > u — u(A) € [0,1] continuous for every A € S.
Note that this turns M;j(S) into a gauge space with the separating family D =
{da}acs of pseudometrics, where da(u,v) = |u(A) — v(A)| for p,v € My(S). Let
B(M;(S)) be the o-algebra generated by the maps M;(S) 3 u+— p(A) € [0,1] with
A € S. Let {X}ren denote the projection maps on the product space (£2,.4) =
(SN, 8%N) and define the empirical measure Ly, (w) = 1 37| 6x, () € M1(S) for
every w € Q and n € N. Note that L,,: Q@ — M;(S) is A-B(M;(S))-measurable.
Given p € My(S), define P = u®N on (2, A) and J = H(-|u), where

d—Zdu, it v < p,

H(v|p) = {ii fitoe (1.15)

otherwise,

denotes the relative entropy of v € M;(S) with respect to p. By [1, Lemma 2.1],
the level sets of J are 7-compact, therefore J is a good rate function. Analogously,
given a collection {u;}icr € M1 (S), define P; = uN on (Q,.A) and J; = H(- |u;)
for every i € I.

Theorem 1.16. (a) Let {u;}icr be a net of probability measures on the measurable
space (S,S) converging to a measure p in the T-topology. Then {P;L, '} enicr
is a {da}acs-exponentially good approzimation of {PL '},en and the good rate
functions J and {J;}icr satisfy (1.7) and (1.8) for every T-closed C C M1(S).
(b) If {itn}nen C M1(S) converges to p in the T-topology, then {P,L, '} en
satisfies the full LDP in the T-topology on My (S) with the good rate function J.

Remark 1.17. (a) According to [17, Lemmas 1.23 and 1.24], there always exists a
countably generated sub-c-algebra Sy of S such that lim,, . pn(A) = p(A) for all
A € 8y implies convergence of { iy, }nen to p in the T-topology.

(b) If S is a Polish space with Borel o-algebra S, then the 7-convergence of
{ttn}nen to p is in general a stronger hypothesis than the weak convergence as-
sumed in [3, Theorem 5]. But in this case, the assertion of Theorem 1.16(b) is also
a stronger one, because the full LDP holds in the finer 7-topology of M (S).

(c) If S is a Polish space with Borel o-algebra S, then B(M;(S)) coincides with
the Borel o-algebra of the weak topology of M;(S), see [5, Lemma 2.1].

(d) Since, in general, S does not have a topology, the notion of separability is
not available and the diagonal { (s,s’) € S | s = s’ } need not to be in S ® S, see
[19, Example 6.19].

Due to the measurability problem mentioned in Remark 1.17(d), the coupling
used in the proof of [3, Theorem 1] does not seem to be directly extendible to our
case. Using the set P of all finite S-measurable partitions of S, we can explicitly
construct weaker, partition-dependent couplings to verify (1.3) and, therefore, prove
Theorem 1.16.

Given Theorem 1.16(a), we can derive a full LDP for the empirical measures of
certain mixtures of i.i.d. sequences with a general measurable state space (S,S).
Let X be a topological space with g-algebra X. We assume that X’ contains a base of
the topology of X, but X does not need to be the Borel g-algebra of X. A particular
example of such a space is any subset X of M;(S) equipped with the relative 7-
topology and the relative o-algebra X = {ANX | A € B(My(S))} it inherits
from M (S). For further examples, see [6, Theorem 1.15] and [21, page 57]. Let
X > x s py € Mi(S) be an X-B(M;(S))-measurable map and define P, = pu&N
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on (2, A) for every x € X. Then X 3> x +— P, (A) is measurable for every A € A.
Given a probability measure ¥ on (X, X)), define the probability measure Py, on

(€2,.4) by
]P’Z(A):/ P(A)N(dz), AcA (1.18)

The projection maps { Xy }ren are exchangeable under Py.

Theorem 1.19. Assume that the map X 3 x — p, € Mq(S) is X-B(M1(S))-
measurable. Define Jx (v) = infpex H(V|pe) for all v € My(S). Then the follow-

ing statements hold:

(a) Jx is a rate function with respect to the T-topology on M1(S).
(b) For every A € B(M1(S5)) with T-compact closure cl.(A),

1
limsup — log Py (L, € A) < — inf Jx(v). (1.20)
n—oo N vecl, (A)
(¢) If the map X 2 x +— p, € My (95) is T-continuous and if X(U) > 0 for every
open U € X, then

1
liminf —log Py (L, € A) > — inf .
ity logPalln € A)2 = Wl X W)
for every A € B(M;(S)), where int,(A) denotes the T-interior of A.
(d) If X is quasi-compact and if X > x — p, € My(S) is T-continuous, then the
rate function Jx is good and (1.20) holds for all A € B(M1(S)).

Remark 1.21. (a) We explicitly start with the mixture Py given by (1.18) instead
of assuming that the projection maps {Xj}ren are an exchangeable process, be-
cause de Finetti’s representation theorem [2] does not hold in our general setting.
See [12, Section 2] for such an exchangeable process, whose state space S C [0, 1]
is a separable metric space equipped with its Borel o-algebra.

(b) If S is a Polish space with Borel o-algebra S, if X is first countable and if
X 2 x+— p, € My(S) is continuous with respect to the weak topology on M1 (S),
then the analogue of Theorem 1.19 for the weak topology is given in [10, p. 1153].

(c) If one accepts upper bounds which are not given in terms of Jx, then one
can relax the quasi-compactness assumption in part (d), see [11, Theorem 5.1].

(d) As the proofs of Theorem 1.19(c) and (d) show, the statement of Theorem
1.16(a) is the substitute for “exponential continuity” introduced in [10, (1.7)] in the
context of a first countable topological space X.

(e) Note that the 7-continuity of X > = +— pu, € M;(S) does not imply the
T-continuity of X 3 z — P, € M;1(Q); see [9, Exercise 7.3.18] for an example with
S = [0, 1] equipped with the Borel o-algebra, X = M;(S) and the identity map.

(f) After submitting this paper we learnt that a very similar result to Theorem
1.19 is proved in [7, Section 2] by different methods.

2. EXAMPLES AND ILLUSTRATIONS

We give some examples and illustrations, where completely regular state spaces are
involved and which are not covered by the results in [9, Section 4.2.2].
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Example 2.1. As already mentioned is Section 1, the set M(S) is a gauge space
with the separating family {d4}acs of pseudometrics, which generate the 7-topol-
ogy. Obviously, the o-algebra B(M;(S)) contains all balls given by the pseudo-
metrics {da}aecs. Therefore, it satisfies our general assumption on the o-algebra
of the gauge space. Every bounded and S-measurable ¢: S — R can be uniformly
approximated by simple functions, hence M1(S) 3 u — [5pdp is measurable
and T-continuous for such functions. A special case of Corollary 1.10 is the fol-
lowing result, which was already proved in [21, Lemma 4.3.1] and uses {d4}acs-
exponential equivalence: Let (2, 4,P) be a probability space and assume that the
map L,: Q@ — My(5) is A-B(M;(S))-measurable for each n € N. Assume that
the sequence {PL_ 1}, cy satisfies the full LDP in the 7-topology with a good rate
function J. If the map L,: Q — M;(S) is A-B(M;(S))-measurable for every
n € N and

for all § > 0 and A € S, then {PL;'},cn satisfies the full LDP in the 7-topology
with the good rate function J, too.

Let d, denote the total variation distance on My (S). Since da(u,v) < dy(u,v)
for every A € S, a full LDP for {PL_1},cn in the T-topology on M;(S) with a
good rate function is transferred to every d,-exponentially equivalent sequence. For
such an application, see [4, Proposition 1.10].

Example 2.2. The following topology is introduced in [15]. Let (S,S) be a mea-
surable space and let (E,||-||g) be a separable real Banach space with Borel o-
algebra £. Let ® be a set of §-&-measurable functions ¢: S — FE containing
B(S, E), the set of all bounded E-valued, S-£-measurable functions on S. Define
the restricted set of probability measures on (5, S) by

MZP(S) = {,u € My (9) ‘ / el e du < oo for every ¢ € <I>}.
S

Then, for every u € MP(S) and ¢ € ®, the Bochner integral [g ¢ dpu exists. Let
72 (E) denote the coarsest topology on MP(S) such that the map M$(S) > u —
[ @ dp is continuous for every p € ®. If & = B(S, E), then MF(S) = My(S5);
if, in addition, E = R, then 7(E) coincides with the usual 7-topology. For each
¢ € ® define dy, (i, v) = || [gpdu — [gpdv| g for p,v € MP(S). Then {dy},eo is
a separating family of pseudometrics for the 7*(E)-topology. In [15] and [16] the
tool of {d,},ca-exponential equivalence is used several times to obtain full large
deviation principles in the 7{*(E)-topology.

Example 2.3. Using the notation of Example 2.2, let D([0,00), F) denote the
space of E-valued cadlag functions on [0, o) equipped with the topology of uniform
convergence on compact subsets. Let M (S) be the set of all finite, nonnegative
measures on (S, S) and, similarly to Example 2.2, let M%(S) be the corresponding
restricted set of all p € M (S) satisfying [¢ |l¢l|zdu < oo for all ¢ € ®. Let
D([0,00), M2 (S)) be the set of all those y: [0,00) — MZ(S), for which [0,00) >
t— [spdy: is in D([0,00), E) for every ¢ € ®. On D([0,00), M%(S)) we take the
weakest topology such that all these maps from D([0,00), M?$(S)) to D([0, ), E)
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are continuous. This topology is generated by the family of pseudometrics

dor(y,2) = sup H/sodyt /sodzt
tEOT

with ¢ € ® and 7" > 0. This family is separating. For E = R and ® = B(S,R),
this topology was constructed in [8] to get a full LDP for partial sums processes
and used in [14] to get a moderate deviations principle for functional partial sums
processes.

. 9,2 € D([0,00), M (S)),

In the last example we reprove a generalization of Sanov’s theorem due to de
Acosta [1, Theorem 1.1], in which the state space (.5, 8) is an arbitrary measurable
space and the set M;(S) is endowed with the T-topology.

Example 2.4. Let us return to the setting introduced just before Theorem 1.16.
Our aim in this example is to apply Theorem 1.6 in order to show that the sequence
{PL_ '}, en satisfies the full LDP in the 7-topology on M (S) with the good rate
function J = H(-|p). This result is used to prove Theorems 1.16 and 1.19.

To define a D-exponentially good approximation, let us introduce some more
notation. By an S-measurable partition P of the measurable space (S, S) we mean
a finite collection {Ay,...,A,} C S of disjoint sets whose union is S. Let P be
the set of all S-measurable partitions of S. For P € P let o(P) denote the o-
algebra generated by P. Fix p € M;(S) and define P, = {P € P | u(4) > 0
for all A € P}. Note that (P,, <) is a directed set, provided that P < P’ for
P,P" € P, means P C o(P’), which is equivalent to saying that P’ is a refinement
of P. Given P € P, the empirical measure L,(w) can also be considered as a
probability measure on the measurable space (S, 0 (P)). Note that M; (S, o(P)) can
be identified with { (za)acp € [0,1]" | > cpxa = 1} and that the 7-topology
and the o-algebra induced on M;(S,c(P)) by the maps M;(S,0(P)) 3 v +— v(A)
with A € P coincides with the natural topology and Borel o-algebra of this subset of
[0,1]7. Tt follows from Sanov’s theorem for finite state spaces [9, Theorem 2.1.10]
that, for every partition P € P, the sequence {PL 1}, en C M1(M1(S,a(P)))
satisfies a full LDP. The corresponding good rate function is given by Hp(v|u) =
> acp V(A)log(v(A)/u(A)) for all v € My(S,0(P)), with the understanding that
0log0 = 0log(0/0) = 0 and alog(a/0) = oo for a > 0.

For every P € P, define

M1(S,0(P)) s> vi— Up(v) = Z V(A)LZA)
fer A
These maps are measurable and continuous with respect to the 7-topologies. Hence,
by the elementary contraction principle (see e.g. [9, Theorem 4.2.1]), the measures
{PL, b }nen € Mi(Mi(S)) with Ly p = Up(L,) satisfy a full LDP in the 7-
topology on M (S) with the good rate function Jp: M;(S) — [0, 00| given by

Jp(v) = {foPW% if v = Up (D) with 7 € My(S,0(P)),

S Ml(S)

otherwise.

Using Remark 1.4, let us show that {]P’L;ylp}neN’pepu is a {da } acs-exponentially
good approximation of {PL; *},en in M1 (M1(9)): If A € S satisfies u(A) € {0,1},
then P(da(Ly, L,,p) > 0) =0 for all n € N and P € P,; if u(A) € (0,1), then this
is true at least for all P € P, which are refinements of {A, A°}.
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To apply Theorem 1.6, it remains to show that (1.7) and (1.8) are satisfied. First
note that the definitions of Hp(v|p) and ¥p(v) extend from v € My (S, (P)) to
v e My(S) for every P € P or P € B, respectively. Secondly, in view of Remark
1.9, note that the collection of all sets {7 € M1(S) | maxaep da(?,v) < 0} with
P € P and § > 0 is a neighbourhood filterbase of v € M(S).

To prove (1.8), consider any P € P, and v € M, (S) satistying Jp(v) < co. Then
v=Vp(v)and S 3 s ) ,.p(V(A)/1(A))1la(s) is a density of v with respect to
w, hence J(v) = Jp(v). This implies (1.8).

To prove “>” in (1.7), it suffices to consider v € M;(S) satisfying J(v) < oo.
Note that v < p in this case. Given P € P, we can join all u-null sets of P to one
A € P with p(A) > 0 to obtain a P’ € P, with P’ C ¢(P). Define o = Up/(v).
Since v < p, it follows that d4 (7, v) = 0 for all A € P. By [18, Proposition 15.5(c)],
every refinement P” € P, of P’ satisfies Jp/ (V) = Hpr(V|p) < H(v|p) = J(v).
This shows that the right-hand side of (1.7) is bounded by J(v).

To prove “<” in (1.7) for a v € M;(5), we consider the following two cases:

If v € p, then there exists an A € S satisfying pu(A) = 0 and v(A) > 0. Hence,
B(v,da,v(A)) N VYp(M;(S,0(P))) = @ for every P € P, because Up(7)(A) =0
for all o € My (S,0(P)). Therefore, the right-hand side of (1.7) equals infinity.

If v < p, then, given r < H(v|p), there exists P € P such that r < Hp(v|u), see
[18, Corollary 15.7]. By joining all g-null sets of P to one A € P with u(A) > 0, if
necessary, we may assume that P € P,. Since [0,1] 3 z — xlog(z/u(A)) is contin-
uous for every A € P, there exists § > 0 such that r < Hp(7|p) for all 7 € M;(5)
with maxsecp da(v,7) < §. By [18, Proposition 15.5(c)], Hp(7|p) < Hp/(0|p) for
all refinements P’ € B, of P. Hence, r < Jp/(¥) for all refinements P’ € B, of P
and all 7 € My(S) with maxaep da(v,7) < J, which implies “<” in (1.7).

3. PROOFS

Proof of Theorem 1.6: (a) By our assumptions on the o-algebra ) of Y, the basis
of the topology 7 of Y consisting of all balls B(y,d’,d) with y € Y, d’ € D’ and
d > 0 is contained in Y. By [9, Theorem 4.1.11], the family {fi. }.~¢ satisfies a weak
LPD with rate function

4 — . . . ~ /
J) = - o Jminfelogie(B(y,d,9)), y€Y, (3.1)

provided that we can prove the relation

J(y) = — welfsjmsup elog e (B(y, d,0)), yev. (3.2)

While proving (3.2), we will see that J from (3.1) equals J defined in (1.7).
Given d' € D', there exists by the definition of D’ a finite set D C D such that
d'(x,y) = maxgep d(z,y) for all z,y € Y. Given any 6 > 0 and y € Y, the inclusion

B(y,d,6) xY C (Y x B(y,d,28)) U | J {(2,2) € Y? | d(z, %) > 6} (3.3)
deD

is valid. Using the probability measures which bring about the D-exponentially
good approximation formulated in Definition 1.2(a), we obtain from (3.3)

pei(Bly. d',6)) < i (By,d',28)) + Y vj. . ({(2,2) € Y? | d(z,2) > 5})
deD
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for all ¢ > 0 and ¢ € I. Using the large deviations lower bound of {p ;}e>0 for
every i € I and (1.3), it follows that

—liminf inf  Ji(2) <li lim inf € log yic,(B(y, d', 6
1r71;[1€1[n zeBl(IglJ,d’,(S) (2) < IHZ}GSIUP 12%11 elog pei(B(y )

o N : (3.4)
< hmﬁ)nfalog fe(B(y,d', 20)).
g

Using (3.3) in a similar way with the diameter of the balls increased by &, we obtain

e (Bly, d,20)) < pes(Bly d,30)) + S v ({ (2.5) € Y2 | d(2.5) > 6 })

deD
for all € > 0 and 7 € I. Using (1.3) and the large deviations upper bound of
{te,iteso for every i € I, it follows that

limsup € log ji. (B(y, d’,26)) < limsup limsup € log . ;(B(y, d’, 39))
el0 i€l €l0
< —liminf inf  Ji(2),

i€l zeB(y,d’,46)
where we used that the closure of B(y,d’,36) is contained in B(y,d’,45). We can
combine (3.4) and (3.5) to a single chain of inequalities. Taking the supremum over
all d € D' and § > 0 afterwards, we see that the left- and right-hand sides agree,
hence the right-hand sides of (3.1), (3.2) and (1.7) are equal.

(b) Fix a measurable set A € Y, let C be its closure, and define the truncation
rn, = min{n, inf,cc J(x) — 1/n} for all n € N. For every y € Y \ C there exist
dy € D' and 6, > 0 such that B(y,d,,2d,) C Y \ C. Note that B(y,d,,20,) € Y
by definition of ). By assumption on J, the level set K = {y € Y | J(y) < 7, }
is compact. In addition, K C Y \ C by the definition of r,,. Hence, there exists a
finite subset F' of K such that V =, cp B(y, dy, dy) covers K. The pseudometric
d = maxyep dy is in D'. Define § = minycp d,. Since

(3.5)

YXACYxCCY x (Y\ U B(y>dy>25y))
yer

c(Y\V)xY)U [J{(z.2) €Y? | dy(2,2) > 5, }
C(Y\V)xY)U{(2,2) €Y?|d(2,2) >6}
and V € ), we get, for every ¢ > 0 and i € I,
fie(A) < peg(Y A\ V) + v ({ (2,2) € Y2 [ d(2,2) > 0}).

The large deviations upper bounds for {fi ;}e>0icr, applied to the measurable
closed set Y\ V, and (1.3) imply that

limsupelog fi-(A) < —limsup inf J;(y). (3.6)
€10 iel  yeEY\V

Using assumption (1.8) for the set Y \ V, we get

— li inf J;(y) <— inf J(y) <-— inf J(y) < —r,. 3.7
mz‘leslup yé&r}\V W) < yEIXI}\V W) < yelg\K )< - (3.1)
Combining (3.6) and (3.7) and letting n — oo, the upper bound follows. O

For proving Corollaries 1.10, 1.11 and Theorem 1.13, we need the following
extension of [9, Lemma 4.1.6(b)].
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Lemma 3.8. Let J be a good rate function on the gauge space Y. Then

inf J(y) = sup inf J(y)
yeA deD’,6>0 YEAd,s

for every A CY, where Ags = {y € Y | There exists z € A with d(y,z) < 0} is
called closed (d,d)-blowup of A.

Proof. Since A = Naep Nsso Aa,s and AC Ags for every d € D' and § > 0, it
suffices to prove that

Y= sup inf J(y) = inf J(y) —n (3.9)

deD’,6>0 YEAd,s yeA
for every n > 0. Obviously, it suffices to consider the case v < co. Fix n > 0, define
L=~+mnandlet K ={yeY | J(y) <L} denote the corresponding level set of
J. Since J is assumed to be a good rate function, Ky, is compact.
To prove (3.9) by contradiction, assume that AN Ky = @. Since

Ankr= () (Ausnky),
deD’,5>0

it follows from this assumption and the finite intersection property of compact sets,
that there exists a finite subcollection of C = {445 N K1 }aep,s>0 with empty
intersection. Since (C, D) is a directed set, there would exist d € D’ and 6 > 0 with
Ags N K = @. By (3.9), this implies v > L = v + 1, which is a contradiction. [

Proof of Corollary 1.10: The first part follows from Lemma 3.8. In particular, J is
good. The second part then follows from Theorem 1.6, but we like to mention that
in this simple case a proof of the lower bound can be given in a few lines:

Fix a measurable set A € ) and let O be its open interior. For every y € O
there exist d € D’ and § > 0 such that B(y,d,2J) C O. Note that

Y x ADY x B(y,d,26) D (B(y,d,0) x Y)\ {(2,2) € Y? | d(2,2) > §},

hence fic(A) > pe,i(B(y,d,0)) —vi..({(2,2) € Y?|d(z,2) > 6}) for all e > 0 and
i € I. Using the large deviations lower bound of {jc ;}->0 for every i € I and (1.3),
liml'hnfslog fic(A) > lim i[nf liml%nf{-: log pe.i(B(y,d,0)) > —J(y),
€ 1€ €

which implies the large deviations lower bound for {/i.}.~o. O

Proof of Corollary 1.11: The contraction principle for continuous maps (see for ex-
ample [9, Theorem 4.2.1], it holds without the Hausdorff property of X) yields the
full LDP for {u.f~'}.~0 with the good rate function .J¢. Note that (1.12) carries
over to all d € D'. Hence, the family {u.f '}.~0 is D-exponentially equivalent to
{pe = 1Y .~0 and the statement follows from Theorem 1.6 and Lemma 3.8. Ol

Proof of Theorem 1.13: First note that (1.14) carries over to all d € D’. According
to the elementary contraction principle for continuous maps, the family { . fi_1 Feso
satisfies the full LDP with the good rate function J;(y) = infyer-1(,) J(x) for every
i € I. By condition (1.14), the map f is continuous on each level set K. Therefore,
f(KL) is compact for each L € [0,00). If y € Y satisfies J;(y) < L < oo, then the
finite intersection property, applied to the family { K1 5}s>0 of closed quasicompact
sets, shows that the infimum in the definition of J;(y) is attained in K. Hence,
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{f(KL)}r>0 are the level sets of J;. Therefore, J; is a good rate function. By
Theorem 1.6, it suffices to check that, for every closed subset C' of Y,

inf Jy(y) < liminf inf Ji(y), (3.10)
and that J¢ has the form (1.7).
Define v; = infyec Ji(y) = infrer-1(0) J(x) for every i € I and v = lim infjer ;.
If v = oo, then (3.10) holds. To prove (3.10) for v < oo, take any a > . We
may pass to a subordinated directed set I, C I (subordinated means that for
every 1 € I there exists a j € I, satisfying i < j) such that sup,c; 7 < a.
For every i € I, there exists x; € fi_l(C) N K4, meaning that f;(z;) € C and
J(z;) < a. Given d € D' and § > 0, it follows from (1.14) that there exists
iq,5 € I such that f(z;,,) € Cqs, where Cg s denotes the closed (d, d)-blowup of
C defined in Lemma 3.8. Hence, infycc, ; Jr(y) < Jr(f(ziy,)) < J(2iy ;) < .
Using Lemma 3.8 and the fact that a > v was arbitrary, (3.10) follows
To prove that J; has the form (1.7), note that Lemma 3.8 and (3.10) imply that

J = sup inf  Ji(2) < sup liminf inf  J;(z 3.11
#) deD’,6>0 z€B(y,d,0) r(2) deD’,6>0 €l 2€B(y,6,d) (=) ( )

for every y € Y, because the open balls are contained in the closed ones.

The proof of the representation (1.7) for Jy is finished, if we can show that
the right-hand side of (3.11) is bounded by J¢(y). It suffices to consider the case
L = Js(y) < oo. Then y € f(Kr) and there exists x € K, such that f(z) = y.
Furthermore, y; = fi(z) € f;(Kr) and thus J;(y;) < L for all ¢ € I. By condition
(1.14) there exists, for given d € D" and § > 0, an 445 € I such that y; € B(y,d, )
for all ¢ € I with i > ig4,5. Hence, the right-hand side of (3.11) is bounded by L. O

For the identification of the rate function in the proof of Theorem 1.16(a), we
need the following property of the relative entropy:

Lemma 3.12. Let (S,S) be a measurable space. Then the relative entropy function
H: My(S)xM1(S) — [0, 00] defined by (1.15) is lower semicontinuous with respect
to the product topology of the T-topologies.

Proof. The map [0,1]?> > (z,y) — xlog(z/y), with the conventions x log(x/0) = oo
for z > 0 and 0log 0 = 0log(0/0) = 0, is lower semicontinuous. Therefore, the sum
(0,112 3 (21, -« s Tns Y15+ -, Yn) — 1y 21 log(z1 /Y1) is lower semicontinuous, too.
As in Example 2.4, let P denote the set of all finite S-measurable partitions of S.
Then M (S) x M1(S) 3 (p,v) — Hp(v|p) =3 4cp v(A) log(v(A)/1(A)) is lower
T-semicontinuous for every P € P. Since H(v|pu) = suppep Hp(v|p) by [18, Co-
rollary 15.7], the lemma follows. 0

Proof of Theorem 1.16: (a) Define D = {da}acs. Let us first prove the D-expo-
nentially good approximation. Given d € D', there exist sets Ay,..., Ay € S
with d = max{da,,...,da,}. Let P be the smallest S-measurable partition of
S such that Aj,..., Ay € o(P). For every i € I we want to construct a coupling
fip € M1(S?,8%?%) of u; and . For this purpose, define m; = min{yu;(A), u(A)}
for A€ Pand vip = > 4cpmas. For A€ Plet u(-|A) = pu(-NA)/u(A), if
u(A) > 0, and, for completeness, u(-|A) = p otherwise. Define the conditioned
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measure p;( - | A) analogously. We choose the coupling

fip = Z (0a,Bma; +Ya,B:) (- |A) @ pu(-|B), (3.13)
A.BeP
where

5o, = [ ) = mag)(B) = ms), i e € [0,1),
, B, 07 if ,yl',P e 1,
and 64 p = 1, if A = B, and 04, = 0, otherwise. Note that only the terms with

wi(A) > 0 and pu(B) > 0 contribute to the sum in (3.13). Using these definitions,
it follows that the first marginal of fi; p is indeed p;, the second marginal is ;, and

S Gip(Ax A) =qp=1-1 3 |u(A) - u(A). (3.14)
AeP AEP

Let (€2, A") = (92, A%?) be the product space with canonical projections 7; and
m. For every i € I define the coupling measure P; p = ﬂf?g on (2, A") such that
(Xk o1, Xj o m2) has distribution fi; p for every k € N. To verify (1.3) for § > 0,
it remains to show that

1
lim sup lim sup — log P; p(d(Ly, o 71, Ly, 0 m2) > §) = —o0. (3.15)
iel n—oo N

By the exponential Chebycheff inequality, the triangle inequality and the inde-

pendence of {(Xj o w1, X 0 m2) }ren, it follows that, for every A > 0 and n € N,

n

P; p(d(Ln o 71, Ly 0 m2) > 6) < e " (E; plexp(Ad(0x,0m,» 0x,0m3))]) -

Note that (A; x A7) U (A x A7) C (S xS)\Uaep A X A, because P is a refinement
of {A;, AS} for every | € {1,...,k}. Using also (3.14), it follows that

Ei,plexp(Ad(0x,0m,,0x10m))] = /

2€XP<)\ max l(AlelC)U(AleAl)> dp;, p
S

le{1,....,k}

st U oo U xa)

le{1,....,k}
<14+eM1—7ip).
Choosing \; = —log(1 — v; p) with the usual convention log0 = —oo, the above

estimates show that, for every n € N,
1
—logP; p(d(Ly o w1, Ly, 0m2) > 0) < —0A; + log 2. (3.16)
n

Since the net {y;}ic; converges to p in the 7-topology, it follows from (3.14) that
vi,p — 1 and therefore \; — oo, hence (3.15) follows.

We now want to prove that J and {J;};cr satisfy (1.7) and (1.8) for every 7-
closed C' € M;y(S). According to [1, Theorem 1.1] as well as Example 2.4, the
sequences {PL. 1}, en and {P;L,;'},en for i € I satisfy the full LDP in the 7-
topology on M, (S) with the good rate functions J and J;, respectively. Define J’
by the right-hand side of (1.7). If we can show that the hypotheses of Theorem
1.6(b) are satisfied with J’ in place of J, then Theorem 1.6 implies that {PL, 1}, cn
satisfies the full LDP with rate function J’, too. Hence, J = J’ by the uniqueness
of the rate function (the proof of [9, Lemma 4.1.4] applies to our situation, because
B(M;(S)) contains a base of the T-topology of M;(S5)).
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In order to prove that J’ is a good rate function, first note that J’, according
to its definition via (1.7), is lower 7-semicontinuous. By [1, Lemma 2.1], the level
sets of J are 7-compact, hence it suffices to prove that J < J’ on M;(S). Consider
ve My(S)and r < H(v|p). By Lemma 3.12, there exist d € D’ and § > 0 such
that H(v|f) > r for all i € B(u,d,0) and o € B(v,d,d). Since that net {u;}icr
converges to p, there exists j € I such that u; € B(u,d,d) for all ¢ > j, hence
Ji(v) = H(P|p;) > r for all v € B(v,d,0) and i = j, which implies via (1.7) that
J'(v) > r. Since r < H(v|u) was arbitrary, J'(v) > H(v|p) = J(v).

Given a 7-closed C' C M (S), we want to prove (1.8) with J’ in place of J. For
i € I define v; = inf,cc J;(v). It suffices to consider the case limsup,;c;v; < oo.
Take any r < inf,cc J'(v) and any v > limsup;c; v;. It suffices to show that r < .
There exists ig € I such that ; < 7 for all ¢ = ig. Since H(-|p;) has T-compact
level sets by [1, Lemma 2.1], it follows that {v € C' | H(v|p;) <~} is nonempty
and T-compact for every i = ig, hence there exists v; € C with v, = H(v; | ;) for
i = ip. Suppose for a moment that {v;};~;, has an accumulation point v € C.
By the definition of J'(v) via (1.7), there exist d € D', § > 0 and i1 * i such
that r < H(v|p;) for all @ = 43 and v € B(v,d,d). Since v is assumed to be an
accumulation point of {v;};~,,, there exists i > iy such that v; € B(v,d, ). Hence,
r < H(vi|pi) =7 <.

It remains to show that {v;};~;, has an accumulation point v in C. By Ty-
chonoff’s theorem, the product space [0, 1]° is compact. Note that the 7-topology
of M1(S) is the corresponding relative topology when M;j(S) is viewed as a subset
of [0,1]°. Therefore, {v;}i»;, has an accumulation point v in [0,1]5. As such,
v is finitely additive with v(S) = 1. To conclude that v is in the 7-closed set
C, it remains to show that v is o-additive. For this it suffices to show that
limy o0 ¥(Ag) = 0 for every sequence {Ag}reny C S with A, | @ as k — oo.

By convexity, z < e*~! for all z € R. Substituting z = z —t yields z < e~ t~1 +¢
for all ¢,z € R. Multiplication with y = e gives the well-known estimate zy <
e* !+ ylogy for all x € R and y € [0,00). Given € > 0, there exist a,d > 0
satisfying (v + 1/e)/a < € and 2§e*"!/a < e. Since Ay | &, there exists [ € N
with p(A4;) < 0. Since the net {u;};cr converges to pu, there exists ia = ig such
that p;(A;) < 20 for all i > i, hence p;(Agx) < 26 for all i > iy and k > [. Since
H(vi|pi) = v < v < oo for all ¢ = ig, a density f; = dv;/du; exists. Using the
estimate derived at the beginning of this paragraph, it follows that

a—1

vi(Ax) = l/ aufidps < — i (Ay) + L filog fidp;
« Ay (6 (6] Ay

for all ¢ > iy and k > [. Since zlogxz > —1/e for all x € [0,00), it follows that
vi(Ag) <e+ (H(vi|pi)+1/e)/a < 2e for all i = ip and k > [. Hence, the accumu-
lation point v also satisfies v(Ay) < 2¢ for every k > [. Thus, limg_, v(Ax) = 0.

(b) By [1, Theorem 1.1] as well as Example 2.4, the sequence {PL '}, cn satisfies
the full LDP in the 7-topology on M;(S) with the good rate function J = H( - |u)
given by (1.15). According to Corollary 1.10 it suffices to show that {PL, '}, en
is D-exponentially equivalent to {P,L, '} en. Setting i = n in (3.16), this follows
from (3.16) and the 7-convergence of { iy, }nen to p, because A\, — coasn — oo. O

Proof of Theorem 1.19: (a) It follows from Lemma 3.12 that Jx is lower semicon-
tinuous with respect to the T-topology on M (S), hence Jx is a rate function.
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(b) Upper bound for A € B(M1(S)) with T-compact closure C': Given € > 0,
define 7. = min{l/e,inf,cc Jx(v) — e}. By the lower 7-semicontinuity of Jx,
there exits, for every v € C, a T-open neighbourhood U, € B(M;(S)) of v such
that Jx (7) > 7. for all 7 in the 7-closure cl.(U,) of U,. By the T-compactness
of U, there exists a finite subset M of C' such that (J,c,, U, covers C. Since
A CC CU,cpy Uy, the large deviations upper bound for the sequence {P. L }en,
see [1, Theorem 1.1] or Example 2.4, implies that for every x € X

lim sup — logIF’ (L, € A) < mathsup logIP’ (L, €U,)

n—oo N EM n-oo
< - f 2) < —e,
ST el T = e
where we used the definition of the function Jx and the choice of U, for v € C.
Since Px;(L,, € A) < sup,cx Pz(L, € A) and since ¢ > 0 is arbitrary, (1.20) follows.
(¢) Lower bound: Let A C M;(S) be measurable and let O C A be its T-open
interior. Given (v,x) € O x X, we have to show that

hmlnf—log]P’g(L €eA)>—H(v|ps). (3.17)

n—oo

It suffices to consider the case H(v|u,) < co. We claim that, for every € > 0, there
exist a measurable open neighbourhood U, of x and ng € N such that, for every
y € U, and n > nyg,

Py(L, € A) > exp(—n(H v |pa) +¢)). (3.18)

Assume that this claim were not true. Then there exists a filterbase {U; };er C X
of open neighbourhoods of x converging to = and x; € U; for every i € I such that

1
liminf —logP,, (L, € A) < —H (V| ) — €. (3.19)

n—oo M

Since X > y — p, is 7-continuous, the net {1, };cr converges to u,. Hence, we
are in the setting of Theorem 1.16(a) and obtain via (1.7) that

> ). .
H(v|usz) 2 limint inf H(|pa,) (3.20)

Using the large deviations lower bound of {P,, L, '}, en for every i € I,

hmsuphmlnf 10gIP’ (L, € A) > —liminf inf H(D|p,,). (3.21)

i€l n—0oo iel ©ve0

The estimates (3.19)—(3.21) lead to the contradiction H (v |u,) > H(v|ps) + €
It follows from (3.18) that, for every n > ng,

Po(Lu € A)> [ By(Lo € A)S(dy) > exp(—n(H(v | o) + ) B(UL).

Since X(U,) > 0 by assumption and since € > 0 is arbitrary, (3.17) follows.

(d) Upper bound for general A € B(M1(S)): Let C be the 7-closure of A. For
every x € X define v, = inf,cc H(v|p). Given e > 0 and z € X, we want to show
that there exist a measurable open neighbourhood U, of z and n, € N such that
P, (L, € A) < exp(—nye4) for alln > n, and y € Uy, where . , = min{l/e, v,—¢}.
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Assume that this claim were not true. Then there exists a filterbase {U; };c; C X
of open neighbourhoods of x converging to = and x; € U; for every i € I such that

1
limsup —log Py, (Ly, € A) > —v¢ . (3.22)
n

n—oo

Using the large deviations upper bound for {P,, L '},en for every i € I,

lim inf lim sup — log]P (L, € A) < —limsup~,,. (3.23)
el n—oo N el
By Theorem 1.16(a), we can use (1.8) and obtain that v, < limsup,c; vs,, which
via (3.22) and (3.23) gives the contradiction 7. 5 > 7,.
By the quasi-compactness of X, there exists a finite subset M of X such that
the collection {U,},cn covers X. It follows for n > max,eps n, that

Py (Ly € A) Z/ (Ln € A)S(dy) < ) exp(—ne,a),

zeM zeM
hence
lim sup — logIP’g(L cA)<— min e ; < — min{1/e, inf Jx(v) — €},
n

n—oo

which implies the large deviations upper bound.

Compactness of the level sets: It suffices to prove that, for every r > 0, the
level set M, = {(v,x) € M1(S) x X | H(v|p,) < r} is quasi-compact, because
Neso T (Mpie) = {v e My(S) | Ix(v) <}, where mp: Mi(S) x X — My(5) is
the projection.

According to [20, Chap. 5, Theorem 2|, given a net {(v;,z;)}ics in M,., we have
to show that it has an accumulation point (7, Z) in M,.. Since X is quasi-compact,
there exists £ € X and a subordinated net {z;};c;s converging to Z. (Subordinated
means that I’ C I and that for every ¢ € I there exists j € I’ with ¢ < j.) Since
X 3 x v p, € Mq(95) is T-continuous, {i., }icpr converges to pz in the 7-topology.
For every j € I' let C; denote the 7-closure of {v; }icr i-;. With the subordinated
net {u., }ierr we are in the setting of Theorem 1.16(a), hence we obtain via (1.8)
that, for every j € I,

inf H(v|pz) <limsup inf H(v|u,,) <

ved; ierr veC;
By [1, Lemma 2.1}, the level set K, = {v € M1(5) | H(v|pz) < a} is 7-compact
for every a € [0,00). Thus, C; N K, = (),5,(C; N K,4.) # @ by the finite inter-
section property of compact sets. By the same property, C' = ﬂj cr(CNK,) # 9,
because C; C Cy, for j = k. Every v € C' is an accumulation point of {v;}icr. O
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