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RANK-DEPENDENT MODERATE DEVIATIONS
OF U-EMPIRICAL MEASURES

IN STRONG TOPOLOGIES∗

PETER EICHELSBACHER AND UWE SCHMOCK

Abstract. We prove a rank-dependent moderate deviation principle for U-

empirical measures, where the underlying i. i. d. random variables take values

in a measurable (not necessarily Polish) space (S,S). The result can be for-

mulated on a suitable subset of all signed measures on (Sm,S⊗m). We endow

this space with a topology, which is stronger than the usual τ -topology. A

moderate deviation principle for Banach-space valued U-statistics is obtained

as a particular application. The advantage of our result is that we obtain

in the degenerate case moderate deviations in non-Gaussian situations with

non-convex rate functions.

1. Introduction

Let (S,S, µ) be a probability space, let (Ω,A, P) ≡ (SN,S⊗N, µ⊗N) be the product
space, and let {Xi}i∈N be the coordinate projections from Ω to S, forming an i. i. d.
sequence with L(Xi) = µ. The U-empirical measure of order m ∈ N is defined by

Lm
n =

1
n(m)

∑
(i1,...,im)∈I(m,n)

δ(Xi1 ,...,Xim ) (1.1)

for all integers n ≥ m, where n(m) ≡
∏m−1

k=0 (n − k), the set I(m, n) ⊂ {1, . . . , n}m

consists of all m-tuples with pairwise different components, and δx denotes the
probability measure concentrated at x. Let (E, ‖·‖E) denote a real separable Ba-
nach space with Borel σ-algebra E . Given a measurable function ϕ: Sm → E, the
U-statistics of order m with kernel function ϕ are defined, for every n ≥ m, as

Um
n (ϕ) ≡

∫
Sm

ϕ dLm
n =

1
n(m)

∑
(i1,...,im)∈I(m,n)

ϕ(Xi1 , . . . , Xim). (1.2)

It is known that for every ϕ ∈ L1(µ⊗m, E)

lim
n→∞

Um
n (ϕ) =

∫
Sm

ϕ dµ⊗m P-a. s., (1.3)

which is the strong law of large numbers for U-statistics, see for example [11, The-
orem 3.1.1]. Note that it suffices to consider symmetric ϕ for the proof.

1991 Mathematics Subject Classification. 60F10 (primary); 62H10 and 28A35 (secondary).
Key words and phrases. rank-dependent moderate deviations, empirical measures, strong

topology, U-statistics.
∗Research partially supported by the Swiss National Foundation, Contract No. 21-298333.90.

1



2 P. EICHELSBACHER AND U. SCHMOCK

Let M(Sm) denote the set of signed measures with finite total variation on the
product space (Sm,S⊗m). Given ε > 0, a number l ∈ N, and bounded measurable
functions ϕ1, . . . , ϕl: Sm → E, consider

O ≡
{

ν ∈ M(Sm)
∣∣∣ ∥∥∥∫

Sm

ϕi dν
∥∥∥

E
< ε for all i = 1, . . . , l

}
. (1.4)

The subset O of M(Sm) is an open neighbourhood of the zero measure in the τ(E)-
topology, which is defined as the coarsest topology on M(Sm) such that the map
M(Sm) � ν �→

∫
Sm ϕ dν ∈ E is continuous for every bounded measurable function

ϕ: Sm → E. By (1.2) and the strong law of large numbers given in (1.3),

P
(
Lm

n − µ⊗m /∈ O
)
≤

l∑
i=1

P

(∥∥∥Um
n (ϕi) −

∫
Sm

ϕi dµ⊗m
∥∥∥

E
≥ ε

)
n→∞−→ 0. (1.5)

The estimation of the order of magnitude of small probabilities like the ones in (1.5)
falls under the theory of large deviations. A large deviations principle with respect
to strong topologies for {Lm

n }n≥m as random elements of the space M1(Sm) of
probability measures on (Sm,S⊗m) is obtained in [17].

As is well known, the weak limits of appropriately scaled U-statistics depend on
the rank of the kernel function. Let us briefly recall these results and also introduce
some notation for later use. By the Hoeffding decomposition (see for example [11,
(1.1.9)]), we know that for every symmetric kernel ϕ ∈ L1(µ⊗m, E) the U-statistics
can be decomposed into a sum of µ-canonical U-statistics of different orders:

Um
n (ϕ) −

∫
Sm

ϕ dµ⊗m =
m∑

k=1

(
m

k

)
Uk

n(πk,mϕ) P-a. s.; (1.6)

here πk,m: L1(µ⊗m, E) → L1(µ⊗k, E) is defined by

πk,mϕ(s1, . . . , sk) =
∫

Sm

ϕ d
(
(δs1 − µ) ⊗ · · · ⊗ (δsk

− µ) ⊗ µ⊗m−k
)

(1.7)

for µ⊗k-almost all (s1, . . . , sk) ∈ Sk. The πk,mϕ are called the Hoeffding projections
of ϕ. A ϕ ∈ L1(µ⊗m, E) is called µ-canonical (or completely µ-degenerate) if
µ⊗m−1-almost surely

∫
S

ϕ(s1, . . . , sm)µ(dsi) = 0 for every i ∈ {1, . . . , m}. Note
that for ϕ ∈ L1(µ⊗m, E) the kernel πk,mϕ is µ-canonical in k variables for every
k ∈ {1, . . . , m}; and πk,mϕ is symmetric if ϕ is symmetric. By definition we say
that a symmetric ϕ ∈ L1(µ⊗m, E) is of rank r ∈ {1, . . . , m} (or µ-degenerate of
order r − 1) if πk,mϕ = 0 for all k ∈ {1, . . . , r − 1} and πr,mϕ �= 0. In particular,
the Hoeffding decomposition (1.6) then starts with the term k = r. If π1,mϕ �= 0,
then ϕ is called non-degenerate. One advantage of the decomposition (1.6) is the
fact that the terms Uk

n(πk,mϕ) with k ∈ {1, . . . , m} are uncorrelated with variances
of decreasing order in n. It is a generalisation of a projection technique used in
many parts of nonparametric statistics. Often a statistic of interest is regarded
as an element of a vector space and projected orthogonally onto some subspaces.
In the analysis of variance, means are projected onto subspaces to obtain main
effects. In the theory of rank statistics, the projection is onto the subspace of
linear rank statistics, cf. [27]. If L

(k)
2 denotes the Hilbert space of all U-statistics of

order k with square integrable kernel functions, then the Hoeffding decomposition
is the representation of Um

n (ϕ)−
∫

Sm ϕ dµ⊗m (a member of L
(m)
2 ) as the sum of its
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component projections onto the spaces L
(k)
2 ∩(L(k−1)

2 )⊥ for k = 1, . . . , m, where L
(0)
2

denotes the constants. Note that (1.6) is true only for symmetric kernel functions
ϕ unless a symmetrization is built into the definition of the Hoeffding projection
(1.7), see (2.4) and (2.6).

The central limit theorem with
√

n-scaling for real-valued, not necessarily degen-
erate U-statistics has a simple proof and was obtained by Hoeffding [22]; the central
limit theorem for degenerate U-statistics was obtained much later. The limit laws
in the degenerate case are the laws of Gaussian chaos variables: if ϕ ∈ L1(µ⊗m, R)
is µ-canonical, then the sequence {nm/2Um

n (ϕ)}n≥m converges in distribution if and
only if

∫
Sm ϕ2 dµ⊗m < ∞, see [30], [21], and also [20, Section 4.2], in particular the

historical remarks in [20, Section 4.4].
Although it is not necessary for our results, let us construct a Gaussian chaos

variable Kµ(ϕ) with the limiting distribution to give an impression how much it
differs from a generic Gaussian random variable. This will also indicate that the
corresponding MDP is more involved. Furthermore, the representation (1.8) moti-
vates the approximation formulated in Lemma 3.41, which is an essential tool in the
proof of our main theorem. To construct the Gaussian chaos variable Kµ(ϕ), we
may assume ϕ to be symmetric. Let Lc

2(µ
⊗m, R) denote the Hilbert space of sym-

metric, µ⊗m-square integrable, µ-canonical functions from Sm to R and let {φi}i∈J

be an orthonormal basis for Lc
2(µ, R), where J is an at most countable index set.

One can show that the set{(
m

rj : j ∈ J

)−1/2 ∑
(i1,...,im)∈Jm

j(i1,...,im)=rj

φi1(s1) . . . φim(sm)

∣∣∣∣∣ ∑
j∈J

rj = m, rj ∈ N0

}

is an orthonormal basis for Lc
2(µ

⊗m, R), where, for all j ∈ J and (i1, . . . , im) ∈ Jm,
j(i1, . . . , im) =

∑m
k=1 δj(ik) denotes the number of occurrences of j among the

coordinates of the multi-index (i1, . . . , im), and where
(

m
rj : j∈J

)
is the multinomial

coefficient m!/
∏

j∈J rj !. Let Gµ be an isonormal Gaussian process on Lc
2(µ, R),

that is, a centered Gaussian process with parameter space Lc
2(µ, R) such that

Ẽ
[
Gµ(f)Gµ(g)

]
=

∫
S

fg dµ (such processes exist by Kolmogorov’s consistency the-
orem). Since our kernel ϕ is in Lc

2(µ
⊗m, R), we obtain the L2-expansion

ϕ(s1, . . . , sm) =
∑

(i1,...,im)∈Jm

ai1,...,im φi1(s1) . . . φim(sm) (1.8)

with the coefficients ai1,...,im ≡
∫

Sm ϕ(s1, . . . , sm)
∏m

k=1 φik
(sk)µ⊗m(ds1, . . . , dsm),

which are symmetric in their entries. For k ∈ N0 let Hk denote the Hermite
polynomial of degree k with leading coefficient 1. The Gaussian chaos random
variable corresponding to ϕ is defined in an L2-sense by

Kµ(ϕ) ≡
∑

(i1,...,im)∈Jm

ai1,...,im

∏
j∈J

Hj(i1,...,im)

(
Gµ(φj)

)
;

note that the product is actually a finite one.
Now assume that a sequence {bn}n∈N ⊂ (0,∞) satisfies

lim
n→∞

bn

n
= 0 and lim

n→∞
n

b2
n

= 0. (1.9)
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If the functions ϕ1, . . . , ϕl defining O in (1.4) are symmetric, real-valued, µ⊗m-
square integrable and of rank r ∈ {1, . . . , m}, then the above Hoeffding decompo-
sition (1.6) and the central limit theorem for completely µ-degenerate U-statistics
imply for the blown-up difference of Lm

n and µ⊗m that

P
(( n

bn

)r

(Lm
n − µ⊗m) /∈ O

)
≤

l∑
i=1

m∑
k=r

P

((m

k

)nr−k/2

br
n

∣∣nk/2Uk
n(πk,mϕi)

∣∣ ≥ ε

m

)
n→∞−→ 0, (1.10)

because nr−k/2/br
n ≤ (n/b2

n)r/2 → 0 by the second condition in (1.9). The order
of magnitude of the probability on the left-hand side of (1.10) is larger than the
one in (1.5). The estimation of such probabilities is usually called a moderate
deviation problem. Since the central limit theorem is rank dependent, we expect a
related phenomenon for the large deviations of moderate U-empirical measures on
the scale {b2

n/n}n∈N with {bn}n∈N as in (1.9). If ϕ is µ-canonical on Sm, we expect
a moderate deviation behaviour for (n/bn)m Um

n (ϕ) as n → ∞.
This is the problem addressed in the present paper. The aim is to obtain mod-

erate deviations in non-Gaussian situations with non-convex rate functions. The
results in the literature we are familiar with deal with situations where a Gaussian
behaviour is given.

We want to analyse moderate deviations for U-empirical measures. This leads
to the introduction of rank-dependent moderate U-empirical measures in (2.1) and
(2.15), which, to the best of our knowledge, are new. We prove a rank-dependent
moderate deviation principle (MDP) with respect to a strong topology on a re-
stricted space MΦ(Sm) of signed measures, which is determined by a rich class of
functions: Instead of bounded real-valued functions as for the usual τ -topology, we
consider more general collections Φ of measurable and possibly unbounded functions
taking values in a real separable Banach space E and satisfying appropriate moment
conditions. This result enables us to derive rank-dependent moderate deviations
for Banach-space valued U-statistics, see Subsection 2.2. As further applications
in [16], a rank-dependent MDP for U-processes indexed by a uniformly bounded
Vapnik–Červonenkis subgraph class of functions is obtained, and in [18] moderate
deviations are derived around non-degenerate attractors of the empirical measure
under mean-field Gibbs measures.

Moderate deviations for empirical measures of Markov chains and other depen-
dent random sequences have been previously studied in [4] and [31], for example.

In Section 2 we formulate the results and applications. In Section 3 we give
the proof of the main theorem. We adapt Cramér’s exponential change of measure
method to the moderate scale and apply the Dawson–Gärtner projective limit ap-
proach; both methods are by now classical in large deviations theory, see e. g. [14,
Sections 2.2 and 4.6]. Moreover, we apply techniques like randomization, decou-
pling inequalities, integrability of Rademacher chaos and exponential inequalities of
Bernstein-type from the theory of U-statistics. For a detailed presentation of these
methods as well as historical remarks, see e. g. [20]; specific references are given in
the course of our proofs. For our specific purposes, namely kernel functions with
values in a Banach space E of type p, we adapt the usual exponential integrability
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of a Banach space valued Rademacher chaos, and extend the Bernstein-type in-
equality for bounded real-valued canonical U-statistics from [8] to U-statistics with
E-valued kernels of unbounded norm satisfying an exponential moment condition.

2. Statement of results and applications

2.1. Rank-dependent moderate deviation principles. As before, let (S,S)
be a measurable space and let {Xi}i∈N be the coordinate projections defined on
the product space (Ω,A, P) and m ∈ N. Let (E, ‖·‖E) be a separable real Banach
space with Borel σ-algebra E . We always exclude the case E = {0}. Let Φ be a
collection of S⊗m-E-measurable and Bochner µ⊗m-integrable functions ϕ: Sm → E
containing the set B(Sm, E) of all bounded measurable ones. We define the Φ-
restricted set of signed measures by

MΦ(Sm) =
{

ν ∈ M(Sm)
∣∣∣ ∫

Sm

‖ϕ‖E d|ν| < ∞ for every ϕ ∈ Φ
}

,

where |ν| denotes the total variation measure corresponding to ν. Let τΦ(E) be the
coarsest topology on MΦ(Sm) such that MΦ(Sm) � ν �→

∫
Sm ϕ dν is continuous

for every ϕ ∈ Φ. If Φ = B(Sm, E), then we write τ(E) instead of τΦ(E). The
σ-algebra on M(Sm) is defined to be the smallest one containing MΦ(Sm) such
that all the maps M(Sm) � ν �→

∫
Sm ϕ dν with ϕ ∈ B(Sm, E) are measurable.

We define the moderate U-empirical measure Mm,1
n : Ω → M(Sm) of rank 1 by

Mm,1
n =

n

bn
(Lm

n − µ⊗m) (2.1)

for every n ≥ m. Since Φ ⊂ L1(µ⊗m, E) by assumption, the measure-valued maps
{Mm,1

n }n≥m actually take values in MΦ(Sm) and are therefore measurable. Notice
that Mm,1

n is (on the first view) the straightforward generalization of n(L1
n−µ)/bn,

which is usually considered in the literature on moderate deviations.
The large deviations of {M1,1

n }n∈N on the scale {b2
n/n}n∈N have been studied by

Borovkov and Mogulskii [10, Section 3] in the τ(R)-topology on the space M(S),
when S is a Hausdorff topological space with Borel σ-algebra S. They consid-
ered special subsets of M(S) for the lower and the upper bound. De Acosta [3,
Section 3] generalized this result to a full large deviation principle on the scale
{b2

n/n}n∈N when (S,S) is a general measurable space. We prove large deviations
on the scale {b2

n/n}n∈N of the moderate U-empirical measures {Mm,1
n }n≥m in the

stronger τΦ(E)-topologies, generated by a collection Φ of functions ϕ: Sm → E sat-
isfying appropriate moments conditions. Our main extension is the passage from
m = 1 to an arbitrary order m ∈ N, because for m ≥ 2 a moderate U-empirical
measures Lm

n can not be rewritten as a sum of i. i. d. terms.
We now start to introduce our afore-mentioned rank-dependent moderate U-

empirical measures. Our goal is to introduce an empirical measure to mimic the
Hoeffding decomposition on the level of measures. For rank r ∈ {1, . . . , m}, we
want to find Mm,r

n : Ω → M(Sm) such that for every ϕ ∈ L1(µ⊗m, E),∫
Sm

ϕ dMm,r
n =

( n

bn

)r m∑
a=r

∫
Sa

ϕ̃a dLa
n P-a. s., (2.2)

where ϕ̃r, . . . , ϕ̃m are suitably defined (mimicking the Hoeffding projections). This
means that Mm,r

n extracts from ϕ the components of higher rank. Unfortunately,
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we have to introduce a considerable amount of notation before we can state our
corresponding results.

For the moderate deviations upper bound in Theorem 2.20(d) below, we have
to formulate moment conditions for the unbounded ϕ ∈ Φ. This in turn requires
a decomposition, which for symmetric ϕ is closely related to the Hoeffding decom-
position (1.6) for the corresponding U-statistic. Although it might seem tempting,
we do not want to consider collections Φ consisting only of symmetric functions,
because for S �= {∅, S} and m ≥ 2, we would not be able to separate the zero
measure from the measure δ⊗m−1

x ⊗ δy − δy ⊗ δ⊗m−1
x with x ∈ A ∈ S and y ∈ S \A

for example; hence the topology τΦ(E) would loose the Hausdorff property. Due
to this technical problem we need to consider not necessarily symmetric functions.
In addition, building products of measures is not a symmetric operation. Hence we
have to take into our consideration all combinations of products in every subspace
of the projection method mimicking the Hoeffding decomposition.

Given ϕ ∈ L1(µ⊗m, E) and a nonempty subset A of {1, . . . , m}, define ϕA ∈
L1(µ⊗|A|, E) by µ-integrating ϕ(s1, . . . , sm) with respect to every si with i ∈
{1, . . . , m} \ A. By convention, ϕ∅ ≡

∫
Sm ϕ dµ⊗m ∈ E. Furthermore, define

ϕ̃A ∈ L1(µ⊗|A|, E) by

ϕ̃A

(
(si)i∈A

)
=

∑
B⊂A

(−1)|A\B|ϕB

(
(si)i∈B

)
, (2.3)

for every nonempty A ⊂ {1, . . . , m}, and let ϕ̃∅ ≡ ϕ∅. Note that

ϕ̃A((si)i∈A) =
∫

Sm

ϕ d

( m⊗
i=1

(
1A(i)(δsi − µ) + 1Ac(i)µ

))
. (2.4)

According to the inclusion–exclusion principle or the Möbius inversion formula,

ϕ(s1, . . . , sm) =
∑

A⊂{1,...,m}
ϕ̃A

(
(si)i∈A

)
for µ⊗m-almost all (s1, . . . , sm) ∈ Sm. Hence, for every n ≥ m,∫

Sm

ϕ dLm
n = ϕ̃0 +

m∑
a=1

∫
Sa

ϕ̃a dLa
n (2.5)

P-almost surely, where, for every a ∈ {0, 1, . . . , m},

ϕ̃a ≡
∑

A⊂{1,...,m}
|A|=a

ϕ̃A. (2.6)

Due to (2.4), every ϕ̃A with nonempty A ⊂ {1, . . . , m} is completely µ-degenerate
in the sense that µ⊗|A|−1-almost surely

∫
S

ϕ̃A((si)i∈A) µ(dsj) = 0 for every j ∈ A.
Note that (2.5) extends to the Hoeffding decomposition (1.6) to not necessarily sym-
metric functions. Similarly, (2.4) and (2.6) extend the Hoeffding projection (1.7).

Note that for i. i. d. random variables taking values in a Banach space E, the
central limit theorem does not hold in general unless the space E satisfies certain
geometric properties, cf. [5, Chap. 3, Sec. 7, Ex. 5] and [26]. It turns out that if the
space is of type 2 (meaning that it satisfies the one-sided parallelogram inequality
(2.7) with p = 2), then the central limit theorem behaves as in the Hilbert space
setting, where i. i. d. random variables {Yn}n∈N satisfy a central limit theorem if
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E[‖Y1‖2
E ] < ∞. A Banach space (E, ‖ · ‖E) is said to be of type p ∈ [1, 2] if there is

a type constant CE,p > 0 such that for all finite sequences x1, . . . , xn in E∥∥∥∥ n∑
i=1

εi xi

∥∥∥∥p

E

≤ CE,p

n∑
i=1

‖xi‖p
E , (2.7)

where ε1, . . . , εn are independent Rademacher variables.
We can now state the moment conditions on ϕ ∈ Φ in terms of the corresponding

completely µ-degenerate functions ϕ̃1, . . . , ϕ̃m given via (2.3) and (2.6). For a
Banach space of type 2, these take a simple form.

Condition 2.8. Let E be a separable real Banach space of type 2. We say that Φ
satisfies this condition for rank r ∈ {1, . . . , m}, if Φ ⊂ L2(µ⊗m, E) and if for every
a ∈ {r, . . . , m} with a ≥ 2 and for every ϕ ∈ Φ there exists at least one αa,ϕ > 0
such that ∫

Sa

exp
(
αa,ϕ‖ϕ̃a‖2

E

)
dµ⊗a < ∞, (2.9)

and if in the case r = 1 the strong Cramér condition holds for ϕ̃1, i. e.,∫
S

exp(α‖ϕ̃1‖E) dµ < ∞ for every α > 0. (2.10)

Next we strive to balance the moment conditions with the type p of the Banach
space E and the growth rate of {bn}n∈N satisfying (1.9). The general version of
Condition 2.8 reads as follows.

Condition 2.11. We say that Φ satisfies this condition for rank r ∈ {1, . . . , m},
if the separable real Banach space E is of type p ∈ [1, 2], if Φ ⊂ L2(µ⊗m, E), if for
every a ∈ {r, . . . , m} with a ≥ 2 there exists pa ∈ (1, p] such that

(a) pa = 2 if a = r, and limn→∞ n3/2−1/pa−r/a/b
1−r/a
n = ∞ if a ≥ r + 1,

(b) for every ϕ ∈ Φ there exists at least one αa,ϕ > 0 such that∫
Sa

exp
(
αa,ϕ‖ϕ̃a‖pa

E

)
dµ⊗a < ∞, (2.12)

and if in the case r = 1 the following two requirements are satisfied for every ϕ ∈ Φ:
(c) ϕ̃1 satisfies the strong Cramér condition (2.10),
(d) {L(n−1/2

∑n
i=1 ϕ̃1(Xi))}n∈N converges weakly to a Gaussian measure on E.

Remark 2.13. Let is discuss Condition 2.11 in detail.
(a) The conditions (a) and (b) ensure that the terms with a ≥ r+1 in (2.5) have no

influence on the scale of the moderate deviations of rank r. The limit relation
of condition (a) is used in the paragraph ending with (3.47). The exponential
moment (2.12) is needed for the application of the Bernstein-type inequality
given in Theorem 3.26.

(b) Conditions (c) and (d) are needed to use moderate deviation upper bounds
for sums of i. i. d. Banach-space valued random variables from the literature.

(c) For r ≥ 2, the Banach space E must be of type 2; see condition (a). Otherwise
our Bernstein-type inequality in Theorem 3.26 does not seem strong enough
to classify the approximation error in (3.50) as negligible on the scale of
moderate deviations of rank r, even for bounded ϕ.
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(d) If Φ = B(Sm, E), then all corresponding completely µ-degenerate functions
are bounded and Conditions 2.11(b) and (c) certainly hold.

(e) If the Banach space E is of type 2, then condition (d) holds, see [5, Theorem
7.5]. In the case pa = 2, the limit in condition (a) reduces to the first condition
in (1.9). Therefore, Condition 2.11 simplifies to Condition 2.8.

(f) For a ≥ r+1, choosing pa < 2 allows us to balance a weaker moment condition
(2.12) with a slower growth of the sequence {bn}n∈N. However, due to the
second condition in (1.9), a necessary requirement for the limit relation in
condition (a) is pa > 2a/(2a − r).

(g) Note that for the case of rank r = 1 we do not need E to be of type 2.
Furthermore, if r = m, condition (a) puts no additional restriction on the
sequence {bn}n∈N.

Let us define the moderate U-empirical measures of general rank r ∈ {1, . . . , m}.
Our aim is to generalise (2.1) and to obtain the characterisation (2.2) above. For
completeness, we give an explicit construction.

Given a ∈ {1, . . . , m} and A = {i1, . . . , ia} with 1 ≤ i1 < i2 < · · · < ia ≤ m, let
1 ≤ ia+1 < · · · < im ≤ m denote the indices in {1, . . . , m} \A. Define the permuta-
tion τA of {1, . . . , m} such that τA(ij) = j for every j ∈ {1, . . . , m}. For every map
τ : {1, . . . , m} → {1, . . . , m} we define πτ : Sm → Sm by πτ (s) = (sτ(1), . . . , sτ(m))
for every s = (s1, . . . , sm) ∈ Sm. Using τA, define the mapping γA,m: M(Sa) →
M(Sm) by γA,m(ν) = (ν ⊗ µ⊗m−a)π−1

τA
for all ν ∈ M(Sa). The marginal measure

of γA,m(ν), corresponding to the ordered indices in A, is then given by ν, all other
one-component marginals equal µ. Related to (2.3), define γ̃A,m: M(Sa) → M(Sm)
by

γ̃A,m(ν) = (−1)|A|µ⊗m +
∑

B⊂A,B 	=∅

(−1)|A\B|γB,m(νA,B), (2.14)

where νA,B denotes the marginal νj1,...,jb
of ν ∈ M1(Sa), when B = {ij1 , . . . , ijb

}
with 1 ≤ j1 < · · · < jb ≤ a. For n ≥ m define the moderate U-empirical measure
Mm,r

n of rank r ∈ {1, . . . , m} by

Mm,r
n =

( n

bn

)r
(

Lm
n − µ⊗m −

∑
A⊂{1,...,m}
1≤|A|≤r−1

γ̃A,m(L|A|
n )

)
. (2.15)

If r = 1, then (2.15) reduces to (2.1). Using (2.3)–(2.6), it follows from these
definitions that (2.2) holds for every ϕ ∈ L1(µ⊗m, E), which means that Mm,r

n

extracts from ϕ the components of higher rank.
To avoid measurability problems, we always make the following additional as-

sumption when considering moderate U-empirical measures of rank r ≥ 2:

Assumption 2.16. For every unbounded ϕ ∈ Φ, every nonvoid A � {1, . . . , m}
and every (xi)i∈A ∈ SA the function S{1,...,m}\A � (xi)i∈{1,...,m}\A �→ ϕ(x1, . . . , xm)
is Bochner µ⊗m−|A|-integrable.

By Fubini’s theorem for Bochner integrals, this property of Φ can always be
achieved by redefining every unbounded ϕ ∈ Φ on a S⊗m-measurable set of µ⊗m-
measure zero if necessary. Under the above assumption, the moderate U-empirical
measures {Mm,r

n }n≥m of rank r ∈ {2, . . . , m} also take values in MΦ(Sm).
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We define the rate function Im,r: M(Sm) → [0,∞] for the moderate deviations
of rank r ∈ {1, . . . , m} by

Im,r(ν) =
1
2

∫
S

(dν̃

dµ

)2

dµ (2.17)

if there exists a ν̃ ∈ M(S) satisfying ν̃(S) = 0 and ν̃ � µ such that

ν =
∑

A⊂{1,...,m}
|A|=r

γA,m(ν̃⊗r) =
∑

A⊂{1,...,m}
|A|=r

⊗
i∈{1,...,m}

(
1A(i) ν̃ + 1Ac(i)µ

)
; (2.18)

and we define Im,r(ν) = ∞ otherwise. If ν ∈ M(Sm) and ν̃ ∈ M(S) with ν̃(S) = 0
satisfy (2.18), then Im,r(ν) = I1,1(ν̃), hence Im,r is a generalization of the well-
known moderate deviations rate function I1,1, cf. [3, Section 3]. Furthermore, Im,r

can be finite only for symmetric measures ν ∈ M(Sm) in the sense that (2.18)
implies ν = νπ−1

τ for every permutation τ of {1, . . . , m} with πτ defined just before
(2.14). In the case r = 1, equation (2.18) reduces to ν =

∑m
i=1 µ⊗i−1 ⊗ ν̃ ⊗ µ⊗m−i

and every one-component marginal of ν is equal to ν̃. This is the rate function we
would expect in the non-degenerate case r = 1. Indeed, considering Mm,1

n given in
(2.1), the first term in its expansion (2.2) is a mean of i. i. d. random variables. In
case the terms with a ∈ {2, . . . , m} do not contribute to the moderate deviations
behaviour, we expect a rate function similar to the rate function of the sequence
{n(L1

n − µ)/bn}n∈N, which is the Fisher information I1,1, see [3]. The difference is
that in the case m ≥ 2, the rate function must be defined on M(Sm). In the case
r ∈ {2, . . . , m} we expect the rate function to be finite only for symmetric measures
ν ∈ M(Sm) with r entries given by ν̃ and the other ones given by the reference
measure µ.

In the general case, (ν̃(B))r = ν(Br×Sm−r) for every B ∈ S, hence ν̃ is uniquely
determined for odd r and up to a sign for even r. Therefore, Im,r is well defined.
Using the convexity of R � x �→ x2, it follows that Im,1 is convex. For r ≥ 2, the
rate function Im,r is, in general, not convex, see Remark 2.26.

Let us give some heuristics for the rank-dependent moderate deviations principle
formulated in Theorem 2.20 below, and for the condition (2.18) in the definition
of the rate function (2.17) in particular. Basically, the U-empirical measure Lm

n is
close to the m-fold product measure (L1

n)⊗m, although the use of this observation
in our topology for (3.51) requires strong additional assumptions. As the proof of
the lower bound given in Theorem 2.20(c) shows (see the definition of Fn and Pn for
(3.7)), the main contribution for the moderate deviations arises when L1

n is close
to µ + (bn/n)ν̃, hence when Lm

n is close to the m-fold product measure(
µ +

bn

n
ν̃
)⊗m

=
m∑

r=0

(bn

n

)r ∑
A⊂{1,...,m}

|A|=r

⊗
i∈{1,...,m}

(
1A(i) ν̃ + 1Ac(i)µ

)
, (2.19)

where the right-hand side of (2.19) is just the expansion of the left-hand side,
ordered according to the powers of bn/n. This motivates the scaling (n/bn)r in
(2.2) to extract the relevant term. It also motivates the condition (2.18) for the
rate function Im,r for the ranks r ∈ {1, . . . , m}, because the right-hand side of
(2.18) appears in the expansion (2.19).
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For every l ∈ [0,∞) let K(Im,r, l) = { ν ∈ M(Sm) | Im,r(ν) ≤ l } denote
the corresponding level set. For B ⊂ M(Sm) define the abbreviation Im,r(B) =
infν∈B Im,r(ν).

Theorem 2.20 (Rank-dependent moderate deviations of U-empirical measures).
The following assertions hold for every r ∈ {1, . . . , m}:

(a) If Φ ⊂ L2(µ⊗m, E), then K(Im,r, l) ⊂ MΦ(Sm) for every l ∈ [0,∞).
(b) If Φ ⊂ L2(µ⊗m, E), then the level set K(Im,r, l) is τΦ(E)-compact and se-

quentially τΦ(E)-compact for every l ∈ [0,∞).
(c) Assume that there exists a p ∈ (1, 2] such that the Banach space (E, ‖ · ‖E) is

of type p and limn→∞ n/bp
n = 0. If Φ ⊂ Lp(µ⊗m, E) in the case m = r, or

if Φ ⊂ L2(µ⊗m, E) in the case r < m, then

lim inf
n→∞

n

b2
n

log P(Mm,r
n ∈ B) ≥ −Im,r(intτΦ(E)(B)) (2.21)

for every measurable B ⊂ M(Sm), where intτΦ(E)(B) denotes the interior of
the set B ∩MΦ(Sm) with respect to the τΦ(E)-topology.

(d) If Condition 2.11 holds for r, then

lim sup
n→∞

n

b2
n

log P(Mm,r
n ∈ B) ≤ −Im,r(clτΦ(E)(B)) (2.22)

for every measurable B ⊂ M(Sm), where clτΦ(E)(B) denotes the closure of
the set B ∩MΦ(Sm) with respect to the τΦ(E)-topology.

The finer the topology, the larger the τΦ(E)-interior of B ∩MΦ(Sm) in (2.21),
which gives a better lower bound. Similarly, a stronger topology gives a smaller
τΦ(E)-closure of B∩MΦ(Sm) in (2.22), which implies a sharper upper bound. This
is an important motivation to choose the topology as strong as possible.

Example 2.27 shows that Theorem 2.20(c) does not hold without an assumption
on the type of the separable Banach space E, even in the case Φ = B(Sm, E) with
m = r = 1, S = E, and a set B determined by a bounded continuous function.

Theorem 2.20, specialized to m = 1 and E = R, already extends the MDP of
de Acosta for {M1,1

n }n∈N to the τΦ(R)-topology. Note that the lower bound in
Theorem 2.20(c) does not make use of the condition Φ ⊂ L2(µ⊗m, E) if E is of
type p ∈ (1, 2) and m = r. But then the lower bound might loose its strength
because measures ν ∈ B with Im,r(ν) < ∞ might not be contained in MΦ(Sm).

The central limit theorem for real-valued U-statistics of different degrees of de-
generacy can be reduced to the completely µ-degenerate case, because each com-
ponent in the Hoeffding decomposition (1.6) converges to a Gaussian chaos under
a normalization of a different order; similarly for the law of the iterated logarithm
[20, Theorems 4.2.4 and 4.3.6]. Therefore, one might be tempted to derive Theorem
2.20 from the special cases m = r. However, that would mean to derive the MDP
for the moderate U-empirical measures {Mm,1

n }n≥m defined in (2.1) from the MDP
for {M1,1

n }n∈N. Due to the possible discontinuity of the map M(S) � ν �→ ν⊗m

even in the τ(R)-topology for S = [0, 1] with the Borel σ-algebra S (see [14, Exer-
cise 7.3.18] for the case of the relative τ1(R)-topology on M1(S)), such an approach
is apparently not possible, in particular when there is no topological structure on
(S,S) available. Even the general large deviation principle for {Lm

n }m≥n requires
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considerable work and does not follow easily in the way alluded to above from the
large deviation principle for {Ln}n∈N, see [17].

For the proof of the lower bound of the above theorem, we adopt the classical
method of change of measure used for large deviations lower bounds in Cramér’s and
Sanov’s theorems. For moderate deviations, this change of measure is n-dependent,
and moment inequalities for Banach-space valued U-statistics from the literature
(established with decoupling and hypercontractive methods) have to be invoked
instead of the usual weak law of large numbers.

In the proof of the upper bound for r = 1, see (3.48), we will use a moderate
deviation result for sums of i. i. d. random vectors with values in a certain Ba-
nach space. Therefore we prove that by Conditions 2.11(c) and (d) we can apply
[1, Theorem 2.3(i)]. For a special kind of Banach spaces and for {bn}n∈N satisfying
an additional condition, Ledoux [25, Théorème] obtained a necessary and sufficient
condition (weaker than Condition 2.11(c), (d)) for the upper bound of the MDP.
We could apply this result. To do this we would have to impose the additional
assumptions on E and {bn}n∈N as in [25, Théorème]. Then Conditions 2.11(c),
(d) could be replaced by the conditions (i) and (ii) in [25, Théorème]. We omit
the details. In the finite-dimensional case E = Rd, the strong Cramér condition
(2.10) for ϕ̃1 from Condition 2.8 can be relaxed. The weak Cramér condition for
ϕ̃1 suffices, i. e.,

∫
S

exp(αϕ‖ϕ̃1‖Rd) dµ < ∞ for some αϕ > 0, because moderate
deviation results are available in this case, cf. [14, Theorem 3.7.1].

In the proof of the general upper bound we apply de Acosta’s projective limit
approach contained in [3]; however, there are some non-trivial problems in transfer-
ring this approach. To make sure that the terms a ≥ r+1 in (2.5) have no influence
on the scale of the moderate deviations of rank r, we will generalize exponential
integrability properties for Rademacher chaos variables using a Khinchin–Kahane
inequality for the Rademacher chaos. Moreover we will prove a Bernstein-type in-
equality for unbounded functions taking values in a Banach space of type p. Both
results depend on decoupling and hypercontractive methods. We apply an Lp-
approximation of symmetric and completely µ-degenerate functions. To circumvent
the non-convexity of Im,r, we introduce a modified rate function Im, see (3.1).

2.2. Application to U-statistics. We want to derive moderate deviation results
for Banach-space valued U-statistics from Theorem 2.20. Many statistics in com-
mon use are a member of this class and many other statistics may be approximated
by a member of this class. Particularly in the field of non-parametric statistics, the
significance of U-statistics is made plain, see for example the monographs [11] and
[27] as well as the extensive list of references given there. See also the very recent
monograph [20] for properties of U-statistics related to decoupling.

For an S⊗m-E-measurable map ϕ: Sm → E the U-statistics of degree m with
kernel function ϕ are defined by (1.2) for all n ≥ m. Define Φ = B(Sm, E) ∪
{ϕ}. Since the right-hand side of (2.2) is a composition of Mm,r

n with the τΦ(E)-
continuous functional MΦ(Sm) � ν �→

∫
Sm ϕ dν, the contraction principle [14,

Theorem 4.2.1] immediately leads to the following theorem which, to the best of
our knowledge, is new.

Theorem 2.23. If E is a Banach space of type p ∈ (1, 2], if limn→∞ n/bp
n = 0,

and if Condition 2.11 holds for Φ = B(Sm, E) ∪ {ϕ} and r ∈ {1, . . . , m}, then the
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sequence {( n

bn

)r m∑
a=r

Ua
n(ϕ̃a)

}
n≥m

satisfies a full large deviation principle on the scale {b2
n/n}n∈N with the good rate

function Iϕ
m,r: E → [0,∞] given by

Iϕ
m,r(x) = inf

{
Im,r(ν)

∣∣∣ ν ∈ MΦ(Sm),
∫

Sm

ϕ dν = x
}

.

Remark 2.24. From Theorem 2.23 we can derive a law of the iterated logarithm
(LIL) for non-degenerate U-statistics, when ϕ satisfies Condition 2.11 and E is a
Banach space of type 2. Let bn =

√
2n log log n for n ≥ 3 and ϕ̄ = ϕ−

∫
Sm ϕ dµ⊗m.

Then the compact LIL holds for {Um
n (ϕ̄)}n≥m, i. e., the sequence (

√
n/bn)Um

n (ϕ̄),
n ≥ max{3, m}, is almost surely relatively compact and its limit set coincides
with K = {x ∈ E | Iϕ,m(x) ≤ 1/2 }. We only point out that the MDP estimates
obtained in Theorem 2.23 give the crucial estimates required by the classical proof of
the LIL (in the case m = 1 cf. [26]). Arcones and Giné proved in [9, Theorem 3.2],
that the LIL holds if

∫
Sm ‖ϕ‖2

E dµ⊗m < ∞. Notice moreover, that for the non-
degenerate case, the rate Iϕ

m,1 is the usual moderate rate function for the i. i. d.
mean

∫
S

ϕ̃1 dL1
n considered for example in [1, Theorem 2.3].

2.3. Concluding remarks and examples.

Remark 2.25. For the sake of completeness, let us mention that the lower and
upper bounds (2.21) and (2.22) in Theorem 2.20 can be extended to arbitrary
subsets of M(Sm). For every subset A of SN let P∗(A) and P∗(A) denote the
outer and the inner P-measure of A, respectively. If P(Mm,r

n ∈ B) is replaced by
P∗((Mm,r

n )−1(B)) in (2.21) and by P∗((Mm,r
n )−1(B)) in (2.22), then these bounds

hold for all B ⊂ M(Sm). This can be seen by transferring the proof of [2, Theorem
1.2]. We refrain from giving the details.

Remark 2.26. The rate function Im,r, governing the deviations of the moderate U-
empirical measures {Mm,r

n }n≥m of rank r ∈ {2, . . . , m}, is not convex if there exists
a partition {S1, S2, S3} ⊂ S of S such that µ(Si) > 0 for all i ∈ {1, 2, 3}. To see
this, use conditioned measures to define ν̃(i) = µ( · |Si)−µ( · |S3) for i ∈ {1, 2} and,
using ν̃(i), define ν(i) via (2.18). If we assume that there exists a ν̃ ∈ M(S) for ν ≡
1
2 (ν(1) +ν(2)) satisfying (2.18), then (ν̃(Si))r = ν(Sr

i ×Sm−r) = 1
2 for i ∈ {1, 2} and

(ν̃(S1 ∪S2))r = ν((S1 ∪S2)r ×Sm−r) = 1. This gives the contradiction 1 = 21−1/r.

The following example, derived from [26, Example 7.11], shows that Theorem
2.20(c) does not hold without an assumption on the type of the Banach space E.

Example 2.27. Let (c0, ‖·‖∞) denote the separable Banach space of all real se-
quences tending to zero. Let {ξi,k}i,k∈N be a collection of independent random
variables with P(ξi,k = 1) = P(ξi,k = −1) = 1/2 for all i, k ∈ N. Consider
{bn}n∈N ⊂ (0,∞) such that bn/n ↓ 0 as n → ∞. Define αk =

√
bn/n when-

ever (n − 1)2n−1 < k ≤ n2n. Then Xi ≡ (αkξi,k)k∈N for i ∈ N gives an i. i. d.
sequence of symmetric, c0-valued random variables with ‖Xi‖∞ ≤ ᾱ ≡ supk∈N αk

for all i ∈ N. Define S = E = c0, let µ denote the distribution of X1, and define
ϕ: S → E by ϕ(s) = s for ‖s‖∞ ≤ ᾱ and ϕ(s) = ᾱs/‖s‖∞ otherwise. Note that
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ϕ ∈ Cb(S, E) ⊂ Φ ≡ B(S, E), hence B ≡ { ν ∈ M(S) | ‖
∫

S
ϕ dν‖∞ < 1 } is

τ(c0)-open. Furthermore, B contains the zero measure, which satisfies I1,1(0) = 0.
To evaluate the left-hand side of (2.21), first note that

{M1,1
n ∈ B} =

{∥∥∥∥ n∑
i=1

Xi

∥∥∥∥
∞

< bn

}
⊂

n2n⋂
k=1

{∣∣∣∣ n∑
i=1

ξi,k

∣∣∣∣ <
√

bnn

}
,

where we used that αk ≥
√

bn/n for all k ≤ n2n. Using P(
∑n

i=1 ξi,k = n) = 2−n, it
follows for all n ∈ N with bn ≤ n that P(M1,1

n ∈ B) ≤ (1 − 2−n)n2n ≤ e−n. Hence,
the left-hand side of (2.21) equals minus infinity.

3. Proofs of the moderate deviation principles

Define Im: M(Sm) → [0,∞] by

Im(ν) =

{
1
2

∫
Sm

(
dν

dµ⊗m

)2
dµ⊗m if ν � µ⊗m and ν(Sm) = 0,

∞ otherwise.
(3.1)

For a level l ∈ [0,∞) let K(Im, l) ≡ { ν ∈ M(Sm) | Im(ν) ≤ l } denote the
corresponding level set. For this moderate-deviation rate function we obtain:

Lemma 3.2. Let l ∈ [0,∞).

(a) The set K(Im, l) is τ(R)-compact and sequentially τ(R)-compact.
(b) If Φ ⊂ L2(µ⊗m, E), then K(Im, l) ⊂ MΦ(Sm).
(c) If Φ ⊂ L2(µ⊗m, E), then the identity on K(Im, l) is τ(R)-τΦ(E)-continuous,

hence both topologies coincide on this set and K(Im, l) is τΦ(E)-compact and
also sequentially τΦ(E)-compact.

Proof. (a) The τ(R)-compactness follows by adapting [2, proof of Lemma 2.1], using
Hl ≡ { f ∈ L1(µ⊗m, R) |

∫
Sm f2 dµ⊗m ≤ 2l }. The sequential τ(R)-compactness

follows from [19, Theorem 2.6].
(b) If ν ∈ K(Im, l) and ϕ ∈ Φ, then, by the Cauchy–Schwarz inequality,∫

Sm

‖ϕ‖E d|ν| =
∫

Sm

‖ϕ‖E

∣∣∣ dν

dµ⊗m

∣∣∣ dµ⊗m ≤
√

2Im(ν) ‖ϕ‖L2(µ⊗m,E) < ∞.

(c) Given ϕ ∈ Φ and ε > 0, choose a measurable, finitely-valued approximation
ϕε: Sm → E such that

√
2l‖ϕ − ϕε‖L2(µ⊗m,E) ≤ ε to obtain similarly as in (b)∥∥∥∥∫

Sm

ϕ dν −
∫

Sm

ϕε dν

∥∥∥∥
E

≤
∫

Sm

‖ϕ − ϕε‖E d|ν| ≤ ε (3.3)

for all ν ∈ K(Im, l). Hence, K(Im, l) � ν �→
∫

Sm ϕ dν is τ(R)-continuous, because
it is the uniform limit of the τ(R)-continuous functions K(Im, l) � ν �→

∫
Sm ϕε dν

as ε ↓ 0. Hence, the identity on K(Im, l) is τ(R)-τΦ(E)-continuous and the τΦ(E)-
compactness of K(Im, l) follows from part (a). Since the identity is bijective, it is
a τ(R)-τΦ(E)-homeomorphism on K(Im, l) [24, Chap. 5, Theorem 8], hence both
topologies coincide on K(Im, l). Therefore, the sequential τΦ(E)-compactness also
follows from part (a).



14 P. EICHELSBACHER AND U. SCHMOCK

Proof of Theorem 2.20(a): If ν ∈ M(Sm) satisfies Im,r(ν) < ∞, then (2.18) implies
that

dν

dµ⊗m
(s1, . . . , sm) =

∑
A⊂{1,...,m}

|A|=r

∏
i∈A

dν̃

dµ
(si) µ⊗m-a. s. (3.4)

Using (3.1), ν̃(S) = 0 and (2.17), it follows that

Im(ν) = 2r−1

(
m

r

)
(Im,r(ν))r. (3.5)

Hence, Theorem 2.20(a) follows from Lemma 3.2(b).

Proof of Theorem 2.20(b): The subset Cm,r of all (ν, ν̃) ∈ M(Sm) × M(S) satis-
fying (2.18) is given by

Cm,r =
⋂

S1,...,Sm∈S

{
(ν, ν̃) ∈ M(Sm) ×M(S)

∣∣∣∣
ν(S1 × · · · × Sm) =

∑
A⊂{1,...,m}

|A|=r

( ∏
i∈{1,...,m}\A

µ(Si)
)( ∏

i∈A

ν̃(Si)
)}

.

Therefore, Cm,r is closed in the product topology of the τ(R)-topologies on M(Sm)
and M(S). Using Lemma 3.2, it follows that

C ′
m,r ≡ Cm,r ∩

(
K

(
Im, 2r−1

(
m
r

)
lr

)
× K(I1, l)

)
is compact and sequentially compact in the product topology of the τΦ(E)-topology
on MΦ(Sm) and the τ(R)-topology on M(S). Using (3.5), it follows that K(Im,r, l)
is the continuous image of C ′

m,r under the projection onto the MΦ(Sm)-marginal.
This implies part (b).

Proof of Theorem 2.20(c): Consider a measure ν ∈ intτΦ(E)(B) with Im,r(ν) < ∞.
Then ν ∈ MΦ(Sm) by the definition of the τΦ(E)-interior of the set B, hence∫

Sm ‖ϕ‖E d|ν| < ∞ for every ϕ ∈ Φ. By the definition of the τΦ(E)-topology, there
exist η > 0, k ∈ N and ϕ1, . . . , ϕk ∈ Φ such that the τΦ(E)-open set

C(ν, 2η) =
{

ν′ ∈ MΦ(Sm)
∣∣∣ ∥∥∥∫

Sm

ϕi d(ν − ν′)
∥∥∥

E
< 2η for every i ∈ {1, . . . , k}

}
is contained in intτΦ(E)(B). Since Im,r(ν) < ∞, a measure ν̃ ∈ M(S) for the
representation (2.18) and a density g̃ ≡ dν̃/dµ exist, but both might not be unique
as the discussion after (2.18) showed. The density g̃ satisfies

∫
S

g̃ dµ = 0 and∫
S

g̃2 dµ = 2Im,r(ν) < ∞. Furthermore, a density of ν with respect to µ⊗m is given
by (3.4) and, for every ϕ ∈ Φ,∫

Sm

‖ϕ(s1, . . . , sm)‖E

m∏
i=1

|g̃(si)|µ⊗m(ds1, . . . , dsm) =
∫

Sm

‖ϕ‖E d|ν| < ∞
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in the case m = r; otherwise, when Φ ⊂ L2(µ⊗m, E),∫
Sm

‖ϕ(s1, . . . , sm)‖E

∑
A⊂{1,...,m}

|A|=r

∏
i∈A

|g̃(si)|µ⊗m(ds1, . . . , dsm)

≤
(

m

r

)
‖ϕ‖L2(µ⊗m,E)(2Im,r(ν))r < ∞

by the Cauchy–Schwarz inequality. Define g̃±(s) = max{±g̃(s), 0} for s ∈ S. It
follows from the dominated convergence theorem that there exist two constants
c± ∈ [0,∞) smaller or equal to ‖g̃±‖L∞(µ) such that the truncated function g ≡
min{c+,max{−c−, g̃}} satisfies

∫
S

g dµ = 0 and∫
Sm

‖ϕi‖E d|ν − ν̄| ≤ η, i ∈ {1, . . . , k}, (3.6)

where ν̄ ∈ M(Sm) is determined by

dν̄

dµ⊗m
(s1, . . . , sm) =

∑
A⊂{1,...,m}

|A|=r

∏
i∈A

g(si), (s1, . . . , sm) ∈ Sm.

Since g is bounded and Φ ⊂ L1(µ⊗m, E), the measure ν̄ is actually in MΦ(Sm).
Note that C(ν̄, η) ⊂ C(ν, 2η) by (3.6). Furthermore, C(ν̄, η) is a measurable

subset of M(Sm) because MΦ(Sm) is measurable by definition. Define the function
Fn(s) =

∏n
i=1(1 + (bn/n)g(si)) for all s = (si)i∈N ∈ SN. Due to (1.9) there exists,

for every ε ∈ (0, 1), an nε ≥ m such that bnc−/n ≤ ε for all n ≥ nε. Define
Pn ∈ M1(Ω) by dPn/dP = Fn for all these n. Then

P(Mm,r
n ∈ B) ≥ P(Mm,r

n ∈ C(ν̄, η)) =
∫

Dn

1
Fn

dPn, (3.7)

where Dn ≡ {Mm,r
n ∈ C(ν̄, η)}. This is the change of measure step. In contrast to

proofs of large deviations lower bounds, the change here is n-dependent. Defining
an = Pn(Dn) and using Jensen’s inequality, we obtain, for every n ≥ nε,

log
∫

Dn

1
Fn

dPn ≥ log an − 1
an

∫
Dn

log Fn dPn

= log an − 1
an

∫
Dn

Fn log Fn dP.

(3.8)

Since x log x ≥ −1/e for x ≥ 0 and
∫

S
g dµ = 0, it follows that, for all n ≥ nε,∫

Dn

Fn log Fn dP ≤ 1
e

+
∫

SN

Fn log Fn dP

=
1
e

+ n

∫
S

(
1 +

bn

n
g
)

log
(
1 +

bn

n
g
)

dµ

≤ 1
e

+
b2
n

2(1 − ε)n

∫
S

g2 dµ ≤ 1
e

+
b2
n

(1 − ε)n
Im,r(ν),

(3.9)

where we used the estimate (1+x) log(1+x) ≤ x+x2/(2(1− ε)) for all x ≥ −ε for
the second inequality. If we can show that limn→∞ an = 1, then (1.9), (3.7), (3.8)
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and (3.9) together imply

lim inf
n→∞

n

b2
n

log P(Mm,r
n ∈ B) ≥ −Im,r(ν)

1 − ε
,

which in turn implies (2.21).
To prove limn→∞ an = 1, we will apply moment inequalities for U-statistics

instead of using the weak law of large numbers. It suffices to show that

lim
n→∞

Pn

({∥∥∥∫
Sm

ϕ dMm,r
n −

∫
Sm

ϕ dν̄
∥∥∥

E
≤ η

})
= 1 (3.10)

for every ϕ ∈ Φ. Fix one ϕ ∈ Φ in the following and define the completely µ-
degenerate functions ϕ̃r, ϕ̃r+1, . . . , ϕ̃n as in (2.6). These functions satisfy (2.2).
Define µn ∈ M1(S) by dµn/dµ = 1 + (bn/n)g for n ≥ nε.

For every n ≥ nε and a ∈ {r, r + 1, . . . , m} we now want to decompose ϕ̃a into a
constant ϕ̃n

a,0 and completely µn-degenerate functions ϕ̃n
a,1, . . . , ϕ̃

n
a,a such that the

analogue of (2.5) holds, namely∫
Sa

ϕ̃a dLa
n = ϕ̃n

a,0 +
a∑

c=1

∫
Sc

ϕ̃n
a,c dLc

n P-a. s. (3.11)

Together with (2.2) this will lead to the representation∫
Sm

ϕ dMm,r
n =

( n

bn

)r m∑
a=r

(
ϕ̃n

a,0 +
a∑

c=1

∫
Sc

ϕ̃n
a,c dLc

n

)
P-a. s. (3.12)

To derive the decomposition (3.11) for ϕ̃a, consider A ⊂ {1, . . . , a} and define

ϕa,A,g(s1, . . . , sa) = ϕ̃a(s1, . . . , sa)
∏

i∈Ac

g(si), (s1, . . . , sa) ∈ Sa, (3.13)

where Ac ≡ {1, . . . , a} \ A. Define ϕn
a,A by µn-integrating ϕ̃a with respect to the

arguments with indices in Ac. Since ϕ̃a is completely µ-degenerate,

ϕ̃n
a,0 ≡ ϕn

a,∅ =
∫

Sa

ϕ̃a dµ⊗a
n =

(bn

n

)a
∫

Sa

ϕa,∅,g dµ⊗a.

If |A| ∈ {1, . . . , a − 1}, then

ϕn
a,A

(
(si)i∈A

)
=

(
bn

n

)a−|A| ∫
Sa−|A|

ϕa,A,g(s1, . . . , sa) µ⊗a−|A|(d(si)i∈Ac

)
for µ⊗|A|-almost all (si)i∈A ∈ S|A|, and ϕn

a,A = ϕa,A,g = ϕ̃a if A = {1, . . . , a}.
Analogously to (2.3) we can define

ϕ̃n
a,A

(
(si)i∈A

)
=

∑
B⊂A

(−1)|A\B| ϕn
a,B

(
(si)i∈B

)
=

(bn

n

)a−|A|
ϕ̃n

a,A,g

with

ϕ̃n
a,A,g

(
(si)i∈A

)
≡

∑
B⊂A

(
−bn

n

)|A\B| ∫
Sa−|B|

ϕa,B,g(s1, . . . , sa)µ⊗a−|B|(d(si)i∈Bc

)
(3.14)
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(drop the integral if |B| = a). Finally, for c ∈ {1, . . . , a}, similarly to (2.6), define

ϕ̃n
a,c =

(bn

n

)a−c

ϕ̃n
a,c,g with ϕ̃n

a,c,g ≡
∑

A⊂{1,...,a}
|A|=c

ϕ̃n
a,A,g. (3.15)

Note that every ϕ̃n
a,c,g with c ∈ {1, . . . , a} is completely µn-degenerate. Substituting

these definitions into (3.12) shows that∫
Sm

ϕ dMm,r
n =

m∑
a=r

(bn

n

)a−r

ϕa,∅,g +
m∑

c=1

( n

bn

)c
∫

Sc

m∑
a=max{c,r}

(bn

n

)a−r

ϕ̃n
a,c,g dLc

n.

Using (2.3), (2.6), (3.6), (3.13) and
∫

S
g dµ = 0, it follows that

∫
Sm ϕ dν̄ = ϕr,∅,g.

Since limn→∞ bn/n = 0 by (1.9), it suffices for proving (3.10) that

lim
n→∞

Pn

(( n

bn

)c∥∥∥∫
Sc

ϕ̃n
a,c,g dLc

n

∥∥∥
E
≤ η

m2

)
= 1 (3.16)

for every a ∈ {r, r + 1, . . . , m} and c ∈ {1, . . . , a}. Note that X1, . . . , Xn are i. i. d.
with respect to Pn. We may replace ϕ̃n

a,c,g in (3.16) by the symmetric version
ϕ̄n

a,c,g ≡ 1
a!

∑
τ∈Pa

ϕ̃n
a,c,g ◦ πτ , where Pa is the set of all permutations of {1, . . . , a}.

Let En denote Pn-expectation. Using [11, Theorem 2.7.1], it follows that

En

[∥∥∥( n

bn

)c
∫

Sc

ϕ̄n
a,c,g dLc

n

∥∥∥p

E

]
≤

( n

bn

)cp
(
6C

1/p
E,pc3

)cp

np−1
(c)

∫
Sc

‖ϕ̄n
a,c,g‖p

E dµ⊗c
n , (3.17)

where CE,p denotes the type constant of the Banach space E of type p, see (2.7).
By the assumptions on {bn}n∈N in Theorem 2.20(c),

lim
n→∞

n1−p
(c)

( n

bn

)cp

= 0.

Hence (3.16) follows from (3.17) by using the Markov inequality, provided that

lim sup
n→∞

∫
Sc

‖ϕ̄n
a,c,g‖p

E dµ⊗c
n < ∞. (3.18)

By Jensen’s inequality, it suffices to show (3.18) for the possibly non-symmetric
ϕ̃n

a,c,g. Since dµn/dµ = 1+(bn/n)g and since g is bounded, it suffices to show (3.18)
with µ in place of µn. Inspection of (3.13), (3.14), (3.15), and Jensen’s inequality
shows that ϕ̃a ∈ Lp(µ⊗a, E) for every a ∈ {r, r+1, . . . , m} is the property we need,
because g is bounded. Since ϕ ∈ Lp(µ⊗m, E), it follows via (2.3), (2.6) and Jensen’s
inequality that indeed ϕ̃a ∈ Lp(µ⊗a, E) for every a ∈ {r, r + 1, . . . , m}.

Let F denote the family of all finite, nonempty subsets of Φ. For every F ∈ F
define

ΠF : MΦ(Sm) → EF by ΠF (ν) =
(∫

Sm

ϕ dν

)
ϕ∈F

. (3.19)

For F ′ ⊂ F with F ′ �= ∅ let ΠF,F ′ : EF → EF ′
denote the canonical projection.

Note that EF with ‖y‖EF ≡
∑

ϕ∈F ‖yϕ‖E for y = (yϕ)ϕ∈F ∈ EF is a Banach
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space. We identify its topological dual (EF )∗ with (E∗)F . Using the notation from
(2.6), we can define, for every F ∈ F and y ∈ EF ,

IF (y) = sup
z∈(E∗)F

(∑
ϕ∈F

zϕ(yϕ) − 1
2

∫
S

(∑
ϕ∈F

zϕ(ϕ̃1(s))
)2

µ(ds)
)

. (3.20)

Extending the argument in [3, pages 246–247] from the case m = 1 with the τ(R)-
topology to our situation and combining it with the separation argument from [15,
page 429], we obtain the following variational characterization of the rate function,
which is used once in (3.48):

Lemma 3.21. If Φ ⊂ L2(µ⊗m, E), then, for every F ∈ F and y ∈ EF,

IF (y) = inf{ Im,1(ν) | ν ∈ MΦ(Sm), ΠF (ν) = y }.

Proof. Given y ∈ EF and ν ∈ MΦ(Sm) satisfying ΠF (ν) = y, we want to prove
first that IF (y) ≤ Im,1(ν). It suffices to consider the case Im,1(ν) < ∞, hence
ν1 � µ, ν(Sm) = 0 and ν =

∑m
i=1 µ⊗i−1 ⊗ ν1 ⊗ µ⊗m−i. Define f = dν1/dµ. Take

any z = (zϕ)ϕ∈F ∈ (E∗)F and define g =
∑

ϕ∈F zϕ ◦ ϕ̃1. Note that g ∈ L2(µ, R).
Since fg ≤ 1

2 (f2 + g2), it follows with (2.17) that∫
S

g dν1 −
1
2

∫
S

g2 dµ =
∫

S

(
fg − 1

2g2
)
dµ ≤ 1

2

∫
S

f2 dµ = Im,1(ν). (3.22)

Using (2.6), (2.3), ν1(S) = 0, and ν =
∑m

i=1 µ⊗i−1 ⊗ ν1 ⊗ µ⊗m−i,∫
S

ϕ̃1 dν1 =
m∑

i=1

∫
S

(ϕ{i} − ϕ∅) dν1 =
m∑

i=1

∫
Sm

ϕ d(µ⊗i−1 ⊗ ν1 ⊗ µ⊗m−i) =
∫

Sm

ϕ dν

(3.23)
for every ϕ ∈ F , hence, since ΠF (ν) = y,∫

S

g dν1 =
∑
ϕ∈F

zϕ

(∫
S

ϕ̃1 dν1

)
=

∑
ϕ∈F

zϕ(yϕ).

Together with (3.22), this implies that IF (y) ≤ Im,1(ν).
To complete the proof, we proceed by contradiction. Assume that there exists

y ∈ EF with IF (y) < ∞ such that Im,1(ν) > l ≡ IF (y) for all ν ∈ MΦ(Sm)
with ΠF (ν) = y. Define C = {ΠF (ν) | ν ∈ K(Im,1, l) }. Since Im,1 is convex,
the same is true for K(Im,1, l) and C. By Theorem 2.20(b), the set K(Im,1, l) is
τΦ(E)-compact, hence C is compact in EF . By the above assumption, y /∈ C.
Hence, by the Hahn–Banach theorem, there exist z ∈ (E∗)F and γ ∈ R such that
z(y) > γ ≥ z(ΠF (ν)) for all ν ∈ K(Im,1, l). Note that z(y) > 0, because the
zero measure is in K(Im,1, l). Define g =

∑
ϕ∈F zϕ ◦ ϕ̃1. Since z(y) > 0 and

IF (y) < ∞, it follows from (3.20) by considering αz for α > 0 that
∫

S
g2 dµ > 0.

Since F ⊂ L2(µ⊗m, E), it follows that g ∈ L2(µ, R). Hence, there exists α > 0 such
that z(y) =

∫
S

αg2 dµ. Define ν ∈ M(Sm) by ν =
∑m

i=1 µ⊗i−1⊗ν1⊗µ⊗m−i, where
dν1/dµ = αg. Since

∫
S

ϕ̃1 dµ = 0 for every ϕ ∈ F , it follows that ν(Sm) = 0. Using
(3.20), it follows that

IF (y) ≥ αz(y) − 1
2

∫
S

(∑
ϕ∈F

αzϕ(ϕ̃1(s))
)2

µ(ds) =
1
2

∫
S

(αg)2 dµ = Im,1(ν),
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hence ν ∈ K(Im,1, l). Therefore, z(ΠF (ν)) ≤ γ. But, by (3.23) and the choice of α,

z(ΠF (ν)) =
∫

Sm

∑
ϕ∈F

zϕ(ϕ(s)) ν(ds) =
∫

S

∑
ϕ∈F

zϕ ◦ ϕ̃1 dν1 =
∫

S

αg2 dµ = z(y) > γ,

which is the desired contradiction.

The following result generalizes [8, inequality (2.4)] from R to a Banach space
E of type p ∈ (1, 2]. A type-independent Banach space version is given in [20,
Corollary 3.2.7].

Lemma 3.24. Let {εi}i∈N be independent, symmetric, ±1-valued random vari-
ables. Let (E, ‖ · ‖E) be a Banach space of type p ∈ (1, 2], let r ∈ N and η ∈ (0, 2].
Then there exists a constant c1 > 0 such that, for every γ ∈ (0, η/r), there exists
c2 ∈ [1,∞) satisfying

E
[
exp

(
t‖Y ‖γ

E

)]
≤ c2 exp

((
(s/c1)γ t

)1/(1−γr/η)
)

for all t ≥ 0, n ∈ N and xi1,...,ir
∈ E with (i1, . . . , ir) ∈ I(r, n), where

Y ≡
∑

(i1,...,ir)∈I(r,n)

εi1 . . . εirxi1,...,ir and s ≡
( ∑

(i1,...,ir)∈I(r,n)

‖xi1,...,ir‖p
E

)1/p

.

Proof. If suffices to consider the case s > 0. By taking the logarithm of both sides
and using its concavity, one can verify the well-known inequality ab ≤ aq/q + bq′

/q′

for all a, b ∈ [0,∞) and q, q′ ∈ (1,∞) satisfying 1/q + 1/q′ = 1. Hence

t‖Y ‖γ
E =

sγt

cγ
1

∥∥∥c1

s
Y

∥∥∥γ

E
≤

(
1 − γr

η

)(sγt

cγ
1

)1/(1−γr/η)

+
γr

η

∥∥∥c1

s
Y

∥∥∥η/r

E

for every c1 > 0, which implies, since γr/η < 1,

E
[
exp

(
t‖Y ‖γ

E

)]
≤ exp

((sγt

cγ
1

)1/(1−γr/η))
E

[
exp

(
‖c1Y/s‖η/r

E

)]
.

Choose c1 > 0 so small that C
η/p
E,p c

η/r
1 eηrη−1 < p − 1; here CE,p denotes the type

constant of (E, ‖ · ‖E), see (2.7).
To finish the proof, it suffices to show that there exists a constant c2 ∈ [1,∞),

depending only on c1, CE,p, γ, η, p and r, such that

E
[
exp

(
‖c1Y/s‖η/r

E

)]
= 1 +

∞∑
k=1

(c1/s)ηk/r

k!
E

[
‖Y ‖ηk/r

E

]
≤ c2. (3.25)

If k ≤ pr/η, then E[‖Y ‖ηk/r
E ] ≤ E[‖Y ‖p

E ]ηk/(pr) by Jensen’s inequality. If k ≥ pr/η,
then by Borell’s inequality (a Khintchine-type inequality for the Rademacher chaos,
see [11, (2.6.5)]),

E
[
‖Y ‖ηk/r

E

]
≤

(ηk/r − 1
p − 1

)ηk/2

E
[
‖Y ‖p

E

]ηk/(pr)
.

Let {ε(j)
i }i∈N for j ∈ {1, . . . , r} be independent copies of {εi}i∈N. By decoupling Y ,

see [11, Theorem 2.5.4], and using r times the fact that (E, ‖ · ‖E) is of type p, see
(2.7), it follows that

E
[
‖Y ‖p

E

]
≤ rpr E

[∥∥∥∥ ∑
(i1,...,ir)∈I(r,n)

ε
(1)
i1

. . . ε
(r)
ir

xi1,...,ir

∥∥∥∥p

E

]
≤ Cr

E,prprsp.
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Since ηk/r − 1 ≤ ηk/r and η/2 ≤ 1 as well as kk ≤ k! ek, we obtain

E
[
exp

(
‖c1Y/s‖η/r

E

)]
≤ 1+

�pr/η
∑
k=1

(
C

η/p
E,p c

η/r
1 rη

)k

k!
+

∞∑
k=�pr/η�

(
C

η/p
E,p c

η/r
1 eηrη−1

p − 1

)k

≡ c2

by inserting the estimates of E[‖Y ‖ηk/r
E ] into (3.25).

One technical key of the proof of Theorem 2.20(d) will be a Bernstein-type in-
equality for completely µ-degenerate U-statistics of degree r with 1 ≤ r ≤ m.
For bounded R-valued kernel functions, such an inequality is given in [8, Propo-
sition 2.3]; for bounded kernel functions with values in a Banach space of type 2,
a Bernstein-type inequality is given in [11, Theorem 8.15, Corollary 8.1.5]. Along
the lines of [20, proof of Theorem 4.1.12], we derive an inequality for unbounded
functions taking values in a Banach space of type p, whose norm raised to the p-th
power satisfies the so-called weak Cramér Condition. The decoupling result, which
is an essential tool in our proof, was originally obtained in [28] and [29].

Theorem 3.26 (Bernstein-type inequality). Let (E, ‖ · ‖E) be a separable Banach
space of type p ∈ (1, 2] and let r ∈ N. Then there exist constants c3, c4 ∈ [1,∞) such
that the following holds: For every symmetric, Bochner µ⊗r-integrable, completely
µ-degenerate function ϕ: Sr → E with an α > 0 satisfying

ã ≡
∫

Sr

exp
(
α‖ϕ‖p

E

)
dµ⊗r < ∞ (3.27)

there exists a constant cϕ ∈ (0,∞) such that, for all x > 0 and all integers n ≥ r,

P
(
‖n�Ur

n(ϕ)‖E ≥ x
)
≤ c3 exp

(
− x2/r

c4σ2/r + cϕ(x2/r/n)1/(1+pr/2)

)
, (3.28)

where σ ≡ ‖ϕ‖Lp(µ⊗r,E) and 
 ≡ r(1 − 1/p).

Proof. By Chebychev’s inequality, for all t, x ∈ [0,∞) and integers n ≥ r,

P
(
‖n�Ur

n(ϕ)‖E ≥ x
)
≤ exp(−txγ) E

[
exp

(
t‖n�Ur

n(ϕ)‖γ
E

)]
, (3.29)

where γ ≡ p/κ with κ ≡ 1 + pr/2. The function Ψ(y) ≡ exp(max{yγ , (1 − γ)/γ})
for y ≥ 0 is convex, increasing and satisfies

exp(yγ) ≤ Ψ(y) ≤ e(1−γ)/γ exp(yγ) (3.30)

for all y ≥ 0. Using (3.30) and [11, Theorem 2.5.4], we obtain

E
[
exp

(
t‖n�Ur

n(ϕ)‖γ
E

)]
≤ E

[
Ψ

(
rrt1/γn�‖Ur,dec

n (ϕ)‖E

)]
(3.31)

where the decoupled U-statistic is defined by

Ur,dec
n (ϕ) ≡ 1

n(r)

∑
(i1,...,ir)∈I(r,n)

ϕ(X(1)
i1

, . . . , X
(r)
ir

)

and {X(j)
i }i∈N for j ∈ {1, . . . , r} are independent copies of {Xi}i∈N, see (1.1) and

(1.2) for the remaining notation. Let {ε(j)
i }i∈N for j ∈ {1, . . . , r} be sequences

of independent, symmetric, {−1, 1}-valued random variables, independent of one
another and all the “X-variables.” Applying r times the symmetrization lemma
[11, Lemma 2.4.5], which uses the complete µ-degeneracy of ϕ, it follows that

E
[
Ψ

(
rrt1/γn�‖Ur,dec

n (ϕ)‖E

)]
≤ E

[
Ψ

(
2rrrt1/γn�‖Ur,dec

n,sym(ϕ)‖E

)]
(3.32)
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with
Ur,dec

n,sym(ϕ) ≡ 1
n(r)

∑
(i1,...,ir)∈I(r,n)

ε
(1)
i1

. . . ε
(r)
ir

ϕ(X(1)
i1

, . . . , X
(r)
ir

).

Using [11, Theorem 2.5.4] to couple the independent copies and using the upper
bound from (3.30) afterwards, we obtain

E
[
Ψ

(
2rrrt1/γn�‖Ur,dec

n,sym(ϕ)‖E

)]
≤ e(1−γ)/γ E

[
exp

(
Cγ

r tnγ�‖Ur
n,sym(ϕ)‖γ

E

)]
(3.33)

with
Ur

n,sym(ϕ) ≡ 1
n(r)

∑
(i1,...,ir)∈I(r,n)

εi1 . . . εir
ϕ(Xi1 , . . . , Xir

)

and Cr ≡ 2rrr
∑r

k=1 kr/((r−k)!k!). Taking the expectation with respect to {εi}i∈N,
an application of Lemma 3.24 with η = 2 gives

E
[
exp

(
Cγ

r tnγ�‖Ur
n,sym(ϕ)‖γ

E

)]
≤ c2 E

[
exp

(
c−p
1 (Cγ

r tnγ�)κn1−p
(r) Ur

n,p(ϕ)
)]

(3.34)

with
Ur

n,p(ϕ) ≡ 1
n(r)

∑
(i1,...,ir)∈I(r,n)

‖ϕ(Xi1 , . . . , Xir )‖p
E .

Since 1/n(r) ≤ r!/nr and γ
κ = r(p − 1), it follows that nγ�κn1−p
(r) ≤ r! for all

n ≥ r. Using Hoeffding’s formula [23], see e. g. [11, p. 14], and Jensen’s inequality,
we obtain

E
[
exp

(
c−p
1 Cp

r r!tκUr
n,p(ϕ)

)]
≤ exp

(
c5σ

ptκ
)

E
[
exp

(
c5t

κS�n/r

)]

, (3.35)

where Sk ≡ (1/k)
∑k

i=1 Yi with Yi ≡ ‖ϕ(X(i−1)r+1, . . . , Xir)‖p
E − σp for i, k ∈ N

and c5 ≡ c−p
1 Cp

r r!. Using E[Yi] = 0, the estimate yk ≤ k!ey for y ∈ R, condition
(3.27), a ≡ ã exp(−ασp), the geometric series, and 1 + y ≤ ey for y ∈ R, we get

E[exp(hY1)] = 1 +
∞∑

k=2

(h

α

)k E[(αY1)k]
k!

≤ 1 + a

∞∑
k=2

(h

α

)k

≤ exp
( ah2

α2 − αh

)
for all h ∈ [0, α), hence, due to independence,

E[exp(hSk)] =
(
E[exp(hY1/k)]

)k ≤ exp
( ah2

α2k − αh

)
(3.36)

for all k ∈ N and h ∈ [0, αk). Combination of (3.29) and (3.31)–(3.36) yields

P
(
‖n�Ur

n(ϕ)‖E ≥ x
)
≤ c3 exp

(
−txγ + c5σ

ptκ +
ac2

5t
2κ

α2�n/r� − αc5tκ

)
(3.37)

for all integers n ≥ r and all t, x ∈ [0,∞) such that c5t
κ < α�n/r�, where c3 ≡

c2 exp((1−γ)/γ). The choice t0 ≡ (xγ/(c5κσp))2/(pr) minimizes the sum of the first
two terms in the exponent of (3.37) and yields

−t0x
γ + c5σ

ptκ0 = − 2
c4

(x

σ

)2/r

with c4 ≡ 4c
2/(pr)
5 κ1+2/(pr)

pr
.

Note that it suffices to consider σ > 0, because (3.28) holds if σ = 0. If t0 satisfies

c5t
κ
0 ≤ αc6�n/r� with c6 ≡ min

{1
2
,
αprσp

8a

}
, (3.38)

then the last term of (3.37) is bounded by (1/c4)(x/σ)2/r and (3.28) follows.
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If t0 does not satisfy (3.38), then consider t1 > 0 determined by the equation
tκ1 = αc7�n/r�/c5, where c7 ∈ (0, 1) denotes the solution of

1 +
ac7

ασp(1 − c7)
=

κ

2

(c6

c7

)pr/(2κ)

. (3.39)

We can rewrite the exponent from (3.37) and then use (3.39) to obtain

−t1x
γ + c5

(
σp +

ac7

α(1 − c7)

)
tκ1 = −t1

(
xγ − c5κσp

2

(c6

c7

)pr/(2κ)

t
pr/2
1

)
. (3.40)

Since t0 does not satisfy (3.38), it follows that tκ0 > c6t
κ
1/c7, hence

xγ = c5κσpt
pr/2
0 > c5κσp(c6/c7)pr/(2κ)t

pr/2
1

and −t1x
γ/2 is an upper estimate of (3.40). This implies (3.28).

Next we give an Lp-approximation of symmetric and completely µ-degenerate
functions. This is a key step in our proof of the upper bound.

Lemma 3.41. Let σ > 0, p ≥ 1, r ∈ N, and let ϕ ∈ Lp(µ⊗r, E) be a symmetric
and completely µ-degenerate function. Then there exist k ∈ N, vectors β1, . . . , βk ∈
E and bounded measurable functions f1, . . . , fk: S → R with

∫
S

fi dµ = 0 for all
i ∈ {1, . . . , k} such that ϕσ ≡

∑k
i=1 βif

⊗r
i satisfies ‖ϕ − ϕσ‖Lp(µ⊗r,E) ≤ σ, where

f⊗r
i (s1, . . . , sr) ≡

∏r
j=1 fi(sj) for all s1, . . . , sr ∈ S.

Proof. Going through the proof of [6, Lemma 3.2] shows that there exist n ∈ N,
vectors α1, . . . , αn ∈ E and sets Ai,1, . . . , Ai,r ∈ S for i ∈ {1, . . . , n} such that

ϕσ ≡ 1
r!

∑
τ

n∑
i=1

αi (gi,1 ⊗ · · · ⊗ gi,r) ◦ πτ

satisfies ‖ϕ − ϕσ‖Lp(µ⊗r,E) ≤ σ, where the sum extends over all permutations τ of
{1, . . . , r}, the map πτ is as in (2.14), and gi,j ≡ 1Ai,j

− µ(Ai,j). Note that ϕσ is
symmetric and completely µ-degenerate. By polarization,∑

τ

(gi,1 ⊗ · · · ⊗ gi,r) ◦ πτ =
1
2r

∑
ε1,...,εr∈{−1,1}

ε1 . . . εr

( r∑
i=1

εigi,1

)
⊗ · · · ⊗

( r∑
i=1

εigi,r

)
for every i ∈ {1, . . . , n}, which proves that ϕσ has the desired form. Notice that a
similar argument for L2(µ⊗r, R) is contained in [7, p. 660]; the argument appeared
first implicitly in [12].

Proof of Theorem 2.20(d): Let C denote the τΦ(E)-closure of B ∩MΦ(Sm). Due
to Assumption 2.16, the moderate U-empirical measures {Mm,r

n }n≥m take values in
MΦ(Sm). It suffices to consider only the case Im,r(C) > 0. Choose l ∈ (0, Im,r(C)).
By (a) and (b), the set K(Im,r, l) is contained in MΦ(Sm) and τΦ(E)-compact.

Let us use the notation introduced just before Lemma 3.21. Since C is τΦ(E)-
closed and C ∩K(Im,r, l) = ∅, there exist, for every ν ∈ K(Im,r, l), an Fν ∈ F and
an open neighbourhood Uν ⊂ EFν of ΠFν (ν) such that C ∩ Π−1

Fν
(Uν) = ∅. Since

K(Im,r, l) is τΦ(E)-compact by (b), there exists a finite subset N of K(Im,r, l) such
that

⋃
ν∈N Π−1

Fν
(Uν) covers K(Im,r, l). Define F =

⋃
ν∈N Fν . Note that F ∈ F . For

every ν ∈ N define U ′
ν = Π−1

F,Fν
(Uν). Note that U ′

ν ⊂ EF is open and Π−1
F (U ′

ν) =
Π−1

Fν
(Uν). Define U =

⋃
ν∈N U ′

ν . Then Π−1
F (U) =

⋃
ν∈N Π−1

Fν
(Uν), hence Π−1

F (U)
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covers K(Im,r, l) and is disjoint from C. Define ε = dist(ΠF (K(Im,r, l)), U c). Since
ΠF (K(Im,r, l)) is a compact subset of the open set U , it follows that ε > 0 and that

Aε ≡ {x ∈ EF | dist(x,ΠF (K(Im,r, l))) < ε }

is an open set contained in U . Thus we can therefore find F ∈ F and an open
(possibly non-convex) ε-neighbourhood Aε ⊂ EF of ΠF (K(Im,r, l)) such that

{Mm,r
n ∈ B} ⊂ {Mm,r

n ∈ C} ⊂ {ΠF (Mm,r
n ) ∈ EF \ Aε} (3.42)

for all n ≥ m. Using (2.2), it follows that

P( ΠF (Mm,r
n ) ∈ EF \ Aε ) ≤

m∑
a=r+1

P
(( n

bn

)r∥∥ΠFa(La
n)

∥∥
EF ≥ ε

4m

)
+ P

(( n

bn

)r

ΠFr
(Lr

n) ∈ EF \ A3ε/4

)
,

(3.43)

where Fa ≡ {ϕ̃a}ϕ∈F for a ∈ {r, r + 1, . . . , m} with the notation from (2.6).
In view of (1.1), we may and will assume in the following (without loss of gen-

erality) that F , and therefore Fr up to Fm, consist of symmetric functions: If we
replace a ϕ by its symmetrized version, then (2.3) and (2.6) lead to the symmetrized
version of ϕ̃a, Assumption 2.16 holds for the symmetrized version of ϕ, and, due to
Jensen’s inequality, (2.12) also holds for the symmetrized version.

In order to see that the terms with a ≥ r + 1 in (3.43) do not contribute to the
moderate deviations upper bound (2.22), it suffices to prove that

lim sup
n→∞

n

b2
n

log P
(( n

bn

)r∥∥Ua
n(ϕ̃a)

∥∥
E
≥ η

)
= −∞ (3.44)

for every a ∈ {r + 1, . . . , m}, η > 0 and ϕ̃a ∈ Fa. Consider a ∈ {r, . . . , m}. Define

a = a(1 − 1/pa) with pa ∈ (1, 2] according to Condition 2.11. Then

P
(( n

bn

)r∥∥Ua
n(ϕ̃a)

∥∥
E
≥ η

)
= P

(∥∥n�aUa
n(ϕ̃a)

∥∥
E
≥ ηxa,n

)
(3.45)

with xa,n ≡ br
n/nr−�a for all n ≥ a. Using 
a ≤ a/2 and (1.9), it follows that

x
2/a
a,n

n
=

( br
n

nr−�a+a/2

)2/a

→ 0 as n → ∞. (3.46)

By Condition 2.11(a), for every a ∈ {r + 1, . . . , m},

n

b2
n

x2/a
a,n =

(n3/2−1/pa−r/a

b
1−r/a
n

)2

→ ∞ as n → ∞. (3.47)

Hence, for every a ∈ {r + 1, . . . , m}, (3.44) follows from (3.45) and an application
of the Bernstein-type inequality (3.28).

To treat the last term in (3.43), let us first consider the easier case r = 1.
Note that (n/bn)ΠF1(L

1
n) = ΠF1(M

1,1
n ) is the sum of n independent and identically

distributed EF -valued random vectors of mean zero. Condition 2.11(c) and Hölder’s
inequality imply that

∫
S

exp(α‖(ϕ̃1)ϕ∈F ‖EF ) dµ < ∞ for every α > 0. Condition
2.11(d) implies that the sequence of the distributions of n−1/2

∑n
i=1(ϕ̃1(Xi))ϕ∈F



24 P. EICHELSBACHER AND U. SCHMOCK

converges weakly to a Gaussian measure on EF as n → ∞. Therefore, it follows
from [1, Theorem 2.3(i)] and Lemma 3.21 that

lim sup
n→∞

n

b2
n

log P
(
ΠF1(M

1,1
n ) ∈ EF \ A3ε/4

)
≤ −IF

(
EF \ A3ε/4

)
= −Im,1

(
Π−1

F (EF \ A3ε/4)
)
≤ −Im,1

(
MΦ(Sm) \ K(Im,1, l)

)
≤ −l. (3.48)

Together with (3.42), (3.43) and (3.44), this estimate implies (2.22) for r = 1.
To treat the last term in (3.43) in the case r ∈ {2, 3, . . . , m}, choose σ > 0 so

that ε/(4|F |σ) > (max{c4, 2}l)r/2 with c4 as in (3.28). For every ϕ̃r corresponding
to a ϕ ∈ F we can find a function ϕ̃r,σ as described in Lemma 3.41 such that
‖ϕ̃r − ϕ̃r,σ‖L2(µ⊗r,E) ≤ σ. Define Fr,σ = {ϕ̃r,σ}ϕ∈F . Then

P
(( n

bn

)r

ΠFr(L
r
n) ∈ EF \ A3ε/4

)
≤

∑
ϕ∈F

P
(( n

bn

)r∥∥Ur
n(ϕ̃r − ϕ̃r,σ)

∥∥
E
≥ ε

4|F |
)

+ P
(( n

bn

)r

ΠFr,σ
(Lr

n) ∈ EF \ Aε/2

)
.

(3.49)

In order to show that, for every ϕ ∈ F ,

lim sup
n→∞

n

b2
n

log P
(( n

bn

)r∥∥Ur
n(ϕ̃r − ϕ̃r,σ)

∥∥
E
≥ ε

4|F |
)
≤ −l, (3.50)

apply (3.45) with a = r, pr = 2, 
r = r/2, η = ε/(4|F |), and ϕ̃a replaced by
ϕ̃r − ϕ̃r,σ. Then use the Bernstein-type inequality (3.28), note that (3.46) holds,
and that the expression in (3.47) is always 1. Hence, the upper bound in (3.50) is
determined by the choice of σ, which measures the quality of the approximation.

To treat the last term in (3.49), we want to prove that

lim sup
n→∞

n

b2
n

log P
(( n

bn

)r∥∥ΠFr,σ(L
r
n − L⊗r

n )
∥∥

EF ≥ ε

4

)
= −∞. (3.51)

Due to the form of the functions in Fr,σ, as described in Lemma 3.41, it suffices to
show

lim sup
n→∞

n

b2
n

log P
(( n

bn

)r ∣∣Ur
n(f⊗r) − (U1

n(f))r
∣∣ ≥ η

)
= −∞ (3.52)

for every η > 0 and every bounded measurable function f : S → R satisfying∫
S

f dµ = 0. We start be recalling Newton’s formula (see, e. g., [13, p. 179]): Given
n ∈ N and variables x1, . . . , xn, define the elementary symmetric polynomial ek =∑

1≤i1<···<ik≤n xi1 . . . xik
and the power sum pk =

∑n
i=1 xk

i for every k ∈ {1, . . . , n}.
Newton’s formula asserts that

kek = (−1)k−1pk +
k−1∑
j=1

(−1)j−1ek−jpj for k ∈ {1, . . . , n}.

Using this formula recursively for k ∈ {r, . . . , 2, 1}, it follows that there exists a poly-
nomial Rr of degree r with r indeterminates such that r!er − pr

1 = Rr(p1, . . . , pr);
furthermore, every monomial of Rr(p1, . . . , pr) is of the form apk1

1 . . . pkr
r with a ∈ Z

and k1, . . . , kr ∈ N0 satisfying
∑r

j=1 jkj = r and k1 ≤ r − 1, hence actually
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k1 ≤ r − 2. Setting xi = f(Xi) for i ∈ {1, . . . , n}, we see that r!er = n(r)U
r
n(f⊗r)

and pk = nU1
n(fk) for k ∈ {1, . . . , r}, hence( n

bn

)r (
Ur

n(f⊗r) − (U1
n(f))r

)
=

( n

bn

)r(
1 − n(r)

nr

)
Ur

n(f⊗r)

+ Rr

( n

bn
U1

n(f),
n

b2
n

U1
n(f2), . . . ,

n

br
n

U1
n(fr)

)
.

(3.53)

Since f⊗r is bounded and completely µ-degenerate and 1−n(r)/nr → 0 as n → ∞,
it follows in a similar way as (3.50) from the Bernstein-type inequality (3.28) that
we can neglect the first term on the right-hand side of (3.53). Every monomial of
the last term of (3.53) contains at least one factor of the form nb−k

n U1
n(fk) with

k ∈ {2, 3, . . . , r}. Since f is bounded, limn→∞ bn = ∞ and limn→∞ n/b2
n = 0 by

(1.9), it follows that there exists a constant C > 0 such that, for all n ≥ r,

∣∣∣Rr

( n

bn
U1

n(f), . . . ,
n

br
n

U1
n(fr)

)∣∣∣ ≤ C
r−1∑
j=0

n

b2
n

( n

bn

∣∣U1
n(f)

∣∣)j

. (3.54)

By applying the Bernstein-type inequality (3.28) to every term on the right-hand
of (3.54), we see that we can neglect the last term in (3.53). This proves (3.52).

Combining (3.43), (3.44), (3.49), (3.50), and (3.51), it remains to show that

lim sup
n→∞

n

b2
n

log P
(( n

bn

)r

ΠFr,σ(L
⊗r
n ) ∈ EF \ Aε/4

)
≤ −l. (3.55)

For this purpose we assume without loss of generality that there exists a joint
k ∈ N such that every ϕ̃r,σ with ϕ ∈ F used in (3.49) and described in Lemma
3.41 is of the form ϕ̃r,σ =

∑k
i=1 βϕ,if

⊗r
ϕ,i where βϕ,i ∈ E and fϕ,i: S → R is

bounded and µ-degenerate for all i ∈ {1, . . . , k} and ϕ ∈ F . Define the map
ψ: S → (Rk)F by ψ(s) = (fϕ,1(s), . . . , fϕ,k(s))ϕ∈F and the map T : (Rk)F → EF

by T ((xϕ,1, . . . , xϕ,k)ϕ∈F ) =
(∑k

i=1 βϕ,ix
r
ϕ,i

)
ϕ∈F . Then, for every n ∈ N,{( n

bn

)r

ΠFr,σ(L
⊗r
n ) ∈ EF \ Aε/4

}
=

{∫
S

ψ dM1,1
n ∈ T−1

(
EF \ Aε/4

)}
. (3.56)

Since T is continuous, T−1(EF \ Aε/4) is closed in (Rk)F and the moderate devia-
tions upper bound in the τ -topology on M(S) from [3, Theorem 3.1] implies that

lim sup
n→∞

n

b2
n

log P
(∫

S

ψ dM1,1
n ∈ T−1

(
EF \ Aε/4

))
≤ − inf

{
I1(ν̃)

∣∣∣ ν̃ ∈ M(S),
∫

S

ψ dν̃ ∈ T−1
(
EF \ Aε/4

)}
(3.57)

with I1 as in (3.1). Note that T (
∫

S
ψ dν̃) = ΠFr,σ(ν̃

⊗r) for all ν̃ ∈ M(S). Hence,
to derive (3.55) from (3.56) and (3.57), if suffices to show that ΠFr,σ

(ν̃⊗r) ∈ Aε/4

for all ν̃ ∈ K(I1, l).
Consider any ν̃ ∈ K(I1, l). Define ν ∈ M(Sm) by (2.18). According to (2.17)

and (3.1), Im,r(ν) = I1(ν̃), hence ν ∈ K(Im,r, l) ⊂ MΦ(Sm). For ϕ ∈ Φ, using
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(2.18) and the notation introduced before (2.14),∫
Sm

ϕ dν =
∑

A,B⊂{1,...,m}
|A|=r

∫
Sm

ϕ̃B((sτA(i))i∈B) (ν̃⊗r ⊗ µ⊗m−r)(ds1, . . . , dsm).

(3.58)
Note that {τA(i)}i∈A = {1, . . . , r}. If there is an i ∈ A \ B, then the integral in
(3.58) vanishes because ν̃(S) = 0. If there is an i ∈ B\A, then the integral vanishes
because ϕ̃B is completely µ-degenerate. Therefore,

∫
Sm ϕ dν =

∫
Sm ϕ̃r dν̃⊗r by

(2.6), hence ΠF (ν) = ΠFr(ν̃
⊗r). Using (3.1), we see that Ir(ν̃⊗r) = 2r−1(I1(ν̃))r ≤

2r−1lr. Using the Cauchy–Schwarz inequality,∥∥∥∫
Sr

(ϕ̃r−ϕ̃r,σ) dν̃⊗r
∥∥∥

E
≤

∫
Sr

‖ϕ̃r−ϕ̃r,σ‖E

∣∣∣dν̃⊗r

dµ⊗r

∣∣∣ dµ⊗r ≤ σ
√

2Ir(ν̃⊗r) ≤ σ(2l)r/2,

hence ‖ΠF (ν)−ΠFr,σ
(ν̃⊗r)‖EF ≤ σ|F |(2l)r/2 < ε/4. This shows ΠFr,σ

(ν̃⊗r) ∈ Aε/4,
which finishes the proof of the moderate deviations upper bound (2.22).
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