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RANK-DEPENDENT MODERATE DEVIATIONS
OF U-EMPIRICAL MEASURES
IN STRONG TOPOLOGIES*

PETER EICHELSBACHER AND UWE SCHMOCK

ABSTRACT. We prove a rank-dependent moderate deviation principle for U-
empirical measures, where the underlying i.i.d. random variables take values
in a measurable (not necessarily Polish) space (S,S). The result can be for-
mulated on a suitable subset of all signed measures on (S™,S®™). We endow
this space with a topology, which is stronger than the usual T-topology. A
moderate deviation principle for Banach-space valued U-statistics is obtained
as a particular application. The advantage of our result is that we obtain
in the degenerate case moderate deviations in non-Gaussian situations with
non-convex rate functions.

1. INTRODUCTION

Let (S, S, 1) be a probability space, let (2, A4,P) = (SN, S®N u®N) be the product
space, and let {X;};en be the coordinate projections from €2 to S, forming an i.i. d.
sequence with £(X;) = u. The U-empirical measure of order m € N is defined by

1
LZL - Z 5(Xi1,~~-,Xim) (1'1)

M) iy €T (mom)

for all integers n > m, where n(,,) = 21:—01 (n — k), the set I(m,n) C {1,...,n}™
consists of all m-tuples with pairwise different components, and d, denotes the
probability measure concentrated at z. Let (F,||-||g) denote a real separable Ba-
nach space with Borel g-algebra £. Given a measurable function ¢: S™ — FE, the
U-statistics of order m with kernel function ¢ are defined, for every n > m, as

U™ () E/mgodan: LY XX ()

n(m) (7/1 77Z7n)61(m,’n)

It is known that for every ¢ € L1 (u®™, E)

lim U (¢) = / o du®m P-a.s., (1.3)
n—oo m

which is the strong law of large numbers for U-statistics, see for example [11, The-
orem 3.1.1]. Note that it suffices to consider symmetric ¢ for the proof.
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Let M(S™) denote the set of signed measures with finite total variation on the
product space (S™,S8®™). Given ¢ > 0, a number [ € N, and bounded measurable
functions @1, ...,¢;: S™ — E, consider

OE{VEM(Sm) ’ H/mgoidyHE<5f0ralli:1,...,l}. (1.4)

The subset O of M(S™) is an open neighbourhood of the zero measure in the 7(E)-
topology, which is defined as the coarsest topology on M(S™) such that the map
M(S™) s v |, gm @ dv € E is continuous for every bounded measurable function
¢: 8™ — E. By (1.2) and the strong law of large numbers given in (1.3),

P(LY —p" ¢ 0) < EZJP(HU?W - [ e ) X0, (1)
=1

The estimation of the order of magnitude of small probabilities like the ones in (1.5)
falls under the theory of large deviations. A large deviations principle with respect
to strong topologies for {L!"},>,, as random elements of the space M;(S™) of
probability measures on (S™,S®™) is obtained in [17].

As is well known, the weak limits of appropriately scaled U-statistics depend on
the rank of the kernel function. Let us briefly recall these results and also introduce
some notation for later use. By the Hoeffding decomposition (see for example [11,
(1.1.9)]), we know that for every symmetric kernel ¢ € Li(u®™, E) the U-statistics
can be decomposed into a sum of p-canonical U-statistics of different orders:

Up' (o) — /m pdu®m = i <TZ) UN(meme)  P-as; (1.6)

k=1
here 7y, : L1 (u®™, E) — Li(p®% E) is defined by

Tlem@(81,. .., 8K) = /m god(((Ssl —p) - ® (ds, — ) ® ,u®m_k) (1.7)

for p®*-almost all (sy,...,s,) € S¥. The Tk,m are called the Hoeffding projections
of p. A ¢ € L1(u®™ F) is called p-canonical (or completely u-degenerate) if
p®m=1almost surely fs ©(S1, .-y 8m) u(ds;) = 0 for every ¢ € {1,...,m}. Note
that for ¢ € Li(u®™, E) the kernel 7y ¢ is p-canonical in k variables for every
ke {1,...,m}; and 7 mp is symmetric if ¢ is symmetric. By definition we say
that a symmetric ¢ € Ly(u®™, E) is of rank 7 € {1,...,m} (or u-degenerate of
order r — 1) if mp ;e = 0 for all k € {1,...,r — 1} and 7, # 0. In particular,
the Hoeffding decomposition (1.6) then starts with the term k = r. If 1, # 0,
then ¢ is called non-degenerate. One advantage of the decomposition (1.6) is the
fact that the terms U¥ (74 m¢) with k € {1,...,m} are uncorrelated with variances
of decreasing order in n. It is a generalisation of a projection technique used in
many parts of nonparametric statistics. Often a statistic of interest is regarded
as an element of a vector space and projected orthogonally onto some subspaces.
In the analysis of variance, means are projected onto subspaces to obtain main
effects. In the theory of rank statistics, the projection is onto the subspace of
linear rank statistics, cf. [27]. If Lék) denotes the Hilbert space of all U-statistics of
order k with square integrable kernel functions, then the Hoeffding decomposition

is the representation of U™ (¢) — [gm @ du®™ (a member of Lgm)) as the sum of its
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component projections onto the spaces L(k) ﬂ(L(k 1))L fork=1,...,m, where Lgo)
denotes the constants. Note that (1.6) is true only for symmetrlc kernel functions
@ unless a symmetrization is built into the definition of the Hoeffding projection
(1.7), see (2.4) and (2.6).

The central limit theorem with y/n-scaling for real-valued, not necessarily degen-
erate U-statistics has a simple proof and was obtained by Hoeffding [22]; the central
limit theorem for degenerate U-statistics was obtained much later. The limit laws
in the degenerate case are the laws of Gaussian chaos variables: if ¢ € L1 (u®™ R)
is y-canonical, then the sequence {n™/2U™(¢)}n>m converges in distribution if and
only if [, ¢*du®™ < oo, see [30], [21], and also [20, Section 4.2], in particular the
historical remarks in [20, Section 4.4].

Although it is not necessary for our results, let us construct a Gaussian chaos
variable K, (¢) with the limiting distribution to give an impression how much it
differs from a generic Gaussian random variable. This will also indicate that the
corresponding MDP is more involved. Furthermore, the representation (1.8) moti-
vates the approximation formulated in Lemma 3.41, which is an essential tool in the
proof of our main theorem. To construct the Gaussian chaos variable K, (), we
may assume ¢ to be symmetric. Let L§(u®™ R) denote the Hilbert space of sym-
metric, p®™-square integrable, p-canonical functions from S™ to R and let {¢;}ics
be an orthonormal basis for L§(u, R), where J is an at most countable index set.
One can show that the set

m ~1/2
{(Tj3 ] € ,]> Z ¢i1<81) ¢zm Sm

(i15eyim)ET™
j(il,...,im):rj

er m, 1 GNO}

jeJ

is an orthonormal basis for L§(u®™,R), where, for all j € J and (i1,...,%m,) € J™,
Gty yim) = Dopeq 0;(ix) denotes the number of occurrences of j among the
coordinates of the multi-index (i1,...,4p), and where (. me ;) is the multinomial
coefficient m!/[[,c;r;!. Let G, be an isonormal Gaussian process on L§(u,R),
that is, a centered Gaussian process with parameter space L$(u,R) such that
E[Gu( HG.(9)] = [4 fgdu (such processes exist by Kolmogorov’s consistency the-
orem). Since our kernel ¢ is in L§(u®™, R), we obtain the Ly-expansion

P(s1,-nsm) = > Gy, $i(81) - Bi(Sm) (1.8)

(il,...,im)éjm

with the coefficients a;,,...i,, = [qm (51, 5m) [Theq Gin(sk) @™ (ds1, ..., dsp,),
which are symmetric in their entries. For £ € Ny let Hy denote the Hermite
polynomial of degree k with leading coefficient 1. The Gaussian chaos random
variable corresponding to ¢ is defined in an Lo-sense by

Kup) = ), im L] Hiin,in) (Gu(@));
(il,...,im)ejm jeJ

note that the product is actually a finite one.
Now assume that a sequence {b,, }nen C (0, 00) satisfies

im % =0 and  lim — =0. (1.9)

n—oo M n—oo b2
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If the functions ¢1,...,¢; defining O in (1.4) are symmetric, real-valued, p®m-
square integrable and of rank r € {1,...,m}, then the above Hoeffding decompo-
sition (1.6) and the central limit theorem for completely p-degenerate U-statistics
imply for the blown-up difference of L™ and pu®™ that

P((5) @ —nm ¢ 0)

P m r—k/2
= ZZP((Z)RT\RWUS(M,WZ-)\ > %) "0, (1.10)

n

because n"~*/2/br < (n/b2)"/? — 0 by the second condition in (1.9). The order
of magnitude of the probability on the left-hand side of (1.10) is larger than the
one in (1.5). The estimation of such probabilities is usually called a moderate
deviation problem. Since the central limit theorem is rank dependent, we expect a
related phenomenon for the large deviations of moderate U-empirical measures on
the scale {b2 /n}nen with {b, }nen as in (1.9). If ¢ is p-canonical on S™, we expect
a moderate deviation behaviour for (n/b,)" UM (p) as n — 0.

This is the problem addressed in the present paper. The aim is to obtain mod-
erate deviations in non-Gaussian situations with non-convex rate functions. The
results in the literature we are familiar with deal with situations where a Gaussian
behaviour is given.

We want to analyse moderate deviations for U-empirical measures. This leads
to the introduction of rank-dependent moderate U-empirical measures in (2.1) and
(2.15), which, to the best of our knowledge, are new. We prove a rank-dependent
moderate deviation principle (MDP) with respect to a strong topology on a re-
stricted space M®(S™) of signed measures, which is determined by a rich class of
functions: Instead of bounded real-valued functions as for the usual 7-topology, we
consider more general collections ® of measurable and possibly unbounded functions
taking values in a real separable Banach space F and satisfying appropriate moment
conditions. This result enables us to derive rank-dependent moderate deviations
for Banach-space valued U-statistics, see Subsection 2.2. As further applications
in [16], a rank-dependent MDP for U-processes indexed by a uniformly bounded
Vapnik—Cervonenkis subgraph class of functions is obtained, and in [18] moderate
deviations are derived around non-degenerate attractors of the empirical measure
under mean-field Gibbs measures.

Moderate deviations for empirical measures of Markov chains and other depen-
dent random sequences have been previously studied in [4] and [31], for example.

In Section 2 we formulate the results and applications. In Section 3 we give
the proof of the main theorem. We adapt Cramér’s exponential change of measure
method to the moderate scale and apply the Dawson—-Gartner projective limit ap-
proach; both methods are by now classical in large deviations theory, see e.g. [14,
Sections 2.2 and 4.6]. Moreover, we apply techniques like randomization, decou-
pling inequalities, integrability of Rademacher chaos and exponential inequalities of
Bernstein-type from the theory of U-statistics. For a detailed presentation of these
methods as well as historical remarks, see e. g. [20]; specific references are given in
the course of our proofs. For our specific purposes, namely kernel functions with
values in a Banach space E of type p, we adapt the usual exponential integrability
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of a Banach space valued Rademacher chaos, and extend the Bernstein-type in-
equality for bounded real-valued canonical U-statistics from [8] to U-statistics with
E-valued kernels of unbounded norm satisfying an exponential moment condition.

2. STATEMENT OF RESULTS AND APPLICATIONS

2.1. Rank-dependent moderate deviation principles. As before, let (5,S)
be a measurable space and let {X;};en be the coordinate projections defined on
the product space (€2, A,P) and m € N. Let (E, ||-||g) be a separable real Banach
space with Borel o-algebra £. We always exclude the case E = {0}. Let ® be a
collection of S®™-E-measurable and Bochner u®™-integrable functions ¢: S™ — E
containing the set B(S™, E) of all bounded measurable ones. We define the ®-
restricted set of signed measures by

ME(S™) = {V e M(S™) ’ /Sm lloll e dlv| < oo for every ¢ € ® },

where |v| denotes the total variation measure corresponding to v. Let 7®(E) be the
coarsest topology on M®(S™) such that M®(S™) 5 v — [, ¢dv is continuous
for every p € ®. If ® = B(S™, E), then we write 7(F) instead of 7®(E). The
o-algebra on M(S™) is defined to be the smallest one containing M®(S™) such
that all the maps M(S™) 3 v — [, pdv with ¢ € B(S™, E) are measurable.

We define the moderate U-empirical measure M™1: Q@ — M(S™) of rank 1 by

My = (LY — ) (2.1)
n
for every m > m. Since ® C Ly (u®™, E) by assumption, the measure-valued maps
{M™1}, >, actually take values in M®(S™) and are therefore measurable. Notice
that M™ is (on the first view) the straightforward generalization of n(L. — ) /by,
which is usually considered in the literature on moderate deviations.

The large deviations of { M1}, .y on the scale {02 /n},en have been studied by
Borovkov and Mogulskii [10, Section 3| in the 7(R)-topology on the space M(S),
when S is a Hausdorff topological space with Borel o-algebra §. They consid-
ered special subsets of M(S) for the lower and the upper bound. De Acosta [3,
Section 3| generalized this result to a full large deviation principle on the scale
{b? /n}nen when (S,8) is a general measurable space. We prove large deviations
on the scale {b2 /n},en of the moderate U-empirical measures { M 1},,>,, in the
stronger 7®(E)-topologies, generated by a collection ® of functions ¢: S™ — E sat-
isfying appropriate moments conditions. Our main extension is the passage from
m = 1 to an arbitrary order m € N, because for m > 2 a moderate U-empirical
measures L' can not be rewritten as a sum of i.i.d. terms.

We now start to introduce our afore-mentioned rank-dependent moderate U-
empirical measures. Our goal is to introduce an empirical measure to mimic the
Hoeffding decomposition on the level of measures. For rank r € {1,...,m}, we
want to find M™": Q — M(S™) such that for every p € L (u®™, E),

/ godM;;w:<b£> Z/ GudLe  P-a.s., (2.2)

where @,., ..., P, are suitably defined (mimicking the Hoeffding projections). This
means that M"" extracts from ¢ the components of higher rank. Unfortunately,
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we have to introduce a considerable amount of notation before we can state our
corresponding results.

For the moderate deviations upper bound in Theorem 2.20(d) below, we have
to formulate moment conditions for the unbounded ¢ € ®. This in turn requires
a decomposition, which for symmetric ¢ is closely related to the Hoeffding decom-
position (1.6) for the corresponding U-statistic. Although it might seem tempting,
we do not want to consider collections ® consisting only of symmetric functions,
because for S # {@,S} and m > 2, we would not be able to separate the zero
measure from the measure §2™ ' ®4, — 6, 62" ! withz € Ae Sandye S\ A
for example; hence the topology 7®(E) would loose the Hausdorff property. Due
to this technical problem we need to consider not necessarily symmetric functions.
In addition, building products of measures is not a symmetric operation. Hence we
have to take into our consideration all combinations of products in every subspace
of the projection method mimicking the Hoeffding decomposition.

Given ¢ € L1(u®™, E) and a nonempty subset A of {1,...,m}, define p4 €
L1 (p®A E) by p-integrating o(si,...,s,) with respect to every s; with i €
{1,...,m} \ A. By convention, ¢z = [g.pdu®" € E. Furthermore, define
$a € Li(p®, E) by

@a((si)ica) = Z (—D)M\Blog ((si)ier), (2.3)
BCA

for every nonempty A C {1,...,m}, and let 5 = ¢». Note that

ealtsdien = [ a(@Ua) G~ 4 L) ) ()

=1

According to the inclusion—exclusion principle or the Mdébius inversion formula,

Pls1,esm) = > @al(si)ica)

ACA{1,....m}
for p®™-almost all (s1,...,s,) € S™. Hence, for every n > m,

/ ©dL™ = (g +Z/ Go dL® (2.5)

m a1 a

P-almost surely, where, for every a € {0,1,...,m},
Pa= > Pa (2.6)

ACA{1,...,m}
|A|=a

Due to (2.4), every ¢4 with nonempty A C {1,...,m} is completely p-degenerate
in the sense that p®41=1-almost surely [, @a((s:)ica) p(ds;) = 0 for every j € A.
Note that (2.5) extends to the Hoeffding decomposition (1.6) to not necessarily sym-
metric functions. Similarly, (2.4) and (2.6) extend the Hoeffding projection (1.7).
Note that for i.i.d. random variables taking values in a Banach space F, the
central limit theorem does not hold in general unless the space E satisfies certain
geometric properties, cf. [5, Chap. 3, Sec. 7, Ex. 5] and [26]. It turns out that if the
space is of type 2 (meaning that it satisfies the one-sided parallelogram inequality
(2.7) with p = 2), then the central limit theorem behaves as in the Hilbert space
setting, where i.i.d. random variables {Y,, }en satisfy a central limit theorem if
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E[||Y1]|%4] < oo. A Banach space (E, || - ||g) is said to be of type p € [1,2] if there is

a type constant Cg j, > 0 such that for all finite sequences z1,...,z, in E
n P n
Seim| <Cppd il (2.7)
i=1 E i=1
where €1, ..., ¢, are independent Rademacher variables.

We can now state the moment conditions on ¢ € ® in terms of the corresponding
completely p-degenerate functions ¢1,..., @, given via (2.3) and (2.6). For a
Banach space of type 2, these take a simple form.

Condition 2.8. Let E be a separable real Banach space of type 2. We say that ®
satisfies this condition for rank r € {1,...,m}, if ® C La(u®™, E) and if for every
a € {r,...,m} with a > 2 and for every ¢ € ® there exists at least one aq,, > 0

such that
/ exp (aaW
Sa

and if in the case r =1 the strong Cramér condition holds for 1, 1. e.,

|Pallfs) dpu®* < oo, (2.9)

/ exp(a||P1lg) du < oo for every a > 0. (2.10)
S

Next we strive to balance the moment conditions with the type p of the Banach
space E and the growth rate of {b,},en satisfying (1.9). The general version of
Condition 2.8 reads as follows.

Condition 2.11. We say that ® satisfies this condition for rank r € {1,...,m},
if the separable real Banach space E is of type p € [1,2], if ® C Lao(u®™, E), if for
every a € {r,...,m} with a > 2 there exists p, € (1,p] such that

(a) po =2 if a=r, and lim,,_, o n3/2_1/p“_””/a/b711_r/a =o0if a>r+1,
(b) for every ¢ € ® there exists at least one oy, > 0 such that

/ exp(aaWHgBaH%“) du®* < oo, (2.12)

and if in the case r = 1 the following two requirements are satisfied for every ¢ € ®:

(c) @1 satisfies the strong Cramér condition (2.10),
(d) {L(n~Y230 | 31(X3)) bnen converges weakly to a Gaussian measure on E.

Remark 2.13. Let is discuss Condition 2.11 in detail.

(a) The conditions (a) and (b) ensure that the terms with a > r+1 in (2.5) have no
influence on the scale of the moderate deviations of rank r. The limit relation
of condition (a) is used in the paragraph ending with (3.47). The exponential
moment (2.12) is needed for the application of the Bernstein-type inequality
given in Theorem 3.26.

(b) Conditions (c¢) and (d) are needed to use moderate deviation upper bounds
for sums of i.i.d. Banach-space valued random variables from the literature.

(c) For r > 2, the Banach space E must be of type 2; see condition (a). Otherwise
our Bernstein-type inequality in Theorem 3.26 does not seem strong enough
to classify the approximation error in (3.50) as negligible on the scale of
moderate deviations of rank r, even for bounded ¢.
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(d) If & = B(S™, E), then all corresponding completely p-degenerate functions
are bounded and Conditions 2.11(b) and (c) certainly hold.

(e) If the Banach space E is of type 2, then condition (d) holds, see [5, Theorem
7.5]. In the case p, = 2, the limit in condition (a) reduces to the first condition
in (1.9). Therefore, Condition 2.11 simplifies to Condition 2.8.

(f) For a > r+1, choosing p, < 2 allows us to balance a weaker moment condition
(2.12) with a slower growth of the sequence {b,},cn. However, due to the
second condition in (1.9), a necessary requirement for the limit relation in
condition (a) is pg > 2a/(2a — r).

(g) Note that for the case of rank r = 1 we do not need E to be of type 2.
Furthermore, if » = m, condition (a) puts no additional restriction on the

sequence {b, }nen.

Let us define the moderate U-empirical measures of general rank r € {1,...,m}.
Our aim is to generalise (2.1) and to obtain the characterisation (2.2) above. For
completeness, we give an explicit construction.

Given a € {1,... ,m} and A = {iy,...,i,} with 1 <4y <ig < -+ <5 <m, let
1 <igy1 <-++ < iy < m denote the indices in {1,...,m} \ A. Define the permuta-
tion 74 of {1,...,m} such that 74(i;) = j for every j € {1,...,m}. For every map

7 {1,...,m} — {1,...,m} we define m.: S™ — S™ by m:(s) = (5:(1),---,57(m))
for every s = (s1,...,8m) € S™. Using 74, define the mapping y4 y,: M(S*) —
M(S™) by Yam(v) = (v @ p®m )7 ! for all v € M(S®). The marginal measure
of y4 m(v), corresponding to the ordered indices in A, is then given by v, all other
one-component marginals equal p. Related to (2.3), define 4 ,: M(S%) — M(S™)
by

’?A,m(y) = (_1)|A|,u®m + Z (_1>|A\B|7B,m(VA,B>7 (214)

BCA,B#@
where v4 p denotes the marginal v, j, of v € M;(S%), when B = {i;,,...,%;,}
with 1 < j; < -+ < jp < a. For n > m define the moderate U-empirical measure

M™" of rank r € {1,...,m} by

m,r __ ET m __,,m ~ |A|
M= (1) (s -wem= ¥ aan@). @
AcC{1,....,m}
1<|A|<r—1
If r = 1, then (2.15) reduces to (2.1). Using (2.3)—(2.6), it follows from these
definitions that (2.2) holds for every ¢ € Li(u®™, F), which means that M™"
extracts from ¢ the components of higher rank.
To avoid measurability problems, we always make the following additional as-
sumption when considering moderate U-empirical measures of rank r > 2:

Assumption 2.16. For every unbounded ¢ € ®, every nonvoid A & {1,...,m}
and every (z;)ica € S? the function ST1-mH\A 5 (Ti)ief1,...mha = @(T1,. .., Tm)
is Bochner p®™~ 4l _integrable.

By Fubini’s theorem for Bochner integrals, this property of ® can always be
achieved by redefining every unbounded ¢ € ® on a S®™-measurable set of u®™-
measure zero if necessary. Under the above assumption, the moderate U-empirical
measures {M™"},>,, of rank r € {2,...,m} also take values in M®(S™).
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We define the rate function I, ,: M(S™) — [0, oo] for the moderate deviations

of rank r € {1,...,m} by
1 dv 2
L) =5 | (5-) d 2.17
=5 [ () (27)
if there exists a 7 € M(S) satisfying 7(S) = 0 and 7 < p such that

v=" Y qam@) = > Q) (a7 +1ac(i)p); (218
AC{1,...m} AC{1,...m} i€{l,...m}
|A|=r |A|=r

and we define I,,, ,.(v) = oo otherwise. If v € M(S™) and v € M(S) with 7(S) =0
satisfy (2.18), then I, ,(v) = I,1(7), hence I, , is a generalization of the well-
known moderate deviations rate function Iy 1, cf. [3, Section 3|. Furthermore, I, ,
can be finite only for symmetric measures v € M(S™) in the sense that (2.18)
implies v = vt for every permutation 7 of {1,...,m} with 7, defined just before
(2.14). In the case r = 1, equation (2.18) reduces to v = > 1" u® 1 @ v @ pu®m*
and every one-component marginal of v is equal to . This is the rate function we
would expect in the non-degenerate case r = 1. Indeed, considering M™! given in
(2.1), the first term in its expansion (2.2) is a mean of i.i.d. random variables. In
case the terms with a € {2,...,m} do not contribute to the moderate deviations
behaviour, we expect a rate function similar to the rate function of the sequence
{n(L} — 1) /by }nen, which is the Fisher information I; 1, see [3]. The difference is
that in the case m > 2, the rate function must be defined on M(S™). In the case
r €{2,...,m} we expect the rate function to be finite only for symmetric measures
v € M(S™) with r entries given by v and the other ones given by the reference
measure .

In the general case, (7(B))" = v(B"xS™~") for every B € S, hence 7 is uniquely
determined for odd r and up to a sign for even r. Therefore, I,, , is well defined.
Using the convexity of R 3 x + 22, it follows that I,, 1 is convex. For r > 2, the
rate function I, , is, in general, not convex, see Remark 2.26.

Let us give some heuristics for the rank-dependent moderate deviations principle
formulated in Theorem 2.20 below, and for the condition (2.18) in the definition
of the rate function (2.17) in particular. Basically, the U-empirical measure L] is
close to the m-fold product measure (L%)®™ although the use of this observation
in our topology for (3.51) requires strong additional assumptions. As the proof of
the lower bound given in Theorem 2.20(c) shows (see the definition of F,, and P, for
(3.7)), the main contribution for the moderate deviations arises when L. is close
to pu + (b, /n)P, hence when L]" is close to the m-fold product measure

(u+%ﬂ>®m:§:<%)r 3 R (@7 +1acli)p),  (219)

r=0 AcCA{1,....m} ie{l,....m}
|Al=r

where the right-hand side of (2.19) is just the expansion of the left-hand side,
ordered according to the powers of b, /n. This motivates the scaling (n/b,)" in
(2.2) to extract the relevant term. It also motivates the condition (2.18) for the
rate function I, , for the ranks r € {1,...,m}, because the right-hand side of
(2.18) appears in the expansion (2.19).
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For every [ € [0,00) let K(Ly,,0) = {v € M(S™) | In,(v) < I} denote
the corresponding level set. For B C M(S™) define the abbreviation I, ,.(B) =
inf,ep I r(v).

Theorem 2.20 (Rank-dependent moderate deviations of U-empirical measures).
The following assertions hold for every r € {1,...,m}:

(a) If ® C La(u®™, E), then K (L, 1) C M®(S™) for every | € [0, 00).

(b) If ® C La(u®™, E), then the level set K (I, 1) is T*(E)-compact and se-
quentially T®(E)-compact for every [ € [0, 00).

(c) Assume that there exists a p € (1,2] such that the Banach space (E, ||| g) is
of type p and lim,, .o n/b? = 0. If ® C L,(u®™, E) in the case m =r, or
if ® C Ly(u®™, E) in the case r < m, then

. ..m o .
hnrglo%f b2 log P(M;"" € B) > — I ,(inte(p)(B)) (2.21)

for every measurable B C M(S™), where int e g)(B) denotes the interior of
the set BN M®(S™) with respect to the 7®(E)-topology.
(d) If Condition 2.11 holds for r, then

) n
limsup —
b2

n— 00 n

log P(M;™" € B) < —Iy (clyo(z(B)) (2.22)

for every measurable B C M(S™), where cl «g)(B) denotes the closure of
the set BN M®(S™) with respect to the T®(E)-topology.

The finer the topology, the larger the 7®(E)-interior of B N M®(S™) in (2.21),
which gives a better lower bound. Similarly, a stronger topology gives a smaller
72(E)-closure of BNM®(S™) in (2.22), which implies a sharper upper bound. This
is an important motivation to choose the topology as strong as possible.

Example 2.27 shows that Theorem 2.20(c) does not hold without an assumption
on the type of the separable Banach space F, even in the case & = B(S™, F) with
m=r=1,5=F, and a set B determined by a bounded continuous function.

Theorem 2.20, specialized to m = 1 and E = R, already extends the MDP of
de Acosta for {M!1},cy to the 7®(R)-topology. Note that the lower bound in
Theorem 2.20(c) does not make use of the condition ® C Lo(u®™, E) if E is of
type p € (1,2) and m = r. But then the lower bound might loose its strength
because measures v € B with I,,, .(v) < oo might not be contained in M®(S™).

The central limit theorem for real-valued U-statistics of different degrees of de-
generacy can be reduced to the completely p-degenerate case, because each com-
ponent in the Hoeffding decomposition (1.6) converges to a Gaussian chaos under
a normalization of a different order; similarly for the law of the iterated logarithm
[20, Theorems 4.2.4 and 4.3.6]. Therefore, one might be tempted to derive Theorem
2.20 from the special cases m = r. However, that would mean to derive the MDP
for the moderate U-empirical measures {M™!'},~,, defined in (2.1) from the MDP
for {M!'}, en. Due to the possible discontinuity of the map M(S) > v — v®™
even in the 7(R)-topology for S = [0, 1] with the Borel o-algebra S (see [14, Exer-
cise 7.3.18] for the case of the relative 7 (R)-topology on M1(S)), such an approach
is apparently not possible, in particular when there is no topological structure on
(S,S) available. Even the general large deviation principle for {L]"},,>, requires
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considerable work and does not follow easily in the way alluded to above from the
large deviation principle for {L, },en, see [17].

For the proof of the lower bound of the above theorem, we adopt the classical
method of change of measure used for large deviations lower bounds in Cramér’s and
Sanov’s theorems. For moderate deviations, this change of measure is n-dependent,
and moment inequalities for Banach-space valued U-statistics from the literature
(established with decoupling and hypercontractive methods) have to be invoked
instead of the usual weak law of large numbers.

In the proof of the upper bound for r = 1, see (3.48), we will use a moderate
deviation result for sums of i.i.d. random vectors with values in a certain Ba-
nach space. Therefore we prove that by Conditions 2.11(c) and (d) we can apply
[1, Theorem 2.3(i)]. For a special kind of Banach spaces and for {b,, },en satisfying
an additional condition, Ledoux [25, Théoréme] obtained a necessary and sufficient
condition (weaker than Condition 2.11(c), (d)) for the upper bound of the MDP.
We could apply this result. To do this we would have to impose the additional
assumptions on F and {b,}nen as in [25, Théoreme|. Then Conditions 2.11(c),
(d) could be replaced by the conditions (i) and (ii) in [25, Théoreme|. We omit
the details. In the finite-dimensional case E = R?, the strong Cramér condition
(2.10) for ¢1 from Condition 2.8 can be relaxed. The weak Cramér condition for
¢y suffices, i.e., [gexp(ayl|@i]|ge)dp < oo for some ay, > 0, because moderate
deviation results are available in this case, cf. [14, Theorem 3.7.1].

In the proof of the general upper bound we apply de Acosta’s projective limit
approach contained in [3]; however, there are some non-trivial problems in transfer-
ring this approach. To make sure that the terms a > r+1 in (2.5) have no influence
on the scale of the moderate deviations of rank r, we will generalize exponential
integrability properties for Rademacher chaos variables using a Khinchin—Kahane
inequality for the Rademacher chaos. Moreover we will prove a Bernstein-type in-
equality for unbounded functions taking values in a Banach space of type p. Both
results depend on decoupling and hypercontractive methods. We apply an L,-
approximation of symmetric and completely p-degenerate functions. To circumvent
the non-convexity of I, ., we introduce a modified rate function I,,, see (3.1).

2.2. Application to U-statistics. We want to derive moderate deviation results
for Banach-space valued U-statistics from Theorem 2.20. Many statistics in com-
mon use are a member of this class and many other statistics may be approximated
by a member of this class. Particularly in the field of non-parametric statistics, the
significance of U-statistics is made plain, see for example the monographs [11] and
[27] as well as the extensive list of references given there. See also the very recent
monograph [20] for properties of U-statistics related to decoupling.

For an S®™-E-measurable map ¢: S™ — E the U-statistics of degree m with
kernel function ¢ are defined by (1.2) for all n > m. Define & = B(S™, E) U
{p}. Since the right-hand side of (2.2) is a composition of M™" with the 7%(E)-
continuous functional M®(S™) 3 v — [, pdv, the contraction principle [14,
Theorem 4.2.1] immediately leads to the following theorem which, to the best of
our knowledge, is new.

Theorem 2.23. If E is a Banach space of type p € (1,2], if lim,,_,o n/bE = 0,
and if Condition 2.11 holds for ® = B(S™,E)U{¢} and r € {1,...,m}, then the
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SeEquence

D" e o) -
{(5) Tuaen)
satisfies a full large deviation principle on the scale {b2 /n}nen with the good rate
function I¥, .- E — [0, 00] given by

1%, (z) = mf{ L () ‘ v e MP(S™), /

Remark 2.24. From Theorem 2.23 we can derive a law of the iterated logarithm
(LIL) for non-degenerate U-statistics, when ¢ satisfies Condition 2.11 and E is a
Banach space of type 2. Let b, = v/2nloglogn forn > 3 and ¢ = ¢ — me o dpu®m.
Then the compact LIL holds for {U(®)}n>m, i.e., the sequence (/n/b,)U (),
n > max{3,m}, is almost surely relatively compact and its limit set coincides
with K = {z € E | I, m(x) < 1/2}. We only point out that the MDP estimates
obtained in Theorem 2.23 give the crucial estimates required by the classical proof of
the LIL (in the case m = 1 cf. [26]). Arcones and Giné proved in [9, Theorem 3.2],
that the LIL holds if [, [|¢]|% du®™ < oo. Notice moreover, that for the non-
degenerate case, the rate I | is the usual moderate rate function for the i.i.d.

n>m

godz/::c}.

m

mean |, s P1 dL} considered for example in [1, Theorem 2.3].
2.3. Concluding remarks and examples.

Remark 2.25. For the sake of completeness, let us mention that the lower and
upper bounds (2.21) and (2.22) in Theorem 2.20 can be extended to arbitrary
subsets of M(S™). For every subset A of SN let P*(A) and P.(A) denote the
outer and the inner P-measure of A, respectively. If P(M]™" € B) is replaced by
P,((M™")~1(B)) in (2.21) and by P*((M™")~!(B)) in (2.22), then these bounds
hold for all B € M(S™). This can be seen by transferring the proof of [2, Theorem
1.2]. We refrain from giving the details.

Remark 2.26. The rate function I,, ,., governing the deviations of the moderate U-
empirical measures { M, },,>,, of rank r € {2,...,m}, is not convex if there exists
a partition {S, 52,53} C S of S such that p(S;) > 0 for all ¢ € {1,2,3}. To see
this, use conditioned measures to define ;) = u(- [ S;) —p( - |Ss) for i € {1,2} and,
using 7(;), define v(;) via (2.18). If we assume that there exists a 7 € M(S) for v =
+(v(1) +v(2)) satisfying (2.18), then (#(S;))" = v(SI x S™~") = 1 for i € {1,2} and
(7(S1US2))" = v((S1USs)" x ™) = 1. This gives the contradiction 1 = 281/,

The following example, derived from [26, Example 7.11], shows that Theorem
2.20(c) does not hold without an assumption on the type of the Banach space E.

Example 2.27. Let (cg,||'||«o) denote the separable Banach space of all real se-
quences tending to zero. Let {&; r}iren be a collection of independent random
variables with P(§;, = 1) = P(§&r = —1) = 1/2 for all i,k € N. Consider
{bn}tnen C (0,00) such that b,/n | 0 as n — oo. Define a = /b,/n when-
ever (n — 1)2"1 < k < n2" Then X; = (ax&ik)ken for i € N gives an i.i.d.
sequence of symmetric, co-valued random variables with || X;||cc < @ = supjey o
for all i € N. Define S = F = ¢g, let u denote the distribution of X7, and define
p: S — E by p(s) = s for ||s||loc < @ and ¢(s) = as/||s||s otherwise. Note that
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¢ € Cb(S,E) C ® = B(S,E), hence B = {v € M(S) | || [gpdv]e < 1} is
7(co)-open. Furthermore, B contains the zero measure, which satisfies I; 1(0) = 0.
To evaluate the left-hand side of (2.21), first note that
< bnn},

n n2" n
x| <hpe N{[Les
i=1 oo k=1 ‘li=1
where we used that ay > /b, /n for all k <n2™ Using P31 &x=n) =27" it
follows for all n € N with b, < n that P(M ! € B) < (1 —27)"?" < ¢~". Hence,
the left-hand side of (2.21) equals minus infinity.

{M} ¢ B} = {

3. PROOFS OF THE MODERATE DEVIATION PRINCIPLES

Define I,,,: M(S™) — [0, o0] by

1 dv 2 m : m m\ __
L) =12 Jgm (W) dp®™ if v < p®™ and v(S™) = 0, (3.1)
00 otherwise.

For a level | € [0,00) let K(I,,,1) = {v € M(S™) | I,(v) < [} denote the
corresponding level set. For this moderate-deviation rate function we obtain:

Lemma 3.2. Let [ € [0,00).
(a) The set K(I,,1) is T(R)-compact and sequentially T(R)-compact.
(b) If ® C Ly(u®™, E), then K(I,,,1) C M®(S™).
(c) If ® C Ly(u®™, E), then the identity on K(Iy,1) is 7(R)-7®(E)-continuous,
hence both topologies coincide on this set and K (I,,,1) is 7®(E)-compact and
also sequentially T®(E)-compact.

Proof. (a) The 7(R)-compactness follows by adapting [2, proof of Lemma 2.1], using
H ={f e Li(p®"R) | [gm fZdu®™ < 20}. The sequential 7(R)-compactness
follows from [19, Theorem 2.6].

(b) If v € K(Ip,1) and ¢ € ®, then, by the Cauchy—Schwarz inequality,

dv m
[ etz = [ lolle] 7% a1 < VAT@ eliaguon.) < .

(c) Given ¢ € ® and € > 0, choose a measurable, finitely-valued approximation
@e: S™ — E such that v2l||¢ — oc||L,uem p) < € to obtain similarly as in (b)

’/ gpdy—/ Ye dv

for all v € K(In,1). Hence, K(I,,1) 3> v [, @dv is 7(R)-continuous, because
it is the uniform limit of the 7(R)-continuous functions K (I,,,,1) 3 v — | gm Pe AV
as ¢ | 0. Hence, the identity on K (I,,,1) is 7(R)-7®(E)-continuous and the 7%(E)-
compactness of K (I,,,1) follows from part (a). Since the identity is bijective, it is
a 7(R)-7®(E)-homeomorphism on K (I,,,1) [24, Chap. 5, Theorem 8], hence both
topologies coincide on K (I,,,1). Therefore, the sequential 7®(E)-compactness also
follows from part (a). O

< [ le-vilzdnl < (3.3)
E Sm
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Proof of Theorem 2.20(a): If v € M(S™) satisfies I,,, »(v) < oo, then (2.18) implies
that

dv du om
e ($1,--+,8m) = 5 H i (s4) pem-a.s. (3.4)
AcC{1,....m}i€A
|A]=r

Using (3.1), #(S) = 0 and (2.17), it follows that

1) =27 (") (s ) 85
r
Hence, Theorem 2.20(a) follows from Lemma 3.2(b). O

Proof of Theorem 2.20(b): The subset Cy, . of all (v,0) € M(S™) x M(S) satis-
fying (2.18) is given by

Conw = [ {(u,ﬁ)eM(Sm)xM(S)'

S1,.eey Sm€S
v(Sy XX Sp) = > ( II u(&-))(Hﬁ(Si))}.
AC|{1 ,,,,, m} “ie{l,....m}\A i€EA
Al=r

Therefore, Cy, , is closed in the product topology of the 7(IR)-topologies on M(S™)
and M(S). Using Lemma 3.2, it follows that

Char = Con 0 (K (I, 277 (1)) x K (11,1))

is compact and sequentially compact in the product topology of the 7®(E)-topology
on M?®(S™) and the 7(R)-topology on M(S). Using (3.5), it follows that K (I, 1)
is the continuous image of CY, ,. under the projection onto the M®(S™)-marginal.
This implies part (b). O

Proof of Theorem 2.20(c): Consider a measure v € int,e(g)(B) with I, .(v) < oo.
Then v € M®(S™) by the definition of the 7®(E)-interior of the set B, hence
Jom @l & dlv| < oo for every ¢ € ®. By the definition of the 7%(E)-topology, there
exist n > 0, k € Nand ¢1,...,pr € ® such that the 7®(E)-open set

C(v,2n) = {V' e M®(S™) ‘ H/m i d(v — 1)

<2nf0reveryi€{1,...,k:}}
E

is contained in int e gy (B). Since I, (v) < oo, a measure v € M(S) for the
representation (2.18) and a density § = dv/du exist, but both might not be unique
as the discussion after (2.18) showed. The density § satisfies |, sgdp = 0 and
s g*dp = 2I,, »(v) < co. Furthermore, a density of v with respect to u®™ is given
by (3.4) and, for every ¢ € ®,

LHM%M,IEHM CW%MW@MZAHMMM<w
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in the case m = r; otherwise, when ® C Lo (u®™, E),

[l 3 TLI60In™ s dsn)

AcC{l,....,m} i€A

m T
< (Y lellauom. iy (2 () < o0

by the Cauchy-Schwarz inequality. Define §¥(s) = max{#g(s),0} for s € S. It
follows from the dominated convergence theorem that there exist two constants
¢t € [0,00) smaller or equal to [|§*| 1., such that the truncated function g =
min{c*, max{—c~,g}} satisfies [¢ gdp =0 and

/S||<pi||Ed|y—D|§n, ie{l,... k), (3.6)

where v € M(S™) is determined by

dv -
dﬂ@)m(sl,...,sm): Z Hg(si), (S1y.-y8m) € S™.

AC{l,..,m}ic€A
|Al=r

Since g is bounded and ® C L1 (u®™, E), the measure ¥ is actually in M®(S™).

Note that C(v,n) C C(v,2n) by (3.6). Furthermore, C(7,n) is a measurable
subset of M(S™) because M®(S™) is measurable by definition. Define the function
Fo(s) = [Ti=, (1 + (by/n)g(s;)) for all s = (s;)ien € SN. Due to (1.9) there exists,
for every € € (0,1), an n. > m such that b,c”/n < e for all n > n.. Define
P, € M;1(2) by dP,/dP = F, for all these n. Then

1
P(M™" € B) > P(M"" € C(v,n)) = / o dP,, (3.7)
D, tn
where D,, = {M»" € C(v,n)}. This is the change of measure step. In contrast to
proofs of large deviations lower bounds, the change here is n-dependent. Defining
a, = P,(D,,) and using Jensen’s inequality, we obtain, for every n > n.,

1 1
log/ o dP, > loga, — —/ log F), dP,
D an Jp,

n

" 1 (3.8)
=loga, — —/ F, log F,, dP.
A, Dy,
Since zlogx > —1/e for x > 0 and fsgdu = 0, it follows that, for all n > n.,
1
/ F,logF,, dP < —+/ F, log F,, dP
D, € SN

1 bn bn

=—+n/(1+—g) 1og(1+—g> dp (3.9)
e g n n
1 b2 5 1 b2

< = - n duy < = 7’”[777,7” ,

_e+2(1—5)n/sg M_e+(1—s)n ()

where we used the estimate (1+z)log(1+z) < x+22/(2(1 —¢)) for all z > —¢ for
the second inequality. If we can show that lim,,_, a, = 1, then (1.9), (3.7), (3.8)
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and (3.9) together imply
n

b2

n

I (V)

logP(M)"" € B) > —

lim inf ,
n—oo

which in turn implies (2.21).
To prove lim,, . a, = 1, we will apply moment inequalities for U-statistics
instead of using the weak law of large numbers. It suffices to show that

lim IPn<{H/ o dM™" —/ wdﬁHE < n}) —1 (3.10)
e N -

for every ¢ € ®. Fix one ¢ € ® in the following and define the completely u-
degenerate functions @, @ry1,...,¢n as in (2.6). These functions satisfy (2.2).
Define p,, € M1(S) by dp, /dp =1+ (b, /n)g for n > ne.

For every n > n. and a € {r,r+1,...,m} we now want to decompose @, into a
constant ¢y o and completely p,-degenerate functions @y 4, ..., ¢, , such that the
analogue of (2.5) holds, namely

/ BadLl =@ro+ ) [S gr.dLe  P-as. (3.11)
a =1 c

Together with (2.2) this will lead to the representation

/ godM,gnvr:(bﬁ) Z(@a,ﬁz / @@;’chg) P-a.s. (3.12)
m n a—r _ Sc

To derive the decomposition (3.11) for ¢,, consider A C {1,...,a} and define

©a,A,9(81,. -, 8a) = Pa(S1,--.,8aq) H 9(si), ($1,...,84) € S°, (3.13)

where A° = {1,...,a} \ A. Define ¢ 4, by u,-integrating ¢, with respect to the
arguments with indices in A€. Since ¢, is completely p-degenerate,

~ ~ b, \a
90270 = SOZ’Q - / Pa dﬂga = (f) / Pa,2,9 dp®e.
If |[Al € {1,...,a — 1}, then

bn a—|A| B
QOZ,A((SZ')Z'GA) = <—> LQ_A SOa,A,g(Sla - 73@) u®a |A] (d(si)ieAC)

n

for p®lAl-almost all (s;)ica € SI4!, and Poa = Pasg = Pa if A={1,... a}.
Analogously to (2.3) we can define

~n n bn a=|4 =7
S%,A((Si)ieA) = Z (—1)|A\B| Sﬁa,B((Si)z‘eB) = <g> Pa,A,g
BCA
with
n by, \ [A\B] o
SOa,A,g((Si)z‘eA) = Z (—;) /SaIB Pa,B,g(51, - - - 8a) 1 |B|<d(5i)i€BC)

BCA
(3.14)
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(drop the integral if |B| = a). Finally, for c € {1,...,a}, similarly to (2.6), define

. b \2~¢ . . . .
(IOZ,C = (g) @Z,c,g with @Z,c,g = Z @Z,A,g' (315)
AcC{1,...,a}
|Al=c

Note that every ¢y . , with ¢ € {1,...,a} is completely u,-degenerate. Substituting
these definitions into (3.12) shows that

/mgodM;Ln,rzz(%)a rgpazg_FZ /C Z %)a—r acgch
a=r a=max{c,r}

Using (2.3), (2.6), (3.6), (3.13) and [y gdu = 0, it follows that [, pdi = ¢ g 4.
Since lim,,_,~ b, /n = 0 by (1.9), it suffices for proving (3.10) that

: n ¢ ~n c
()] . st

for every a € {r,r +1,...,m} and c € {1,...,a}. Note that X5,..., X, are i.i.d.

with respect to P,. We may replace ¢y ., in (3.16) by the symmetric version

< #) =1 (3.16)

Pl ey = D rep, P ©Tr, Where Py is the set of all permutations of {1,...,a}.
Let E,, denote P, -expectation. Using [11, Theorem 2.7.1], it follows that

(G il )R [t

where Cg, denotes the type constant of the Banach space E of type p, see (2.7).
By the assumptions on {b, },en in Theorem 2.20(c),

1-p( M\P _
lim e (—) =0.

n—o00 bn

5|

Hence (3.16) follows from (3.17) by using the Markov inequality, provided that

lim sup / T
SC

n—oo

|5 du®c < oo. (3.18)

By Jensen’s inequality, it suffices to show (3.18) for the possibly non-symmetric
P c.g Since dpi, /dp = 1+ (b, /n)g and since g is bounded, it suffices to show (3.18)
with p in place of pu,. Inspection of (3.13), (3.14), (3.15), and Jensen’s inequality
shows that ¢, € L,(u®?, E) for every a € {r,r+1,...,m} is the property we need,
because ¢ is bounded. Since ¢ € L,(u®™, E), it follows via (2.3), (2.6) and Jensen’s
inequality that indeed ¢, € L,(n®%, E) for every a € {r,r +1,...,m}. O

Let F denote the family of all finite, nonempty subsets of ®. For every F' € F
define

Op: M®(S™) — EFY by TIp(v) = (/mgody) i (3.19)

For F/ C F with F' # @ let g r: EF — EF’ denote the canonical projection.
Note that Ef with ||y|gr = >oper IYellE for y = (yy)per € EF is a Banach



18 P. EICHELSBACHER AND U. SCHMOCK

space. We identify its topological dual (EF)* with (E*)¥. Using the notation from
(2.6), we can define, for every F' € F and y € ET',

e = sw (st [ (ZZ@(%(S)))?u(dS))- (3.20)

*\F
z€(E") peF peF

Extending the argument in [3, pages 246-247] from the case m = 1 with the 7(R)-
topology to our situation and combining it with the separation argument from [15,
page 429], we obtain the following variational characterization of the rate function,
which is used once in (3.48):

Lemma 3.21. If ® C Ly(u®™, E), then, for every F € F and y € EF,
Ip(y) = nf{ Ln1(v) | v € MP(S™), Ip(v) = y }.

Proof. Given y € E¥ and v € M®(S™) satisfying IIr(v) = 5, we want to prove
first that Ip(y) < I,1(v). It suffices to consider the case I, 1(r) < oo, hence
vp L p, v(S™) =0and v =" p® 1 @ v @ u®"" Define f = dvy/du. Take
any 2z = (2,)per € (E*)F and define g = > pcr Zp © P1. Note that g € La(p, R).
Since fg < $(f? + g?), it follows with (2.17) that

1 1
/ngl -z / 92 dp = / (fg _ %92) dp < = / f2 dy = m71(]/). (3.22)
Using (2.6), (2.3), 11(S) = 0, and v = 37" u®~ 1 @ v @ p®m—,

/ P1dvy = Z/(S%} — pg)dvy = Z/ ed(p® ' @ v @ pEmt) = / o dv

m

(3.23)
for every ¢ € F, hence, since llp(v) =y,

/Sngl = Z Zp (/s P1 dVl) = Z 2o(Yp)-

peF peF

Together with (3.22), this implies that Ir(y) < I 1(v).

To complete the proof, we proceed by contradiction. Assume that there exists
y € EF with Ir(y) < oo such that I, 1(v) > | = Ip(y) for all v € M®P(S™)
with IIp(v) = y. Define C = {Ilp(v) | v € K(I;1,1)}. Since I, is convex,
the same is true for K(I,,1,l) and C. By Theorem 2.20(b), the set K (I, 1,0) is
7®(E)-compact, hence C is compact in E¥. By the above assumption, y ¢ C.
Hence, by the Hahn-Banach theorem, there exist z € (E*)¥ and v € R such that
2(y) > v > z(llp(v)) for all v € K(I1,l). Note that z(y) > 0, because the
zero measure is in K(ly,1,0). Define g = >° _pz, 0 @1 Since z(y) > 0 and
Ir(y) < oo, it follows from (3.20) by considering az for a > 0 that [g g du > 0.
Since F' C Lo(u®™, E), it follows that g € La(u, R). Hence, there exists a > 0 such
that z(y) = [q ag? dp. Define v € M(S™) by v =31" | @t @uy @ u®" ", where
dvi/dp = ag. Since [¢ @1 dp = 0 for every o € F, it follows that »(S™) = 0. Using
(3.20), it follows that

() 2 ax) ~ [ (X azel@ro)) ulas) =5 [ (00 du = 1a o),
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hence v € K (I, 1,!). Therefore, 2(Ilp(v)) < . But, by (3.23) and the choice of «,

/mzw v(ds) /Zzng‘PldVl /SonQdM=Z(y)>%

which is the desired contradiction. O

The following result generalizes [8, inequality (2.4)] from R to a Banach space
E of type p € (1,2]. A type-independent Banach space version is given in [20,
Corollary 3.2.7].

Lemma 3.24. Let {¢;};,en be independent, symmetric, +1-valued random wvari-
ables. Let (E,||-||g) be a Banach space of type p € (1,2], let r € N and n € (0,2].
Then there exists a constant ¢ > 0 such that, for every v € (0,n/r), there exists
co € [1,00) satisfying

Elexp(tY|3)] < c2 GXP(((S/Cl)7 t)l/(l_W/”))

forallt>0,neNand x;, . ;. € FE with (i1,...,i.) € I(r,n), where

.....

1/p
Y = Z Eqqp - 6”1131'1’“.’” and s= ( Z ||xl1,,lr”%> .

(i1,..50r)E€I(r,m) (i1,..sir)€I(r,n)

Proof. 1f suffices to consider the case s > 0. By taking the logarithm of both sides
and using its concavity, one can verify the well-known inequality ab < a?/q + b?/q’
for all a,b € [0,00) and ¢,q" € (1,00) satisfying 1/¢+ 1/¢' = 1. Hence

7t YENL/(L=7r/7) n/r
iz =" | 5v )< (- 7) (%) + 15
cf n ‘1 nis e

for every ¢; > 0, which implies, since yr/n < 1,
sTEN\L/(
Elexp(t[|Y%)] < eXP((g)

Choose ¢; > 0 so small that C’g{z c?/renr”_l < p — 1; here Cg, denotes the type
constant of (E, ||| &), see (2.7).

To finish the proof, it suffices to show that there exists a constant co € [1,00),
depending only on ¢1, Cg p, 7, 1, p and 7, such that

1—~r/n) r
)]E[exp(HclY/sH%/ )]

r c1/s)" r
Elexp([lerY/s||7)] = 1+Z 1/ E[|Y|5/] < ¢ (3.25)

If £ < pr/n, then ]E[||Y||%k/r] < E[HYH%]"W P) by Jensen’s inequality. If k > pr/n,
then by Borell’s inequality (a Khintchine-type inequality for the Rademacher chaos,
see [11, (2.6.5))),

r k/r — 1\nk/2 -
B[IYIE7] < (B0 E i),

Let {6§j)}i€N for j € {1,...,7} be independent copies of {¢;};cn. By decoupling Y,
see [11, Theorem 2.5.4], and using r times the fact that (E, | - | g) is of type p, see
(2.7), it follows that

p
ElIYIE] < 8|

S ey,

(t1,..ytr)EIL(r,n)

I pr .p
:| < CE,pT S,
E
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Since nk/r — 1 < nk/r and /2 < 1 as well as k¥ < k!e*, we obtain
Lpr/n] (Cm/p n/r.n ) oo (Cg/p / "enrn= 1)k
’ » =Cy

Efexp(erY/s[F")] <1+ Y ~i—"+ - 1

k=1 ' k=[pr/n]

by inserting the estimates of E[||Y || /T] into (3.25). O

One technical key of the proof of Theorem 2.20(d) will be a Bernstein-type in-
equality for completely pu-degenerate U-statistics of degree r with 1 < r < m.
For bounded R-valued kernel functions, such an inequality is given in [8, Propo-
sition 2.3]; for bounded kernel functions with values in a Banach space of type 2,
a Bernstein-type inequality is given in [11, Theorem 8.15, Corollary 8.1.5]. Along
the lines of [20, proof of Theorem 4.1.12], we derive an inequality for unbounded
functions taking values in a Banach space of type p, whose norm raised to the p-th
power satisfies the so-called weak Cramér Condition. The decoupling result, which
is an essential tool in our proof, was originally obtained in [28] and [29].

Theorem 3.26 (Bernstein-type inequality). Let (E, | -||g) be a separable Banach
space of type p € (1,2] and let r € N. Then there exist constants c3,cy € [1,00) such
that the following holds: For every symmetric, Bochner u®"-integrable, completely
pu-degenerate function ¢: ST — E with an o > 0 satisfying

a= /s exp(all¢|h) du®" < oo (3.27)

there exists a constant c, € (0,00) such that, for all x >0 and all integers n > r,

x2/r
orrr .
P(In*Ur()lle = 2) < es eXp( 402/ + ey (x2/7/n)t/ (tpr/2) )’ (3.28)

where 0 = ¢l L, (uor ) and ¢ =7r(1 —1/p).
Proof. By Chebychev’s inequality, for all ¢,z € [0,00) and integers n > r,
P([[n?Up ()|l = 2) < exp(—tz") E[exp(t|n? Uy (9)l})] (3.29)

where v = p/k with kK = 1 + pr/2. The function ¥(y) = exp(max{y”, (1 —v)/v})
for y > 0 is convex, increasing and satisfies

exp(y”) < U(y) < " exp(y?) (3.30)
for all y > 0. Using (3.30) and [11, Theorem 2.5.4], we obtain
E[exp(Hln U5 ()1 5)] < E[¥ (" n|[U3 (o) | )] (3.31)
where the decoupled U-statistic is defined by
)= Y ex P xD)

") iy i €L (rm)

and {X(J)}leN for j € {1,...,r} are 1ndependent copies of {X;}ien, see (1.1) and
(1.2) for the remaining notatlon Let {e; @) bien for 7 € {1,...,7r} be sequences
of independent, symmetric, {—1, 1}-valued random variables, 1ndependent of one
another and all the “X —Variables.” Applying r times the symmetrization lemma
[11, Lemma 2.4.5], which uses the complete u-degeneracy of ¢, it follows that

E[W(r"t"/ e | U () ||5)] < E[T (277"t e UL (0)|5)] (3.32)

n,Sym
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with

1 r r
Undee () = S e eox (Y x ).

n,sym n 21 ’LT i1
™) Gy ..yl (rn)
Using [11, Theorem 2.5.4] to couple the independent copies and using the upper
bound from (3.30) afterwards, we obtain

E[W(27r e U545, ()| £)] < €07/ E[exp(Con 2I|U oy (@)3)] (3.33)

n,sym

with

Urisym(QD)E n Z 8'1"'€ir90(X’i17'--7X’ir)
(r) (t1,..ir)EI(r,n)
and C, =2"r" >0 | k" /((r—k)!k!). Taking the expectation with respect to {¢; };en,
an application of Lemma 3.24 with n = 2 gives
k1 r

B [exp(CY 02Uy (@)I3)] < 2 E[exp (e (Ctm ey nl S UL L (9))]  (3.34)

with .
U p(p) = Yo (X X

n(r) (il,...,iT)EI(ﬁn)

Since 1/n(y < rl/n” and yok = r(p — 1), it follows that n7®*ni P < r! for all
n > r. Using Hoeffding’s formula [23], see e.g. [11, p. 14], and Jensen’s inequality,
we obtain

E[exp(cy PCErIt* U}, ()] < exp(csot™) E|exp(cst™S|n/r))], (3.35)

where Sy = (1/k) S5, Y; with Yy = [|o(X(i_1yrt1s - - -, Xir) |/l — P for i,k € N
and c5 = c;PCPr!. Using E[Y;] = 0, the estimate y* < kle¥ for y € R, condition
(3.27), a = aexp(—aoP), the geometric series, and 1 +y < e¥ for y € R, we get

Blexp(h1)] — 1+ Z( >k E[(OéY1 <1 +az< > < eXp(Lm)

a? — ah

for all h € [0, a), hence, due to independence,

Elexp(hSi)] = (E[exp(hY:/k)])" < exp(#}ia}) (3.36)

for all k € N and h € [0, k). Combination of (3.29) and (3.31)—(3.36) yields

a02t2.‘£
P(|[neU;, > 1) < —ta" Ptr 2 3.37
(Hn n(gp)H;;_w)_q,exp( x) + cs0 +a2tn/rj—oz65t“) ( )
for all integers n > r and all ¢,z € [0,00) such that c5t" < «|n/r|, where c3 =
cz exp((1—7) /7). The choice tg = (27/(csxoP))?/P™) minimizes the sum of the first
two terms in the exponent of (3.37) and yields

9 2/r 402/ Pr) 142/ (pr)
—tox” + csoPty = —— <£> with Ccy = % r
cq pr
Note that it suffices to consider o > 0, because (3.28) holds if o = 0. If ¢y satisfies
1 P
esty < acgln/r| with ce = mln{ 5 04;7“0 }, (3.38)
a

then the last term of (3.37) is bounded by (1/c4)(z/0)?/" and (3.28) follows.
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If to does not satisfy (3.38), then consider t; > 0 determined by the equation
tf = acr|n/r]/cs, where ¢z € (0,1) denotes the solution of

ac?(l—c7) 2

We can rewrite the exponent from (3.37) and then use (3.39) to obtain

acy cskoP 1 ce\PT/(2K) L0
P S R N O N
127 +ces5(o +a(1—67) A 1|z > e 1 (3.40)

Since ty does not satisfy (3.38), it follows that t§ > csty /c7, hence

(), (3.39)
Cr

77 = 05,.601?15187"/2 107“/(2’6)15111””/2

and —t127/2 is an upper estimate of (3.40). This implies (3.28). O

> csroP(co/cr)

Next we give an L,-approximation of symmetric and completely p-degenerate
functions. This is a key step in our proof of the upper bound.

Lemma 3.41. Let 0 >0, p > 1, r € N, and let ¢ € L,(u®", E) be a symmetric
and completely p-degenerate function. Then there exist k € N, vectors B1,...,Bk €
E and bounded measurable functions fi,...,fr: S — R with fS fidu = 0 for all
i€ {l,...,k} such that p, = Zle BifE" satisfies || — @ollL, (uor,5) < 0, where
2 (81,000 80) = H;Zl fi(sj) forall s1,...,s, € S.

Proof. Going through the proof of [6, Lemma 3.2] shows that there exist n € N,
vectors aq,...,a, € E and sets A; 1,...,4;, € Sfori e {1,...,n} such that

1 n
Yo = Fzzal(gl,l DI ®gi,’r’> oTr
T 4=1
satisfies || — ¢o|1, (uor,m) < 0, where the sum extends over all permutations 7 of
{1,...,7}, the map 7, is as in (2.14), and g; ; = 14, , — u(As ;). Note that ¢, is
symmetric and completely p-degenerate. By polarization,

1 T T

Z(Qz’,l@"'@gi,r)O?TT: or Z 51---&«(2&‘91,1)®"'®(Z5igi,7~)
T €1,...,er€{—1,1} i=1 =1

for every ¢ € {1,...,n}, which proves that ¢, has the desired form. Notice that a

similar argument for Lo (u®",R) is contained in [7, p. 660]; the argument appeared
first implicitly in [12]. O

Proof of Theorem 2.20(d): Let C denote the 7®(E)-closure of B N M%(S™). Due
to Assumption 2.16, the moderate U-empirical measures { M"" },, >, take values in
M®(S™). Tt suffices to consider only the case I,, .(C) > 0. Choose [ € (0, I, »(C)).
By (a) and (b), the set K (I,,.,1) is contained in M®(S™) and 7®(E)-compact.
Let us use the notation introduced just before Lemma 3.21. Since C is 7%(E)-
closed and CNK (I, 1) = 9, there exist, for every v € K(I,, ,,1), an F,, € F and
an open neighbourhood U, C Ef* of Iy, (v) such that C' N H;j(U,,) = @. Since
K (I, 1) is T®(E)-compact by (b), there exists a finite subset N of K (I, 1) such
that |, ¢ n H;yl(Ul,) covers K (I, ,,1). Define F' = |J,cy Fy. Note that F' € F. For
every v € N define U], = H}_?,lFl, (U,). Note that U, C E¥ is open and 11! (U}) =
;' (U,). Define U = {J, ey Ul,. Then Iz (U) = U, ey Iz (Uy), hence ;' (U)
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covers K (I, ,,1) and is disjoint from C'. Define ¢ = dist(Ilp (K (I, 1)), U¢). Since
Ip(K (I, 1)) is a compact subset of the open set U, it follows that € > 0 and that

A. ={z e BEY | dist(z,Up(K(In,,1))) <c}

is an open set contained in U. Thus we can therefore find FF € F and an open
(possibly non-convex) e-neighbourhood A. C E¥ of g (K (I, ,1)) such that

{M™" € B} c {M™" € C} C {TIp(M™") € EX \ A.} (3.42)

for all n > m. Using (2.2), it follows that

P(Ip (M) € EF \ A.) < i P(() e ()| e = 1) o1
a=r+1 n 3.43

+ P((%)THFT(L;) e BF\ A3€/4>,

where F, = {@a}per for a € {r,r+1,...,m} with the notation from (2.6).

In view of (1.1), we may and will assume in the following (without loss of gen-
erality) that F', and therefore F,. up to F,, consist of symmetric functions: If we
replace a ¢ by its symmetrized version, then (2.3) and (2.6) lead to the symmetrized
version of ¢,, Assumption 2.16 holds for the symmetrized version of ¢, and, due to
Jensen’s inequality, (2.12) also holds for the symmetrized version.

In order to see that the terms with a > r 4+ 1 in (3.43) do not contribute to the
moderate deviations upper bound (2.22), it suffices to prove that

hmsup b2 logIP’(( ) HU“ Da HE > 77) = —00 (3.44)

for every a € {r+1,...,m}, n > 0 and ¢, € F,. Consider a € {r,...,m}. Define
0a = a(l —1/p,) with p, € (1,2] according to Condition 2.11. Then

P((5) U @lls = n) = B(In® V(@) | 2 mwan) (345

with x4, = b],/n" "9 for all n > a. Using g, < a/2 and (1.9), it follows that

2/a

am br 2/a
Tam _ < Q"+ /2> —0 as n — oo. (3.46)
n n'f’— aTQ

By Condition 2.11(a), for every a € {r +1,...,m},

M y2la

n3/2—1/pa—r/a 2
e = (e

pT ) — 00 as n — 00. (3.47)
Hence, for every a € {r +1,...,m}, (3.44) follows from (3.45) and an application
of the Bernstein-type inequality (3.28).

To treat the last term in (3.43), let us first consider the easier case r = 1.
Note that (n/b,)g, (LL) = TIp, (M) is the sum of n independent and identically
distributed E*'-valued random vectors of mean zero. Condition 2.11(c) and Hélder’s
inequality imply that [, exp(c/(¢1)perl|pr)dp < oo for every a > 0. Condition
2.11(d) implies that the sequence of the distributions of n=1/23""  ($1(X;))per
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converges weakly to a Gaussian measure on EX as n — oo. Therefore, it follows
from [1, Theorem 2.3(i)] and Lemma 3.21 that

hmsupb2 logP(Ip, (My') € EF \ Ases) < —Ip(EF\ Az )4)

n—oo

= Lot (TR (ET\ Aseya)) < —Tina (MP(S™)\ K (I3, 1)) < —1. (3.48)

Together with (3.42), (3.43) and (3.44), this estimate implies (2.22) for r = 1.

To treat the last term in (3.43) in the case r € {2,3,...,m}, choose ¢ > 0 so
that /(4| F|o) > (max{cy,2}1)"/? with ¢, as in (3.28). For every @, corresponding
to a ¢ € F we can find a function ¢, , as described in Lemma 3.41 such that
|@r — @rollLa(uer, By < 0. Define F. 5 = {¢r o }poecr. Then

P((%)THFT(L;>6EF\A35/4) ZP(( ) |58 — @ro)ll 5 = ﬁ)

+IP<<E> Mg, (L) € BX\ AE/Q).

(3.49)
In order to show that, for every ¢ € F,
. r( - €
h?rln_)solip 0 log]P’<< ) HU SOr,a)HE > m) < -, (3.50)

apply (3.45) with a = r, p, = 2, 0, = r/2, n = ¢/(4]|F|), and @, replaced by

&r — Pr.o- Then use the Bernstein-type inequality (3.28), note that (3.46) holds,

and that the expression in (3.47) is always 1. Hence, the upper bound in (3.50) is

determined by the choice of o, which measures the quality of the approximation.
To treat the last term in (3.49), we want to prove that

r €\ _
llTrlrLsolip 02 logIP’(( ) g, (L, — LS >HEF > Z) = —o0. (3.51)
Due to the form of the functions in F;.,, as described in Lemma 3.41, it suffices to
show

hmsupb 1og1P>(( ) U () = UM 2 1) = o0 (3.52)
for every 7 > 0 and every bounded measurable function f: S — R satisfying
[ fdp = 0. We start be recalling Newton’s formula (see, e.g., [13, p. 179]): Given
n € N and variables x1, ..., z,, define the elementary symmetric polynomial e, =
D l<iy<ocip<n Tiy - - - Ty and the power sum py = 377 x¥ for every k € {1,...,n}.
Newton’s formula asserts that

ke = )" g+ Z I~ ter_ip; for k € {1,...,n}.

Using this formula recursively for k € {r,...,2,1}, it follows that there exists a poly-
nomial R, of degree r with r indeterminates such that rle, — p] = R.(p1,...,pr);
furthermore, every monomial of R,.(p1,...,p;,) is of the form ap]fl ...pFr witha € Z
and ki,...,k. € Ny satisfying Z§:1 jk;j = r and ki < r — 1, hence actually
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ki <r—2. Setting z; = f(X;) for i € {1,...,n}, we see that rle, = ni U} (f®")
and py = nUL(f¥) for k € {1,...,r}, hence

(ﬁy (U;(J@T) - (U%(f))’“) = <£>T (1 — ?)Ug(f@”")

b b
+ By (U, VR, U,
(3.53)

Since f®” is bounded and completely j-degenerate and 1 — ney/n" — 0asn — oo,
it follows in a similar way as (3.50) from the Bernstein-type inequality (3.28) that
we can neglect the first term on the right-hand side of (3.53). Every monomial of
the last term of (3.53) contains at least one factor of the form nb,*Ul(f*) with
k € {2,3,...,7}. Since f is bounded, lim, . b, = oo and lim, ., n/b? = 0 by
(1.9), it follows that there exists a constant C' > 0 such that, for all n > r,

‘Rr<%Un1(f) o LN )‘ CZbQ <—|U1 |) (3.54)

By applying the Bernstein-type inequality (3.28) to every term on the right-hand
of (3.54), we see that we can neglect the last term in (3.53). This proves (3.52).
Combining (3.43), (3.44), (3.49), (3.50), and (3.51), it remains to show that

lim sup 10gIP’<<bﬁ>THFT’U(L§T) € B\ Ap) < L (3.55)

n—oo

For this purpose we assume without loss of generality that there exists a joint
k € N such that every ¢, , with ¢ € F used in (3.49) and described in Lemma
3.41 is of the form @, = Y5 | Bpi S} where B,; € E and f, ;0 S — R is
bounded and p-degenerate for all i € {1,...,k} and ¢ € F. Define the map
i 8 — (RE)F by (s) = (f,1(5), -+ fok(8))per and the map T: (RF)F — EF

by T((p,15- - Tk )per) = (ZZ 1 Bl ;) oer. Then, for every n € N,
{(%) HFT,U(L;??") S EF\A€/4} = {/Sdeé,l c T_l(EF\A5/4)}. (3.56)

Since T is continuous, T~ (E* \ A./4) is closed in (R¥)* and the moderate devia-
tions upper bound in the 7-topology on M(S) from [3, Theorem 3.1] implies that

lim sup — B log P /¢dM1 Ler- (EF\A€/4)>

n—oo

< —inf{ L(D) ’ e M(9), /Swdﬂ e T (BN As/4)} (3.57)

with I as in (3.1). Note that T'([q¢ dv) = IIp, (7®") for all ¥ € M(S). Hence,
to derive (3.55) from (3.56) and (3.57), if suffices to show that IIp, (7%") € A, )4
for all o € K(I4,1).

Consider any v € K(I1,1). Define v € M(S™) by (2.18). According to (2.17)
and (3.1), I,.(v) = I (?), hence v € K(I,,,1) C M®(S™). For ¢ € &, using
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(2.18) and the notation introduced before (2.14),

| o= > / B5((sra)ies) (P77 ® j™ ") (dsn.... dsu).

A,BC{1,..
P (3.58)

Note that {74(i)}ica = {1,...,7}. If there is an i € A\ B, then the integral in
(3.58) vanishes because 7(S) = 0. If there is an i € B\ A, then the integral vanishes
because ¢p is completely p-degenerate. Therefore, | gm pdv = fsm O dv®" by
(2.6), hence I1p(v) = I, (7®7). Using (3.1), we see that [.(0%7) = 2"~} (I;(9))" <
27=1". Using the Cauchy-Schwarz inequality,

~ T ~ ~ dD@T T ~ T
H/ —r) dD® Es/S 1= Grall| gar | 1 < 021757 < 0 (20)2,

hence | (v)—IF,  (7°7)| gr < o|F|(20)7/? < e/4. This shows Iy, (7%7) € A, 4,
which finishes the proof of the moderate deviations upper bound (2.22). O
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