A Generalization of Panjer’s
Recursion and Numerically
Stable Risk Aggregation

Workshop on Credit Risk
Université d'Evry Val d'Essonne, June 25-27, 2008

lUwe Schmock]

(Joint work with [S. Gerhold |and [R._ Warnung)

Christian Doppler Laboratory
for Portfolio Risk Management (PRisMa Lab)

Financial and Actuarial Mathematics
Vienna University of Technology, Austria

lwww.fam.tuwien.ac.at|

Workshop on Portfolio Risk Management

Mo., Sept. 29, 2008, Vienna, Austria

Organized by

Research Group for

Financial and Actuarial Mathematics and
CD-Laboratory for Portfolio Risk Management
Institute for Mathematical Methods in Economics
Vienna University of Technology

A-1040 Vienna, Austria

www.fam.tuwien.ac.at/prisma2008

(©June 25, 2008, U. Schmock, FAM, TU Vienna


http://www.fam.tuwien.ac.at/~schmock/
http://www.fam.tuwien.ac.at/~sgerhold/
http://www.fam.tuwien.ac.at/~rwarnung/
http://www.prismalab.at/
http://www.fam.tuwien.ac.at/
http://www.tuwien.ac.at/
http://www.fam.tuwien.ac.at/
http://www.fam.tuwien.ac.at/prisma2008/

Motivation: The Collective Model

Task: Calculate the distribution of the random sum
S=X1+--+Xn

of N losses, where the loss sizes { X, };cn are i.i.d. and

independent of V.

Applications:

e Claims in a homogeneous insurance portfolio

e Losses in a credit portfolio (— extended CreditRisk™)

e Operational losses (Basel Il), aggregation for every
line of business and loss type.

Standard tool: Panjer's recursion for specific distribu-
tions of IV, when the X; are Ny-valued.

Loss Number Distributions in the Panjer Class

Definition: A probability distribution {q, } ncn, is said
to belong to the Panjer(a, b, k) class with a,b € R and
keNgifggo=q1 =---=¢qr—1 =0 and

b
0 = (a+—)qn_1 for all n € N with n > & + 1.
n

Important examples: (all distributions are known)
e Poisson(A) € Panjer(0, A, 0) with intensity A > 0
e NegBin(a, p) € Panjer(q, (o« — 1)q, 0)

with a > 0, probability p € (0,1) and g:=1—p
e Log(q) € Pannjer(q, —q, 1) with ¢ € (0,1) and

— q
qn——mforallnEN
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Extended Logarithmic Distribution
For k € N\{1} and ¢ € (0,1] define go = --- = qx—1 = 0,

n\— L n
— o(o’“) lq_l for n > k.
>k ()

ExtLog(k, q) is in the Panjer(q, —kq, k) class.

dn

Extended Negative Binomial Distribution

Fork € N, a € (—k,—k + 1) and p € [0,1) define

q=1-p,g@="-=qr-1=0and
- ()"
ope =i (TN

ExtNegBin(«, k, p) is in the Panjer(q, (o« — 1)q, k) class.

for n > k.

5

Extended Panjer Recursion

If L(N) € Panjer(a, b, k), independent of the i.i.d.
No-valued sequence { X, },en, and aP(X; = 0) # 1,
then S := X7 + --- + X satisfies

P(S=0) = ¢n (P(X1=0))
with ¢ the probability generating function of NV, and

for all n € N, where S, = X7 + -+ + X..
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Example for Numerical Instability
Take N ~ ExtNegBin(a, k,p) with k € N, ¢,p € (0,1)
and o := —k + €. Consider the loss distribution
P(X;1=1)=P(X;1=1)=1/2 with [ > 3. Then
k(1-1) + 57€< a_ Qk+l—1)

k+1 2k+1 feDk+!
k(l — 1) — el qdi

k—+1 Dk+1
With e =1/10000, k =1,1=5, p=1/10:

ps = 0.1499 926 — 0.1499 701 = 0.0000 225.

Panjer recursion with five significant digits gives

pe = 0.0000400. .. (~ 78% relative error).

Pt =P(S=k+1)=q

—dq

Panjer Recursion Replaced by Weighted Convolution
Fix I € N, consider N ~ {¢n }nen, and N; ~ {Gin }neng
define S = X1 + -+ Xy ~ {pn}nen, and

SIf(z') = X1 +---+ Xﬁi ~ {ﬁi,n}neNo for ¢ € {1, .. .,l}.
Assume there exist k € Ny and a1,...,a;,b1,...,00 € R

such that
I

b
n = i+ —)Gin—i forn>k+I
q 7;Zl<a -+ n)q, orn -+
and qi,o == 'qvi,k:-i—l—i—l =0 for: € {1, .. ,l}
Then pg = pn (P(X1=0)) and, for n € N,
k+1—1

I n b
pn= Y P(Sj=n)g+) Z(ai + i—ﬁy)P(Si =J)Din—j-
j=1

i=1 j=0
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Combination of Truncated Distributions

Fix kK € No, I € N. Foralli € {1,...,l} assume
that a; > 0, B; > —iq; (at least one #) and that the
No-valued Ni satisfies IP’(NZ- < k+1—1)=0. Consider

4o, - - > Qrri—1 > 0 with go + - - + gea1—1 < 1. Define
l

anCZ(aZ @) P(N;=n—1) forn>k+1,

= (1 w) /B axl )

Then {Qn}neNo is a probability distribution satisfying
the recursion condition with a; = ca; and b; = ¢03; and
the calculation of {p;, } nen, is numerically stable.

Weighted Convolution for ExtLog

Let ¥ € Nand ¢ € (0,1). Let N ~ ExtLog(k, q)
and N ~ ExtLog(k + 1,q), where ExtLog(1, q)
means Log(q). Define S = X; + --- + X5 and
S=X1+---+ Xuy. Then, with an explicit by > 0,
the weighted convolution

b1 -
P(S=n)=— P(X1=3)P(S=n—7), c N,
(S =n) H;J(l NB(S=n—j), n
is numerically stable. Numerically stable algorithm:

e Panjer recursion for Log(q)
e k — 1 weighted convolutions: Log(q) — ExtLog(2,q)
— - — ExtLog(k — 1,q) — ExtLog(k, q)

(©June 25, 2008, U. Schmock, FAM, TU Vienna 10



Numerically Stable Algorithm for ExtLog(2,1)
Let N ~ ExtLog(2,1). For S = X3 +---+ X we have

P(S = 0) = P(Xl — 0) + P(Xl Z 1) |OgP(X1 Z 1)
with Olog0 := 0 and, in the case P(X; >1) > 0,
1 n
P(S=n)==S jP(X;=4)r, .. N,
( n) n;] (X1=4)rn—j, nE€
where 7o = — log P(X7 > 1) and, recursively for n € N,

= g (P =+ R =n )

11

Weighted Convolution for ExtNegBin

Let k € Ng, a« € (=k,—k +1) and p € (0,1). Let N ~
ExtNegBin(a, k,p) and N ~ ExtNegBin(a—1,k+1,p),
where ExtNegBin(«, 0, p) means NegBin(a, p). Define
S=Xi1+---+Xgand S=X;+---+ Xun. Then

b — .

P(S=n)=—Y jP(Xi=5)B(S=n—j), neN,
n =

with an explicit by > 0 is numerically stable. Algorithm:

e Panjer recursion for NegBin(«a + &, p)

e k weighted convolutions:
NegBin(a+k,p) — ExtNegBin(a+k—1,1,p) — ---
— ExtNegBin(a + 1,k — 1,p) — ExtNegBin(«, k, p)
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Stable Algorithm for ExtNegBin(a — 1,1, 0)
Let N ~ ExtNegBin(aw — 1,1,0) with a € (0,1). For
S =X;+---+ Xxn we have

P(S=0)=1— (P(X;>1))""
and in the case P(X;>1) >0

(0%

1_ n
N GP(Xi=j)raj, neEN,
j=1

P(S=n)=

n

where 79 = (P(X; >1)) * and, recursively for n € N,

1 “n—j4aj .
n: ]PX — n_'-
r P(X1>1)jz_:1 o (X1 =J)rn—y

13

Tempered a-Stable Distributions on [0, c0)
Let Y be a-stable on [0, 00) with Laplace transform

Ly (s) = Elexp(—sY)] = exp(—7Ya,05%), s=>0,

where a € (0,1), 0 > 0 and 74, := 0®/cos(%F).
For 7 > 0 define 7-tempered a-stable distribution

Foor(y) =Ele”™ 1iy<yl/E[e™™ ], yeR.
Let A ~ FY 5+. Then for 7 >0
La(s) =exp(—Va,o((s +7)* =7%)), s> -,
E[A] = —L3(0) = ava, 7",
Var(A) = —L{(0) — (£LA(0))* = a(l — a)ya,0 7%
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1.2

Density of A ~ F o+ in comparison with gamma distribution,
where a € (0,1) and o,7 > 0 satisfy E[A] =1 and Var(A) = 0.3.

15
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Density of A ~ F o, in comparison with gamma distribution,
where o € (0,1) and o,7 > 0 satisfy E[A] =1 and Var(A) = 0.3.
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Application: Poisson—Tempered a-Stable Mixtures

For « € (0,1), A\,0 > 0 and 7 > 0 consider A ~ F, ,;
and the Poisson mixture £(N|A) % Poisson(AA).

Representation as compound Poisson distribution:

If
M ~ Poisson(Ya,o (A +7)% —7%))

and the i.i.d. sequence {N,, }:nen with

_
N,. ~ ExtNegBi (— 1, )
xtNegBin | —a oo

are independent, then IV 4 Ni+ -+ Nyy.

17

Numerically Stable Algorithm
for Poisson—Tempered «-Stable Mixtures

o Apply Panjer’s recursion for S = X7 + -+ - + X5
-
A+ T

N ~ NegBin(1 — a, p) with p=

e Use weighted convolution to pass from
N ~ NegBin(1 — a,p) — N ~ ExtNegBin(—a,1,p).

e Take the previous calculated distribution of
S = X7+ -+ Xy as new claim size distribution
and apply Panjer’s recursion for

M ~ Poisson(Ya,o (A +7)% —7%)).
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Example: Poisson—Lévy Mixture
Special case for a« =1/2 and 7 = 0.
Lévy distribution: Given o > 0, assume that

A=Y ~ fi(z) = ( U3>1/2exp(— o ), xr > 0.

27X 2
Let £(N|A) 2 Poisson(AA) with A > 0.
Then N £ N, +--- + Ny, with independent

M ~ Poisson (/Ao /2)

and
Ny, ~ ExtNegBin(—1/2,1,0), m € N,
and our numerically stable recursion is again applicable.

19

Example: Poisson—Inverse Gaussian Mixture
Fix i, 5 > 0, define o = pu?/62 and 7 = 1/(252).
Inverse Gaussian distribution: A ~ F} ;. has

density
o (z—p)?
fiolr) = St en( - ) w0
Let L(N|A) = Poisson(AA) with A > 0.
Then N £ N +--- + Ny, with independent

M ~ Poisson(\/a/2(VA+ T —/T))

and
-

AT

N, ~ ExtNegBin(—1/2, 1, ) m e N.
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Poisson—Reciprocal Inverse Gaussian Mixture
Fix p,5 > 0, define o = ?/62 and 7 = 1/(252).
Reciprocal inverse Gaussian distribution: Assume

A~ frig() = ——— exp(—w), r> 0.

202

Let £(N|A) 2 Poisson(AA) with A > 0.

Then N £ Ny + Ny + - -- + Ny with independent
No ~ NegBin(1/2,p), p=1/(A+7),

M ~ Poisson(y/c/2(VA + T — /7)),
N,, ~ ExtNegBin(—1/2,1,p), m € N.

21

Further Applications of the ldeas

e Generalization of De Pril’s recursion to calculate
higher moments of S = X; +--- 4+ Xy.

e Generalization of Panjer's recursion to claim sizes
with mixed support (density and an atom at zero)
— Integral equations for the density of S.
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