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Non-Monotone Risk Measures

Suppose the regulator specifies a non-monotone risk measure
p: LP — (—oo, 0]

for the insurance industry to determine the risk capital require-
ments.

The management may withdraw a positive portion Z > 0 of the
portfolio X without increasing the capital requirement.

P p(X)
S~ — — -

X—-z Z X IR

How come?
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Example: Swiss Solvency Test Risk Measure
Multi-period risk measure

T

p(C) =ES(C1) +7 ) ES(C; — Cyy)

t=2
where

e C'=(Cy,C4,...,Cr) = asset-liability value process
e ES = expected shortfall (at 99% level)

e v = cost of capital spread

Example: let T'= 2, 0.01 < p < 0.99.

p(C)=04+~v-1>0
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Example: Mean-Variance Risk Measure

Classical framework for asset allocation

o(X)=E[-X] + %Var[XJ

Example: Semi-Moment Risk Measure

p(X) = LE[X_] convex monotone, not cash-invariant
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Program

» Characterize convex monotone functions
» Characterize convex cash-invariant functions
» Construct monotone and cash-invariant hulls

» What can we learn from it?

—> Construct new and rediscover old convex risk
measures
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Convex functions

£f TP N (A~ Lol convey (TP)* — T4

J L5 — (=00, TOO] convex, (L) = L

The conjugate f*(u) :=sup,cr» ((, ) — f(z)) is L.s.c. convex.
If fisls.c. then f(x) = SUP ¢ 1.4 (e, )y — f*(w)).

pedf(x):={vel?| fly) > flz)+ (v,y — x)} (subgradients)
if and only if f(z) = (u,x) — f*(p) :
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Monotone functions

Polar cone (L% )° =L?
Definition: f is monotone if f(X) < f(Y) for all X > Y.

Lemma: f : LP — (—o0,+00] l.s.c. convex is monotone if and

only if dom(f*) C LY.

f(z) =sup,ers ((p,z) — f (1))

NN
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Cash-invariant functions

Numeraire (“cash”) II =1 (w.l.o.g.)
Definition: f is cash-invariant if f(xz +cll) = f(x) —¢, Ve € R.
Define D :={u € L?| (u,II) = —1} (normalized elements)

Lemma: f : LP — (—o0,+00] ls.c. convex is cash-invariant if

and only if dom(f*) C D

f(@) = sup,ep ({1, 2) = f*(11))
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Maximal elements

Define

0 C;
§(z|C):=<% " T Y _ indicator function of a set C
+o00, z ¢ C.

§*(p | C) = sup{p, z) = support function of C
xel

Lemma: Among the l.s.c. convex functions vanishing at x = 0,
1. 6(- | L) = 6*(- | LY) is the greatest monotone;
2. 6*(- | D) is the greatest cash-invariant;

3. 8*(- | LY. N D) = —essinf(-) is the greatest monotone cash-
invariant.
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Monotone hulls

Infimal convolution|fg(X) :=infzcrr f(X — Z2) + g(2)

Definition: The monotone hull of f is

fu (X) = inf (X = 2) = fO8(- | L})(X)

Theorem: sz; is monotone with fLi < f, and fLi = f if and
only if f is monotone. Moreover, f7» = f*+6(- | L) and f;% is
+ +

the greatest l.s.c. convex monotone function majorized by f.

"\
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Cash-invariant hulls
—), if X = L

Lemma: §*(X | D) = {
+00, else.

Definition: The cash-invariant hull of f is

fn(X) i= F06°(- | D)(X) = inf F(X — ATT) - A

Theorem: fr is cash-invariant with fiy < f, and fqg = f if and
only if f is cash-invariant. Moreover, ff; = f* + é(- | D), and
fii" 1s the greatest l.s.c. convex cash-invariant function majorized

by ;.
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Monotone cash-invariant hulls

Theorem: 6*(- | D)T6*(- | L) = 6*(- | LY. N D). Hence

fLi,H(X) = Yiél£P(f(X —Y) —essinfY)

Recipe: f*:= (f*+46(-| LI N D))* is the greatest l.s.c. convex
monotone cash-invariant function majorized by f
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Mean-Variance Risk Measure

f(X) = E[—X] + $E[X?] not cash-invariant, not monotone

Cash-invariant hull of f is the mean-variance risk measure:

fa(X) = inf (E[=X]+ SE[|X = AP]) = E[-X]+5 | (X-E[X])|5

AER
Calculation of f*: write g(X) := 2E[X?], so that

17(Z) = Sup, (E[(Z +1)X]-g(X)) =97 (Z+1).

We have g*(Z) = supxcr2 E [ZX — $X?| = 5-E[Z?] and thus

fH(X) = sup {E[—ZX] — %E[(z ~1)?| Z e L3, E[Z] = 1}

monotone mean-variance risk measure (— Maccheroni et al (2005))
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Semi-Moment Risk Measure

f(X) = LE[X_] convex monotone, not cash-invariant

Monotone cash-invariant hull of f is

fulX) = fut (SEICX - A ) 3] 4

AER

where optimizer A satisfies PX < \] < a < P[X < A]; i.e. A is an
a-quantile of X. Hence

fm(X) = ES,[X]

= expected shortfall is the cash-invariant hull of f
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Exponential Risk Measure

f(X) = Elexp(—X)] — 1 convex monotone, not cash-invariant

optimizer A = — log E[exp(—X)]

Monotone cash-invariant hull of f is /

fu(X) = )1\161{% (Elexp(—=X +A) =1 = \) = logE[exp(—X)]

= entropic risk measure is the cash-invariant hull of f

Generalized: f(X) = E[g(X)] with g : R — R convex, g(0) =0

18 September 2007 Damir Filipovic, LMU 17



Swiss Solvency Test Risk Measure

p(C) =ES(Cy) +7v ZZ;Q ES(AC}) not monotone

Write p(C) = f(C1, ACy,...,ACT) for f(X) = ES(X1)+y>.,_, ES(X;)
on model space E = [],_, L?(F,) with dual E* = [[,_, L(F,)

Order cone P ={X € B |>!_, X, >0Vt < T}
Polar cone P° = {u € E* | Elpy —ppq1 | Fe] S OVELS T} (uppq =0

Define M, :={p € LY(F,) | E[p] = -1 and —1/a < p < 0}
Then f*(p) = 0(p1 | Ma) + 37,5 0(is | v M)
Hence dom f* = My X fyH;F:Q M,

Lemma: p € domf*NP° if and only if u1 = (1—v)v1+yE[vr | Fi]
and p; = YE[vr | Fi] for t > 2, for some vy, € My, vp € M.

Hence f5(X) = SUP,,caom - rype (s X) = (1—7)ES(X1)+7ES(X, X))

= Monotone Hull pp(C) = (1 — v)ES(C;) + vES(Cr)
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Conclusion

« We found tractable ways to explicitly calculate monotone
and cash-invariant hulls.

— Fix defective risk measures

— Construct new ones

 Thanks!
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