
Optimal Dividends in Presen
e of Downside Risk
Optimal Dividends in Presen
e of Downside Risk(joint work with Luis H. R. Alvarez E.)Teppo A. RakkolainenTurku S
hool of E
onomi
steppo.rakkolainen�tse.fiAMaMeF Mid-Term Conferen
e in Vienna, September 20, 2007Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskOutline1 Introdu
tion2 Basi
 Assumptions and Setup3 Some Auxiliary Results4 Main Theorem: Optimal Singular Control of Dividends5 Referen
es Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskIntrodu
tionDividend Payout ProblemE
onomi
 problem: in what way should a �rm pay outdividends in order to maximize the expe
ted present value offuture dividends to shareholders?Mathemati
al problem: to determine the optimal 
ontrol poli
yfor a sto
hasti
ally �u
tuating pro
ess.Answers or at least partial answers are well known in 
aseswhen the underlying pro
ess is a linear di�usion or a Lévypro
ess (arithmeti
 or exponential).But what about other jump di�usions?Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskIntrodu
tionDownside RiskWe 
onsider spe
trally negative jump di�usions, i.e. pro
esseswhi
h have only downward jumps but in
rease 
ontinuously.These downward dis
ontinuities represent the downside risk.Motivation for this model is twofold:The markets tend to rea
t to bad news more dramati
ally thanto good news.Prin
iple of pruden
e: it is prudent to take into a

ount thepotential adverse events (say, instantaneous drops in assetvalue) and disregard un
ertain future pro�ts.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskIntrodu
tionOur GoalWe shall state reasonably general su�
ient 
onditions for theoptimal singular sto
hasti
 dividend 
ontrol to be a barrierstrategy (ex
ept for a potential initial lump sum dividend attime 0).We will extend the representation of the value fun
tion interms of the minimal in
reasing r -ex
essive map (known inlinear di�usion 
ase) to our setup.This result implies similar results and representations for theasso
iated optimal impulse 
ontrol (optimality of atarget�trigger poli
y) and optimal stopping problems(optimality of a single threshold rule).Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskBasi
 Assumptions and SetupUnderlying Lévy Di�usion XThe reservoir of assets from whi
h dividends are paid outevolves on I := (0,∞) a

ording todXt− = µ(Xt−)dt + σ(Xt−)dWt − ∫

(0,1) Xt−zÑ(dt, dz), (1)X0 = x > 0, where Ñ(dt, dz) is a 
ompensated Poisson pointpro
ess with 
hara
teristi
 measure ν = λm, and jump sizedistribution m has a 
ontinous density.
µ ∈ C 1 and σ > 0 are assumed to satisfy the usual 
onditionsfor the existen
e of a strong solution.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskBasi
 Assumptions and SetupAssumptions on XThe absen
e of spe
ulative bubbles 
ondition
Ex ∫ ∞0 e−rsXsds <∞, (2)where r > 0 is the dis
ount rate, is met.The boundaries 0 and ∞ are natural for X , i.e. unattainable in�nite time.X is regular in the sense that for all x , y ∈ I it holds that

Px(τy <∞) = 1, where τy = inf{t > 0 : Xt ≥ y}.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskBasi
 Assumptions and SetupIn�nitesimal Generator of XOperator 
oin
iding with the in�nitesimal generator of X isde�ned for f su�
iently smooth by
(Gf )(x) = 12σ2(x)f ′′(x) + µ(x)f ′(x)+

+λ
∫

(0,1){f (x − xz) − f (x) + xzf ′(x)}m(dz). (3)We assume that there exists an in
reasing C 2 solution ψ of
Grψ := Gψ − rψ = 0 su
h that ψ(0) = 0.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskBasi
 Assumptions and SetupAsso
iated Continuous Di�usion X̃
We de�ne an asso
iated di�usion X̃ bydX̃t = µ̃(X̃t)dt + σ(X̃t)dWt , (4)where µ̃(x) = µ(x) + λx ·

∫

(0,1) zm(dz) = µ(x) + λz̄x .
Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskBasi
 Assumptions and SetupControlled Dynami
sThe 
ontrolled 
ash �ow dynami
s XDt are 
hara
terized bythe sto
hasti
 di�erential equationdXDt = µ(XDt )dt + σ(XDt )dWt − ∫

(0,1) XDt zÑ(dt, dz) − dDt ,(5)XD0− = x , where D denotes the implemented dividend poli
y.A dividend payout strategy is admissible if it is non-negative,adapted, 
ádlág, and non-de
reasing; the 
lass of admissiblepoli
ies is denoted by A.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskBasi
 Assumptions and SetupCash Flow Management ProblemObje
tive is to solve the singular sto
hasti
 
ontrol problemVS(x) = supD∈A

Ex ∫ τD00 e−rsdDs , (6)where τD0 = inf{t > 0 : XDt ≤ 0} denotes the lifetime of XD .It is worth emphasizing that in our model liquidation is alwaysthe result of a 
ontrol a
tion (and, thus, endogenous), as theassumed boundary behavior of X implies that exogenousliquidation in �nite time is not possible.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsNet Appre
iation Rate
De�ne the net appre
iation rate ρ : I → R of the sto
k X as
ρ(x) = µ(x) − rx and assume throughout that it has a �niteexpe
ted 
umulative present value.This mapping plays a key role in the determination of theoptimal payout poli
y and its value.
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e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsAuxiliary Mappingsde�ne the C 1 mappings H : I 2 7→ R asH(x , y) =

{x − y + ψ(y)
ψ′(y) x ≥ y

ψ(x)
ψ′(y) x < y . (7)For a given �xed y ∈ I the fun
tion x 7→ H(x , y) satis�es thevariational equalities

(GrH)(x , y) = 0, x < y
∂xH(x , y) = 1, x ≥ y .Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsA Cru
ial Uniqueness and Existen
e Result (Theorem 1)
TheoremAssume that the net appre
iation rate ρ(x) satis�es the limitinginequalities limx→∞ ρ(x) < 0 ≤ limx↓0 ρ(x), that there exists aunique threshold x̂ ∈ I su
h that ρ(x) is in
reasing on (0, x̂) andde
reasing on (x̂ ,∞), and that ρ(x) is 
on
ave on (x̂ ,∞). Thenequation ψ′′(x) = 0 has a unique root x∗ ∈ (x̂ ,∞) so that
ψ′′(x) S 0 for x S x∗ and x∗ = argmin{ψ′(x)}.

Teppo Rakkolainen Optimal Dividends in Presen
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Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsSket
h of Proof (Existen
e)To prove existen
e, �rst establish lo
al 
on
avity of ψ(x) nearthe origin, then show that it 
annot be
ome 
onvex on (0, x̂)and �nally that it has to be
ome 
onvex before x0 = ρ−1(0).To do this by 
ontradi
tion, use the auxiliary quantityI (x) = r(ψ(x) − xψ′(x)) − ρ(x)ψ′(x) − J(x , ψ(x)), (8)where I (x) = 12σ2(x)ψ′′(x), andJ(x , ψ(x)) =

∫

(0,1){ψ(x − xz) − ψ(x) + xzψ′(x)}ν(dz). (9)Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsSket
h of Proof (Uniqueness)To establish uniqueness, 
onsider the derivative ofĨ (x) = (r + λ)

(

ψ(x)S ′(x) − x ψ′(x)S ′(x))

− ρ̃(x)ψ′(x)S ′(x) − J̃(x), (10)where Ĩ (x) = σ2(x)ψ′′(x)2S ′(x) , ρ̃(x) = ρ(x) − λx(1 − z̄),S ′(x) = exp(

−
∫ 2µ̃(x)dx

σ2(x)

) denotes the s
ale density of theasso
iated di�usion X̃ , andJ̃(x) =

∫

(0,1) ψ(x(1 − z))S ′(x) ν(dz).Using 
on
avity of ρ(x), the fa
t that Ĩ ′(x∗) > 0 and Leibnizrule, show that on
e positive, Ĩ ′(x) 
annot turn negative on
(x∗,∞). Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsA Superharmoni
ity Theorem
TheoremSuppose that the assumptions of Theorem 1 are satis�ed and de�nethe fun
tion F : I 7→ R+ as F (x) = H(x , x∗). Then,(A) F ∈ C 2(I ), (GrF ) (x) ≤ 0, F ′(x) ≥ 1, and F ′′(x) ≤ 0 for allx ∈ I , and(B) F (x) ≥ H(x , y) and F ′(x) ≥ Hx(x , y) for all x , y ∈ I 2 andHy (x , y) < 0 for all (x , y) ∈ R+ × (x∗,∞).
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Optimal Dividends in Presen
e of Downside RiskSome Auxiliary ResultsSket
h of Proof
(A): use properties of (GrF ) (x) and its derivative togetherwith the stri
t 
on
avity of ψ(x) on (0, x∗).(B) follows from known results by Alvarez and Virtanen.
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Optimal Dividends in Presen
e of Downside RiskMain Theorem: Optimal Singular Control of DividendsOptimal Singular Control of DividendsTheoremAssume that the assumptions of Theorem 1 are satis�ed. Then thevalue of the singular 
ontrol problem is given by VS(x) = H(x , x∗).The value is twi
e 
ontinuously di�erentiable, monotoni
allyin
reasing and 
on
ave. Moreover, the marginal value (Tobin'smarginal q) of the singular 
ontrol reads asV ′S(x) = ψ′(x) supy≥x { 1
ψ′(y)

}

=

{1 x ≥ x∗
ψ′(x)
ψ′(x∗) x < x∗. (11)The 
orresponding optimal singular 
ontrol 
onsists of an initialimpulse ξ0− = (x − x∗)+ and a barrier strategy where retainedearnings in ex
ess of x∗ are instantaneously paid out as dividends.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk



Optimal Dividends in Presen
e of Downside RiskMain Theorem: Optimal Singular Control of DividendsSket
h of Proof
Take any D ∈ A, apply the generalized It� formula to
(t, x) 7→ e−rtH(x , x∗) for a suitable sequen
e of in
reasingstopping times and use the superharmoni
ity theorem andmonotone 
onvergen
e to establish that the proposed valuefun
tion dominates the value obtained by strategy D.Show that the proposed strategy is admissible.
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Optimal Dividends in Presen
e of Downside RiskMain Theorem: Optimal Singular Control of DividendsFurther ResultsIt 
an be shown that the obtained representation of the valueof the singular 
ontrol problem implies that also the asso
iatedimpulse 
ontrol problemV 
I (x) = sup
(τ,ξ)∈V

Jτ,ξ(x) = Ex [ N
∑i=1 e−r τ̂(i)(ξ̂(i) − 
)]as well as the asso
iated optimal stopping problemsVOSP(x) = sup

τ∈T

Ex [e−rτXτ ] (12)and V 
OSP(x) = sup
τ∈T

Ex [e−rτ (Xτ − 
)] , (13)where T is the set of all F-stopping times, are solvable interms of the minimal in
reasing r -ex
essive map.Teppo Rakkolainen Optimal Dividends in Presen
e of Downside Risk
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